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Correcting errors might sound like a dreary practical problem, of little aesthetic or
conceptual interest. But aside from being of crucial importance for the feasibility of quan-
tum computation, it is also one of the most beautiful and surprising parts of the subject.
The surprise is that error correction is possible at all, since the only way to detect er-
rors is to make measurements. But measurement gates disruptively alter the states of the
measured Qbits, apparently making things even worse. “Quantum error correction” would
seem to be an oxymoron. The beauty, which I hope will emerge below, lies in the ele-
gant and ingenious ways that people have found to get around this apparently insuperable
obstacle.

The discovery in 1995 of quantum error correction by Peter Shor and, independently,
Andrew Steane, had an enormous impact on the prospects for actual quantum computa-
tion. It changed the dream of building a quantum computer, capable of useful computation,
from a clearly unattainable vision, to a program that poses an enormous but not necessarily
insuperable technological challenge.

Error correction is simply not an issue in classical computation. In a classical computer
the physical systems that embody individual bits — the Cbits — are immense on the
atomic scale. The two states of a Cbit representing 0 and 1 are so grossly different that
the probability is infinitesimal for flipping from one to the other as a result of thermal
fluctuations, mechanical vibrations, or other irrelevant extraneous interactions.

Error correction does become an issue, even classically, in the transmission of infor-
mation over large distances, because the farther the signal travels, the more it attenuates.
One can deal with this in a variety of straightforward or ingenious ways. One of the crudest
is to encode each logical bit in three actual bits, replacing |0) and |1) with the codewords

[0) = 10)|0)[0) = [000), [T) = [1)|1)|1) = [111). (5.1)

One can then monitor each codeword, checking for flips in any of the individual Cbits and
restoring them by the principle of majority rule, whenever a flip is detected. Monitoring
has to take place often enough to make negligible the probability that more than a single
bit flips in a single codeword between inspections.

Quantum error correction also uses multi-Qbit codewords and it requires monitoring
at a rate that renders certain kinds of errors highly improbable. But there are several ways
in which error correction in a quantum computer is quite different:
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(a) In a quantum computer, unlike a classical computer, error correction is essential.
The physical Qbits are individual atomic-scale physical systems such as atoms, photons,
trapped ions, nuclear magnetic moments, etc. Any coupling whatever to any other degrees
of freedom, not under the explicit control of the computer and its program, can substan-
tially disrupt the state associated with such Qbits, entangling them with computationally
irrelevant degrees of freedom, thereby destroying the computation. For a quantum com-
puter to work without error correction each Qbit would have to be impossibly well isolated
both from computationally irrelevant interactions with other parts of the computer and
from interactions with anything else in its environment.

(b) In contrast to classical error correction, checking for errors in a quantum computer
is problematic. The obvious way to monitor a Qbit is to measure it. But the result of
measuring a Qbit is to alter its state, if it has one of its own, and, more generally, to
destroy its quantum correlations with other Qbits with which it might be entangled. Such
disruptions are stochastic — i.e. unpredictable — and introduce major errors of their own.
One must turn to less obvious forms of monitoring.

(c) Bit flips are not the only errors. There are entirely nonclassical sources of trouble.
For example phase errors, such as the alteration of |0) + [1) to |0) — |1), can be just as
damaging.

(d) Unlike the discrete all-or-nothing bit-flip errors suffered by classical bits, errors in
the quantum state grow continuously out of the uncorrupted state.

We begin our discussion of error correction by examining in Section A a simple model
of quantum error correction that works when the possible errors are artificially limited to
a few specific kinds of disruption. While this is clearly unrealistic, the error-correction
procedure is easy to follow. It also introduces in a simple setting most of the tricks that
continue to work in the more realistic case.

A. A simplified example of quantum error correction.

Much of the flavor of quantum error correction is conveyed by an artificially simple
model in which the only errors a collection of Qbits are allowed to experience are the
classically meaningful errors: random flips of individual Qbits. We shall examine the more
general possibilities for quantum errors in Section B below.

Bit-flip errors in a computation can be modeled by a circuit that differs from the
ideal error-free circuit only in the occasional presence of extraneous 1-Qbit NOT gates. If
such randomly occurring error-producing NOT gates are sufficiently rare, then since the
only allowed errors are bit-flip errors, one might hope to be able to correct the corruptions
they introduce by tripling the number of Qbits and using precisely the 3-Qbit code (5.1)
that corrects for bit-flip errors in the classical case. Because of the disruptive effect of
measurement gates in diagnosing errors, it is not at all clear that such a 3-Qbit code can
be effective for bit-flip errors in the quantum case. Nevertheless it can be made to work,
though the way in which one does the encoding and performs the error-correction is much
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more subtle for Qbits than it is for Chits.

To begin with, there is the question of encoding. Classically one merely replaces each
of the two computational basis states |z) with the codeword states |Z) = |z)|x)|x), for
x = 0 or 1. Quantum bits, however, can also be in superpositions a|0) + 5|1), and one
requires a circuit that automatically encodes this into «|0) + 3|1) = «|0)]0)]0) + £]1)[1)|1)
for arbitrary a and 3, in the absence of any knowledge of what the values of @ and  might
be. This can be with two cNOT gates that target two additional Qbits initially both in
the state |0), as illustrated in Fig. 5.1:

al0) + BIT) = a]0)[0)|0) + B|1)[1)[1) = C21Ca0(a]0) + 5]1))[0)[0). (5.2)

Having produced such a 3-Qbit codeword state, we must then guard against its cor-
ruption by the possible action of an extraneous NOT gate that acts on at most one of
the three Qbits, as illustrated in Figure 5.2. This is easily done for Cbits, where there
are only two possible uncorrupted initial states: |000) and [111), and examining them is
unproblematic. To see if either initial state has been corrupted by the action of a single
NOT gate, one nondisruptively reads the three Cbits. If this reveals all three Cbits to be
in the same state, there is no corruption to correct. If one of them is found to be in a
different state from the other two, that particular Cbit is the one that was acted upon by
the extraneous NOT gate, and applying a second NOT gate to that same Cbit restores
the initial state.

In the case of Qbits, however, one cannot nondisruptively “read” their state. The
only way to extract information from a set of Qbits is by the action of measurement
gates, but measuring one or more of the three Qbits immediately destroys the uncorrupted
superposition

|¥) = «|000) + (|111), (5.3)

converting it either to |000) (with probability |«|?) or to |111) (with probability |3|?). There
is a similar coherence-destroying effect on each of the three possible corrupted states,

[Wo) = Xo|¥) = a|001) + 5]110),
[¥1) = Xi|¥) = a[010) + 5]101),
[W5) = Xo|T) = &|100) + B8|011), (5.4)

obliterating any dependence of the post-measurement state on the complex amplitudes «
and 3. This might appear (and for some time was thought) to be the end of the story:
quantum error correction is impossible because of the disruptive effect of the measurement
needed to diagnose the error.

But there are more subtle ways to extract the information needed to diagnose and
correct possible errors. Although there continues to be a disruption in these refined pro-
cedures, the damaging effects are entirely shifted from the codeword Qbits to certain
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ancillary Qbits. By coupling the codeword Qbits to these ancillary Qbits with appropriate
2-Qbit unitary gates, and then applying measurement gates only to the ancillas, one can
extract information about certain relations prevailing among the codeword Qbits. This
more limited information turns out to be enough to diagnose and correct certain errors
in a coherence-preserving manner, without revealing anything about the original uncor-
rupted codeword state. The production of no information about the uncorrupted state is
a necessary restriction on any error-correction procedure capable of perfectly restoring the
uncorrupted state. If one could get even partial information about the structure of a state
without disrupting it, one could continue collecting additional information nondisruptively
until one was well on they way to violating the no-cloning theorem.

An elementary but important point to notice is that all possible forms for the uncor-
rupted 3-Qbit codeword (5.3) — given by assigning all possible values to the amplitudes «
and 3 — lie in a 2-dimensional subspace of the full 8-dimensional space containing all pos-
sible 3-Qbit states. Furthermore each of the three allowed corruptions (5.4) also lies in a
2-dimensional subspace of the full 3-Qbit space. The three subspaces containing the three
allowed corruptions are each orthogonal to the subspace space containing the uncorrupted
codeword, and each of the three is also orthogonal to the other two. This turns out to be
crucial to the success of the enterprise.

More generally, if we wanted to use an n-Qbit codeword in a model in which the
only allowed errors were flips of a single Qbit, then we would require 2(1 + n) dimensions
to accomodate the n 4+ 1 mutually orthogonal 2-dimensional subspaces associated with a
general uncorrupted state and its n different 1-Qbit corruptions. Since all possible states of
n Qbits span a 2" dimensional space, a necessary condition for an n-Qbit error correcting
code to be possible is

2"~ > 1 +n. (5.5)

The smallest n satisfying (5.5) is n = 3, for which it holds as an equality. This shows that
the 3-Qbit code is, in this sense, perfect for the purpose of correcting errors limited to flips
of a single Qbit.

Figure 5.3 shows that 3-Qbit codewords, as well as meeting this necessary condition
for the correction of quantum bit-flip errors, actually do permit it to be carried out. The
error detection and correction requires two additional ancillary Qbits (upper two wires),
initially both in the state |0). Both ancillas are targeted by pairs of c NOT gates controlled
by subsets of the 3 codeword Qbits. Note first that if the 3-Qbit codeword has not been
corrupted, so its state remains (5.3), then both the ancillary Qbits remain in the state |0)
after the action of the cNOT gates, since the term |000) in the codeword results in none
of the target Qbits being flipped, while the term |111) results in both of the target Qbits
being flipped twice, which is equivalent to no flip.

In a similar way each of the three corruptions (5.4) results in a different unique final
state for the ancillary Qbits. The first of those corruptions results in |0) for the upper
ancilla and |1) for the lower, since either term in the superposition «|001) + 3|110) results
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in zero or two flips for the upper ancilla, and a single flip for the lower ancilla. The next
form in (5.4) produces a single flip for both ancillas, resulting in |1) for both. The third
results in |1) for the upper and |0) for the lower ancilla.

So if the two ancillary Qbits are measured after the cNOT gates have acted, the four
possible readings, 00, 01, 10, and 11, of the two measurement gates reveal whether or not
a random one of the codeword Qbits has been flipped and, in the event of a flip, which
of the three has suffered it. On the basis of this information one can either accept the
codeword as uncorrupted or apply a NOT gate to the Qbit that has been identified as the
flipped one, thereby restoring the initial uncorrupted state. One easily confirms that this
is precisely what is accomplished by the NOT gates on the extreme right of Figure 5.3.

This accomplishes what any valid quantum error-correction procedure must do: it
restores the original uncorrupted state without revealing any information whatever about
what the form of that state — the particular values of the amplitudes o and 3 — might
actually be. The procedure succeeds in preserving the superposition by extracting infor-
mation only about correlations among the Qbits making up the codeword, without ever
extracting information about individual Qbits. Working only with correlations makes it
possible to apply a single linear test that works equally well for diagnosing errors in either
|000) or [111), and therefore also works for any superposition of them.

This simple example of quantum error correction requires the use of measurement
gates to diagnose the error. The outputs of the measurement gates are noted, and then
used to determine which, if any, of a collection of error correcting NOT gates should be
applied. The procedure can be automated into a bigger quantum circuit, that eliminates
(or almost eliminates) the need to use measurement gates combined with unitary gates
which are or are not applied depending on the readings of the measurement gates. This
can be achieved by a combination of cNOT and Toffoli gates, controlled by the ancillary
Qbits, as shown in Figure 5.4.

I said that this replacement of measurement gates by additional cNOT gates almost
eliminates the need for measurement, because at the end of the process the state of the
ancillary Qbits will depend on the character of the error and will in general no longer be the
state |0)|0) with which the error correction procedure starts. If one wishes to reuse these
ancillary Qbits for further error correction, it is necessary to reset them to their initial
state |0)]|0). This can efficiently be done by measuring them and applying the appropriate
NOT gates if either is found to be in the state |1). Thus measurement followed by NOT
gates depending on the measurement outcome is still needed to prepare the circuit for a
possible future error correction.

This procedure (automated or not) will continue to work even when the codeword
Qbits are entangled with many other codeword Qbits, as they will be in the course of a
nontrivial computation. In such a case the codeword Qbits have no state of their own, the
state of all the many codeword Qbits being of the form

|000)|¥) + B|111)|®), (5.6)
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with the error correction applied to the 3 Qbits on the left. One easily confirms that the
added complication of entanglement with other Qbits has no affect on the validity of the
error correction procedure.

There is an alternative way of representing the use of cNOT gates in Figure 5.3 to
diagnose the error, which is useful in correcting quantum errors in more realistic cases.
The alternative point of view is based on the easily confirmed fact that the uncorrupted
state (5.3) is left unaltered by either of the operators ZoZ;, and Z;Z,, while the three
corruptions (5.4) are each eigenstates of Z5Z; and Z;Z, with distinct sets of eigenvalues:
1 and —1 in the case of |¥y), —1 and —1 in the case of |¥1), and —1 and 1 in the case of
[W2).

While these last three facts can be confirmed directly from the explicit forms of |¥),
|Wy), and |Ws) on the left of (5.4), it is worth noting, for purposes of comparison with some
of the more complex cases that follow, that they also follow from the fact that Z5Z; and
Z,Z, act as the identity on the uncorrupted state |¥), that the corrupted states are of the
form |U;) = X;|¥), and that X, commutes with Z; when i # j, while X, anticommutes

with Z;: Z;X; = —X;Z;. The resulting pattern of commutations (+) or anticommutations
(—) is summarized in the following table:
Xo X3 X 1
ZzZ, - - + +
Zz + - - +

The joint eigenvalues of the commuting operators ZsZ; and Z;Z; thus nicely distin-
guish among the uncorrupted state and each of the three possible corruptions. A procedure
that takes advantage of this by sandwiching controlled Z>,Z; and controlled Z,Z, gates
between Hadamards acting on the control Qbits, is shown in Figure 5.5. While it takes
a little thought to confirm directly from the figure that Figure 5.5 does indeed accom-
plish error correction — we shall work this out in Section C as a special case of a much
more general procedure — one can confirm that it does by simply noting that Figure 5.5
is mathematically equivalent to Figure 5.3. This equivalence follows from the facts that
X = HZH, that H? = 1, and that the action of controlled-Z is unaltered by exchanging
the target and control Qbits.

This oversimplified example, in which only bit-flip errors are allowed, illustrates most
of the features of quantum error correction one encounters in more realistic cases. The
more general procedure is complicated by the fact that, as noted above and made precise
in Section B below, the general error a Qbit can experience is more complicated than just
a single bit flip. As a result, one needs codewords containing more than 3 Qbits to correct
general single-Qbit errors, and one requires more complicated diagnostic and corrective
procedures than those of Figures 5.3-5.5, involving more than just a pair of ancillary
Qbits. But although the code words and error-correcting circuits are more elaborate, once
we have identified the more general form of quantum errors, there are no further conceptual
complications in understanding the kinds of procedures that can correct them.
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The more general form Qbit errors can assume is discussed in Section B. Somewhat
surprisingly, it turns out that the general 1-Qbit error can be viewed as a simple extension
of what we have just described: in addition to the possibility of an extraneous X gate
acting on the Qbit, there might also be an extraneous Z gate or an extraneous Y = ZX
gate. If we can diagnose and correct for each of these three possible corruptions, then we
can correct for arbitrary 1-Qbit errors.

Section C describes a generalization of the diagnostic scheme we have just exploited
for extracting relational information about the Qbits that make up a codeword, by coupling
groups of them to ancillary Qbits which are then measured. It turns out that the operators
needed to diagnose the error — generalizations of the operators Z;Z; and Z,Z, for the
3-Qbit code — are also extremely convenient for defining the more general code words.

In Section D we examine two of the most important n-Qbit codes with n > 3 that are
able to correct general single-Qbit errors: the 5-Qbit and 7-Qbit codes. The 5-Qbit code
is the ideal code for general 1-Qbit errors in the same sense that the 3-Qbit code is ideal
for bit-flip errors. The 7-Qbit code is more likely to be of practical interest, for reasons
we shall describe. The original 9-Qbit code discovered by Shor is now of only historical
interest, and is relegated to an Appendix.

B. The physics of error generation

Errors are not, of course, produced by extraneous gates, accidently appearing in a
circuit, as in the oversimplified example of Section A. They are produced by extraneous
interactions with the world external to the computer, or with computationally irrelevant
degrees of freedom of the computer itself. Although one would like the state of the Qbits
to evolve only under the action of the unitary transformations imposed by the gates of the
computer, inevitably Qbits will interact, even if only weakly, with other physical systems
or degrees of freedom, extraneous to the computation in which the Qbits are participating.
In a well designed computer such spurious interactions will be kept to a minimum, but
their disruptive effects on the quantum state of the Qbits can grow continuously from zero,
in contrast to disruptive effects on Cbits, which have to exceed a large threshold before
a Cbit can change its state. In a quantum computer such spurious changes of state will
eventually accumulate to the point where the calculation falls apart, unless ongoing efforts
are made to eliminate them.

To characterize the most general way in which a Qbit can be deflected from its com-
putational task, we must finally acknowledge that Qbits are not the only things in the
world that are described by quantum states. The quantum theory provides the most fun-
damental description we have of everything in the world, and it describes everything in
the world — not just Qbits — using quantum states.

This spectacular expansion of the scope of quantum states might not come as a com-
plete surprise to the nonphysicist reader. I have stressed all along that the quantum state
of a Qbit or a collection of Qbits is not a property carried by those Qbits, but a way of
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concisely summarizing everything that we know has happened to them, to enable us to
make statistical predictions about the information we might then be able to extract from
them. If quantum states are not properties inherent in the system they describe, but states
of the knowledge we have managed to acquire about the prior history of the system —
if they somehow incorporate fundamental aspects of how we exchange information with
the world outside of us — then they might indeed have an applicability going beyond the
particular kinds of systems we have applied them to up until now.

Indeed, nowhere in this exposition of quantum computation has it been necessary
to refer to the individual character of the Qbits. Whether they are spinning electrons,
polarized photons, atoms in cavities, or any number of other things, the core of the quantum
mechanical description of their computational behavior has been exactly the same. So
insofar as the assignment of quantum states to physical systems is a general feature of
how we come to grips with the external world, it might not be unreasonable to assign a
quantum state |e) to whatever part of the world comes into interactive contact with the
Qbit or Qbits — their environment. We will not make any specific assumptions about the
character of that environment or of the quantum state |e) associated with it, beyond noting
that, unlike the state of a single Qbit, the state of the environment is likely to be a state
in a space of enormously many dimensions if there is any complexity to the environment
that couples, however weakly, to the Qbit.

If, in spite of this point of view, you nevertheless feel uncomfortable applying quantum
states to non-computational degrees of freedom, then I invite you to regard |e) as the state
of some enormous collection of irrelevant Qbits, from which one would like the computation
to be completely decoupled, but which, for reasons beyond our control, somehow manage
to interact weakly with the Qbits we are actually interested in. I offer this invitation as a
conceptual aid to computer scientists, uncomfortable with my claim that quantum states
apply to the description of arbitrary physical systems, and not just Qbits. But I also note
that in recent years some physicists have suggested that the entire world should indeed be
viewed as an enormous collection of Qbits. This position has not attracted many adherents
to date.

Returning from grand world views to the practical reality of errors in a quantum
computation, we shall regard a single Qbit, initially in the state |z) (z = 0 or 1), as being,
in the presence of an environment, part of a larger system consisting of the environment
plus the Qbit, initially in the state |e)|x). In the ideal case, as the Qbit evolves under
1-Qbit unitary gates or interacts with other Qbits under 2-Qbit unitary gates, it stays
uncorrelated with the environment. The environmental component of the state is then
irrelevant to the computational process and can be ignored, as we have been doing up to
now.

Unfortunately, however, interactions with the environment will in general transform
and entangle the states the Qbit and its environment. The most general way in which this



can come about can be expressed in the form
€)10) — [€0)|0) + |e1)|1),

e)|1) = le2)|0) + [e3)[1), (5.7)

where |e) is the initially uncorrelated state of the environment and |eg) .. .|es) are possible
final environmental states. The environmental final states are not necessarily orthogonal
or normalized, and are constrained only by the requirement that the two states on the right
side of (5.7) should be orthogonal, since the Qbit-environment interaction is required, like
any other physical interaction, to lead to a unitary development in time. This corruption of
a computation by the entanglement of the state of Qbits with the state of their environment
is called decoherence. It is the number-one enemy of quantum computation.

Included in (5.7) are cases like the oversimplified one we examined in Section A, in
which the Qbit remains isolated from the environment (|e;) = a;le), i = 0...3) but still
suffers in that isolation an unintended unitary evolution. But (5.7) also includes the case
of major practical interest, in which the interaction with the environment has a small but
otherwise quite general entangling effect on the Qbit:

leo) ~ [es) = le);  (eiler), (ea]ea) < 1. (5.8)

By using the projection operators

(5.9)

which project onto the 1-Qbit states |z), = = 0, 1, we can combine the two time evolutions
in (5.7) into a single form:

le)|a) — ([|eo>1 + |el>x} P0)|x> n ([|€2>X + |eg>1} P1)|x>. (5.10)

In (5.10) I have introduced the convenient notation |e)U to describe the linear operator
from a 1-Qbit to a many-Qbit space that takes the 1-Qbit state |¢)) into the many-Qbit
state |e) ® Uly); like most embellishments of Dirac notation it is defined so that the
appropriate form of the associative law holds:

(1)U 1) = le) & UJw). (511)
Using the explicit form (5.9) of the two projection operators, defining
Y =2ZX, (5.12)
and continuing to use the notational convention of (5.11), we can rewrite (5.10) as

ey — (|6’0> -2|‘ les) ;. leo) ; les) 5, le2) -2|‘ ler) le2) ; |61>Y>|$>, (5.13).




There is nothing special about the particular environmental states appearing in (5.13),
so we can rewrite it more compactly in terms of four other (in general unnormalized) states
la), |b), |¢), and |d) of the environment as

e)2) = ()1 + |a)X + [B)Y + |0)Z) ). (5.14)

The time development represented by the arrow in (5.14) is unitary and therefore linear,
and the combination of environmental states and unitary operators on the right side of
(5.14) also acts linearly on |x). Therefore (5.14) holds not only for |e)|0) and |e)|1) but for
any superposition ale)|0) + Ble)|1) = |e) («|0) + B]1)) = |e)|), in the form

) = ()1 + @)X + Y +16)Z ) [4). (5.15)

The actions of X, Z, and Y on the uncorrupted state |¢)) are often described as
subjecting the Qbit to a bit-flip error, a phase error, or a combined bit-flip and phase
error. With this terminology, a general environmental degradation of the state of a Qbit,
which can always be put in the form (5.15), can be viewed as a superposition of no error
(1), a bit-flip error (X), a combined bit-flip and phase error (Y), and a phase error (Z).
The oversimplified example of Section A ignored the possibility of phase errors (Z) and
combined errors (Y).

If we were to apply this analysis to the corruption of an n-Qbit code word |V),,, we
would end up with a combined state of the code word and the environment of the form

3 3
W)= D Y e )X @ @ XE ), (5.16)

#1=0 Hn=0

where

X0 =1 x®=x, x®@=vy, x® =z (5.17)

Crucial to the possibility of error correction by the use of codewords is a physical assump-
tion, analogous to our assumption in Section A that only a single Qbit suffers a flip:

If |U) is a state of a small number n of Qbits making up such an encoded n-Qbit word,
then the probability of corruption of the code word is so small that the terms in (5.16)
differing from the term 1 ® --- ® 1 that reproduces the uncorrupted state, are dominated
by those in which only a single one of the X" differs from 1. If this condition is met,
then the general form of a corrupted n-Qbit code word is a superposition of terms in which
each individual Qbit making up the word has suffered a degradation of the form (5.15):

e)w) = (1) 1+Z|al i+ b)Yi + |e:) 25 ) ). (5.18)
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One can allow for the more general possibility of two or more Qbits being corrupted
together if one is willing to use longer codewords to correct such errors. The examples of
error correction given below are all at the level of single-Qbit errors of the form (5.18) in
the code word. The extent to which the dominant sources of error will actually be of this
form may well depend on the kind of physical system used to realize the Qbits. Eventually
the theory of quantum error correction will have to face this issue. Meanwhile this possible
future source of difficulty should not distract you from appreciating how remarkable it is
that an error-correction procedure exists at all, even in the restricted setting of single-Qbit
errors.

To correct 1-Qbit errors we require a procedure that restores a corrupted state of the

form
n—1

)W) + Z(\a»xi\m b)Y W) + \ci>zi|xp>) (5.19)
i=0
to the uncorrupted form
e)[¥), (5.20)

where |e) is the environmental state accompanying whichever of the 3n + 1 terms in (5.19)
our error correction procedure has projected the corrupted state onto. If the term in X;
were the only one present in (5.19), we could use a 3-Qbit codeword (n = 2) and achieve
this projection by applying precisely the error correction technique described in Section
A. But to deal with the additional possibilities associated with the terms in Y; and Z; we
require longer codewords, and more elaborate diagnostic methods.

C. Diagnosing error syndromes.

Before turning to specific quantum error-correcting codes, it is useful to anticipate the
general structure of the gates we will be using to identify and project onto a particular
term in the general 1-Qbit corruption (5.19) of a codeword. As noted, these will be gen-
eralizations of the controlled Z;Z; and Z,Z, gates used to diagnose errors in the artificial
case where only bit-flip errors are allowed.

Let A be any n-Qbit hermitian operator whose square is the unit operator:
A*=1. (5.21)

It follows from (5.21) that A is unitary, since A" = A. The eigenvalues of A can only
be 1 or —1, since A acting twice on an eigenstate leaves it unchanged, and therefore if
Aly)) = atp, then |¢) = A%|y) = Aalt)) = aA|) = a?|[¢)), which requires a®> = 1, so
a = £1. The projection operators onto the subspaces of states with eigenvalue +1 and —1

are, respectively,
1+A 1-A
Py = J; and P{ = — (5.22)
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Since Py + P; = 1, any state |¢) can be expressed as a superposition of its projections into
these two subspaces: [1) = Pg|y) + P1|¢).

Examples of such A are, of course, the operators Z,Z; and Z,Z, encountered in the
3-Qbit code for correcting bit-flip errors. In the more general cases we shall be examining
the operators A will be more general products of both Z and X operators associated with
different Qbits in the code word; for example A = Z4X3Z5X1Xo.

In addition to the n-Qbits on which A acts, we introduce an ancillary Qbit and consider
the controlled operator cA which acts as A on the n-Qbits when the state of the ancilla
is |1) and as the identity when the state of the ancilla is |0). If the state of the ancilla
is a superposition of |0) and |1), the action of cA is defined by linearity. When A is a
product of 1-Qbit operators, the operator cA can be taken to be a product of ordinary
2-Qbit controlled operators. In the last example of the preceding paragraph cA would be
cZ,cX3cZ; X cXp where each of the five terms has a different target Qbit, but all are
controlled by one and the same ancilla.

If the ancilla is initially in the state |0) and one applies a Hadamard transform H to
the ancilla both before and after applying cA to the n + 1 Qbits, then if the initial state
of the n Qbits is |¥), then the n Qbits will end up entangled with the ancilla in the state

(H®1)cA(H®1)[0)|¥) = (H® 1)cA%(|O> + 1)) |¥) =
(H® 1)%(IO>I\P> + [HA[D)) = 3(]0) + (1)) + 3(]0) — |1))A[¥)) =
0)1(1+A)[T) + 1)1 (1 - A)[T) = |0)Pg|T) + [1)P{| D). (5.23)

If we now measure the ancilla, then according to the generalized Born rule, if the mea-
surement gate indicates 0 or 1, then the state of the n Qbits becomes the (renormalized)
projection of |¥) into the subspace of positive (eigenvalue +1) or negative (eigenvalue —1)
eigenstates of A. This is illustrated for the case A = Z4 X3 Z5 X1 X in Figure 5.6.

This procedure is called measuring A or a measurement of A. The terminology reflects
the fact that it is a generalization of the ordinary process of measuring a single Qbit, to
which it reduces when n = 1 and A = Z. In that case the subspaces spanned by the
positive and negative eigenstates of Z are just the one-dimensional subspaces spanned by
|0) and |1), and the probabilities of the two outcomes, as one can easily check, are indeed
given by the Born rule.

In error correction one needs several such hermitian operators, each squaring to unity,
all acting on the same n Qbits. For concreteness consider the case of three such operators,
A, B, and C. Introduce an ancillary Qbit for each operator, labeling the ancillas 2, 1, and
0, and introduce controlled operators cA, cB, and cC, each controlled by the corresponding
ancilla. Now apply Hadamards to each of the ancillas (each initially taken to be in the
state |0)), both before and after the product of all the controlled operators acts. The result
(see Figure 5.7) is the obvious generalization of (5.23), taking |0)|0)|0)|¥) into

(H2H1Ho) (cCcBcA) (HyH H)|0)]0)[0)| W) =
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If A,B, and C all commute — which is always the case in the examples relevant to
error correction — then the state

PP P wy =T UTE) (FH DB (LEEDRRY (505

is an eigenstate of all the operators C, B, and A, with respective eigenvalues
(=1)*2,(=1)**, and (—1)"°. (5.26)

This follows directly from the fact that if VZ = 1 then

V(l-l—(—l)xV): (_1)x(1+(—1)IV)‘ (5.27)
2 2

So measurement of the three ancillas projects the n Qbits into one of the eight simultaneous
eigenspaces of the three commuting operators C, B, and A, and the outcome xoxixy of
the measurement determines which eigenspace it is. This process is described as a joint
measurement of C, B, and A.

Note that if A, B, and C are 1-Qbit operators Z;, Z;, and Z;, that act on the i-th,
J-th, and k-th of the n Qbits, then this process reduces to the the ordinary measurement of
those three Qbits, since % (1—|— (—l)IZ) projects on the 1-Qbit state |z). The two equivalent
error-correction circuits in Figures 5.3 and 5.5 are measurements, in this generalized sense,
of the two commuting operators A = Z,Z; and B = Z,Z,.

D. Error correcting codes

The form (5.18) of a general 1-Qbit error on an n-Qbit codeword reveals that to
correct errors it is necessary to make a measurement, in the sense of Section C, that
projects a possibly corrupted codeword into an identifiable one of 143n orthogonal 2-
dimensional spaces: one 2-dimensional subspace for the uncorrupted codeword |V¥), and
3n additional 2-dimensional subspaces for each of the 1-Qbit error terms X;|¥), Y;|¥), and
Z;|¥),i=0...n—1,in (5.18). Thus the 2"-dimensional space spanned by all the states of
the n Qbits must be large enough to contain 1 + 3n orthogonal 2-dimensional subspaces,
giving us the condition

2""1 > (3n +1) (5.28)

on an n-Qbit code capable of correcting a general 1-Qbit error. The lowest n satisfying
this condition is n = 5, where it holds as an equality. Remarkably, there is indeed a 5
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Qbit code for which this can be done. This is reminiscent of the situation in Section A,
where it was necessary only to discriminate between the uncorrupted codeword |¥) and
the n NOT-corruptions X;|¥). Here the number of Qbits had to satisfy (5.5), which is
first satisfied (again as an equality) when n = 3.

The 5-Qbit code is the most compact and elegant of the quantum error correcting
codes, but it suffers from the fact that it is difficult to construct the appropriate gener-
alizations of one- and 2-Qbit gates between codewords. I therefore go on to describe a
second 7-Qbit code which overcomes this problem. Tthe first quantum error correcting
code, discovered by Peter Shor, which uses a 9-Qbit generalization of the 3-Qbit code of
section A, and is now only of historical interest. It is described in the Appendix.

The 5-Qbit code

The two 5-Qbit code words |0) and |1) are most conveniently defined in terms of the
very operators, described in general terms in Section C, that will be used to diagnose the
error syndrome. So we begin by specifying those operators.

To distinguish 1+ 3 x 5 = 16 mutually orthogonal 2-dimensional subspaces we require
four such mutually commuting hermitian operators that square to unity, since each can
independently have two eigenvalues () and 2* = 16. These operators are defined as
follows:

Mo = Z: X5X3Z,,

M, = Z,X3X42Zy,
M, = Z3X4 X2,
Ms = Z,XoX,Zs. (5.29)

Each of the M; squares to unity because each is a product of commuting operators
that square to unity. To check that the M; are mutually commuting note that all the
individual X; and Z; operators commute with one another except for an X; and Z; with
the same index, which anti-commute: X;Z; = —Z;X;. But in converting the product of
any two different M; to the product in the reverse order by reversing the orders of the
individual X; and Z; operators that make them up, one always encounters exactly two
interchanges that result in a minus sign.

One might be tempted to break the irritating asymmetry of (5.29) by adding to the

list
M, = Zy X1 XoZ3, (5.30)
but it is not independent of the other four. Every X; and Z; appears exactly twice in the

product of all five M;, and since X; and Z; anticommute if ¢ = j and commute if i # 7,
the product of all 5 M; will be either 1 or —1. One easily checks that

MoM;M;M;5M, = 1, (5.31)

14



and therefore
My = MgM;M;Ms. (5.32)

The 5-Qbit code words are most clearly and usefully defined in terms of the M; (rather
than giving their explicit expansion in computational-basis states):

[0) = 7(1+ Mo)(1 + My)(1 + Ms)(1 + M3)|00000),

T) = 2(1+ M) (1 + My)(1 + My)(1 + M3)[11111). (5.33)

We defer a discussion of how to produce five Qbits in either of these states until after
discussing how the states work to correct 1-Qbit errors. Since each M flips two Qbits,
|0) is a superposition of computational basis states with an odd number of 0’s (and even
number of 1’s), while |1) is a superposition of states with an odd number of 1’s (and even
number of 0’s). Consequently the two codeword states are orthogonal.

They are also normalized to unity. Since M? =1,
(1+M;)?=2(1+M,). (5.34)
So we have
(0]0) = (00000|(1 + Mg)(1 + M1)(1 + M) (1 + M3)|00000),

(TIT) = (11111|(1 4 Mg)(1 4+ M1)(1 4+ My)(1 + M3y)[11111). (5.35)

If we expand the products of 1 + M; into sixteen terms, the term 1 contributes 1 to (0|0)
and to (I|]1). Each of the remaining 15 terms can be reduced, using (5.31) (and the fact
that each M? = 1) to either a single M; or a product of two (i = 0...4). So each of the
15 terms flips either two or four Qbits and contributes 0 to the inner products.

Because the M; all commute and because
M;(1+M;)=1+M,), (5.36)
the states |0), |1), and their superpositions
W) = af0) + BI1) (5.37)

are all eigenstates of each of the M; with eigenvalue 1.

The fifteen possible corruptions of (5.37) appearing in the corrupted state (5.18) are
also eigenstates, distinguished by the 15 = 2% — 1 other possible sets of eigenvalues +1
that the four M; can have. To see this note first that each X;,Y;, and Z; commutes
or anticommutes with all four M;. Therefore each of the terms X;|¥), Y;|U), or Z;|¥)
appearing in (5.18) is indeed an eigenstate of each M; with eigenvalue 1 or —1.
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The following table indicates whether each M; commutes (+) or anticommutes (—)
with each of the X;,Y;, Z;, and (trivially) the unit operator 1. Inspection of the table
reveals that each of the 16 possible binary columns of 4 symbols (+ or —) appears in
exactly one column. Therefore when the four M; are measured, the corrupted state (5.18)
is projected back to its original form if all four eigenvalues are +1, or projected onto one
of the fifteen corrupted states X1|W¥), ..., Z5|¥) depending on which column in the table
describes the eigenvalues. In each corrupted case the original state can be restored by
application of the corresponding unitary transformation X;, —Y,; = X;Z;, or Z; to the
appropriate Qbit.

XoYoZo X1Y1Zy XoYoZy X3YsZs XuYuZ, 1

My=2:XX324 +4++ — -+ +—— +-—— ——+ +
M, =Z-XsX42yg ——+ +4++ ——F +-—— +-—— +
My =Z3XyX0Z, + —— --—+ +++ -—-—+ +-—= +
M3 =2,XoX42, +—— +—— ——+ +4++ =+ +

A circuit that measures the four operators (5.29) is shown in Figure 5.8.

The perfect efficiency of the 5-Qbit code leads to a straightforward way to manufacture
the two 5-Qbit codeword states (5.33). As noted above, the 16 distinct sets of eigenvalues
for the four mutually commuting operators M; decompose the 32-dimensional space of
5-Qbits into 16 mutually orthogonal 2-dimensional subspaces, spanned by |0) and |1) and
by each of their 15 pairs of 1-Qbit corruptions.

The 2-fold degeneracy of the four M; within each of these 16 subspaces is lifted by
the operator

N = Z0Z1Z,Z5Z,, (5.38)

which commutes with all the M;. Since |00000) and |11111) are eigenstates of N with
eigenvalues 1 and —1, and since N commutes with Z;, while anticommuting with X; and
Y;, it follows that

N[0) = [0), N[T) = —[1),  NZ;0) = Z;|0), NZ;|1) = —-Z;[1),
NX;[0) = =X;[0), NX;[T) = X;[1),  NY,[0) = =Y;[0), NY;[T) = Y,[1). (5.39)

Consequently if one takes five Qbits in any state you like (perhaps most conveniently
|00000)) and measures the four M; together with N, one projects the Qbits into one of the
32 states

1), Xill), YilI), Z;1), (5.40)

and learns from the results of the measurement which it is. Just as in the error correction
procedure, if the state is not |0) or |I) we can restore it to either of these forms by
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applying the appropriate X;, Y;, or Z;. If we wish to initialize the 5-Qbits to |0) we can
apply XoX;X2X3X4 should the measurement indicate that the error-corrected state is |1).

This process of using a generalized measurement to produce 5-Qbits in the state |0),
is analogous to the procedure of using an ordinary measurement to produce a single Qbit
in the state |0) described at the end of Section E of Chapter I.

An alternative procedure for constructing 5-Qbit codewords by applying unitary gates
is described in Section E.

The 7-Qbit code

The 5-Qbit code is theoretically ideal but suffers from the problem that circuits per-
forming the basic logical operations on the 5-Qbit code words are cumbersome. The current
popular favorite seems to be a 7-Qbit code, devised by Andrew Steane, which permits ex-
tremely simple implementations of operations such as NOT or controlled NOT on the
codewords.

The Steane code uses six mutually commuting operators to diagnose the error syn-
drome:

Mo = XoX4X5Xs, No =2Z0Z4Z5Z,

M; = X1 X5X5X6, Ny =2,25Z5Z,

M, = XoX3XyXg, No =2Z52372,27;. (5.41)
The six operators in (5.41) clearly square to give the unit operator. The M; trivially
commute among themselves as do the N;, and each M; commutes with each N;, in spite
of the anti-commutation of each X; with the corresponding Z;., because in every case they

share an even number of such pairs. A circuits that measures the six operators (5.41) is
shown in Figures 5.9.

The 7-Qbit code words are defined by

0) = 27%/2(1 + Mo)(1 + M1)(1 + My)[0)7,

1) = 273/2(1 + My)(1 + My) (1 + M3)X|0)7, (5.42)
where
X = XoX; X2X35X4X5Xs, (5.43)
so that
[1111111) = X|0000000). (5.44)

We again defer our discussion of how to produce these states until after our discussion of
how they are used in error correction.

The two states in (5.42) are orthogonal, since each M flips four Qbits while X flips all
seven of them, so the first state is a superposition of 7-Qbit states with an odd number of
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0’s while the second is a superposition with an even number of 0’s. They are normalized
to unity, for the same reason as given in the case of 5-Qbit code.

Since X commutes with all the M;, a general superposition of the two code words can
be written as

1) = af0) + B/T) = (a1 + BX)[0), (5.45)
and its corruption (5.18) assumes the form

19) = (Id)1+ 37 [Ja)X; + b)Y+ e Z] )W), (5.46)

Because the M; all commute and M;(1+M;) = (14+M;), and because the N; commute
with the the M; and with X and have [0000000) as an eigenstate with eigenvalue 1, it
follows that |0), |1), and the general superposition (5.45) are eigenstate of each of the M;
and N; with eigenvalue 1. The 21 possible corruptions of (5.45) appearing in (5.46) are
also eigenstates, distinguished by the possible sets of eigenvalues +1 that the three M; and
three N; can have. As in the 5-Qbit case, this is because each X;,Y;, and Z; commutes or
anticommutes with each of the M; and N;, so each state appearing in (5.46) is indeed an
eigenstate of each M; and N; with eigenvalue 1 or —1.

To see why the results of the six measurements of the M; and N; determine a unique
one of the twenty-two terms in (5.46), look at the following tables, which indicate by a

bullet (o) whether an X; appears in each of the M; and whether a Z; appears in each of
the NZ

X() X1 X2 X3 X4 X5 XG
Mg o ° ° °

M, ° . o o (5.47)
M- e o o °

ZO 21 22 23 Z4 25 ZG
No e e o o
N, . . o (5.48)
N> ° ° °

Each M; commutes with every X;; it anticommutes with Y; and Z; if a bullet appears
in the column associated with X; and commutes if there is no bullet; each N; commutes
with every Z;; it anticommutes with X; and Y; if a bullet appears in the column associated
with Z; and commutes if there is no bullet.

The signature of an X; error (or no error) is that all three M; measurements give +1.
The pattern of —1’s in the N; measurements then determines which of the 7 possible X;
characterize the error. (If all three N; measurements also give +1 there is no error.)
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In the same way, the signature of an Z; error (or no error) is that all three N; mea-
surements give +1 and then the pattern of —1’s in the N; measurements determine which
of the 7 possible Z; characterize the error.

Finally, the signature of a Y; error is that at least some of both the M; and N;
measurements give —1. The resulting pattern of —1’s (which will be the same for both
the M; and N; measurements) then determines which of the 7 possible Y; characterize the
erTor.

So the six measurements project the corrupted state into a unique one of the twenty-
two terms in (5.46) and establish which term it is. One can then undo the corruption by
applying the appropriate one of the twenty-two operators 1, Xg, ... Zg.

To produce the 7-Qbit code states one cannot immediately extend the method we used
above to produce the 5-Qbit code states, because the two 7-Qbit code words and their 21
1-Qbit corruptions constitute only 44 mutually orthogonal states, while the space of seven
Qbits has dimension 27 = 128. One can, however, provide the missing 84 dimensions by
noting the following:

The 2 x 7 x 6 = 84 states given by

are also easily verified to be eigenstates of all the M; and N;. These states can be associated
with a subset of all possible 2-Qbit corruptions, but this is not pertinent to the use to which
we put them here. As with the 1-Qbit Y; corruptions, with these states at least some of
both the M; and N; measurements give —1, but unlike the Y, corruptions, the resulting
pattern of —1’s will not be the same for both the M; and N; measurements, since i # j.
Each of the 7 x 6 = 42 possibilities for X;Z; clearly leads to its own characteristic pattern
of +1 and —1 eigenvalues.

This gets us back to the situation we encountered in the 5-Qbit case. By measuring
the seven mutually commuting operators M;, N;, and

Z=20Z,2,Z5Z,Z5Z;, (5.50)

we can produce from seven Qbits in an arbitrarily chosen state a unique one of the 128
mutually orthogonal states given by |0), |1), their 42 different 1-Qbit corruptions, and their
84 different special kinds of 2-Qbit corruptions. The results of the measurement tell us the
character (if any) of the corruption, from which we know what operators (X;,Y;,Z;, or
X;Z;, possibly combined with X) we must apply to the post-measurement state to convert
it into |0).

This method can be simplified by a judicious choice of the initial state. Suppose we
start with seven Qbits in the standard initial state |0)7. If one then measures Mg, My and
M, the resulting state of the Qbits will be one of the 8 states

273/2(1 + Mg) (1 + M;)(1 £ My)|0)7, (5.51)
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with the specific pattern of + and — signs being revealed by the measurement. The table
in (5.47) permits one to choose a unique Z; that commutes or anticommutes with each
M; depending on whether it appears in (5.51) with a + or a — sign. Since Z;|0)7 = |0)7,
acting on the seven Qbits with that particular Z; does indeed convert their state to

273/2(1 4+ Mg) (1 4+ M) (1 4+ My)|0)7 = |0). (5.52)

In Section E we shall examine a surprisingly simple circuit that encodes a general
1-Qbit state into a 7-Qbit codeword state in the manner of Figure 5.1, without using any
measurement gates.

The virtue of the 7-Qbit code, that makes it preferable to the 5-Qbit code in spite of
its greater expenditure of Qbits, is that many of the fundamental one- and 2-Qbit gates are
trivially extended to 7- and 14-Qbit gates acting on the code words. Because, for example,
X commutes with the M; and flips all seven Qbits, it implements the logical NOT on the
codewords (5.42):

X[0y = 1), X]|1) =10). (5.53)

Similarly, Z commutes with the M;, anticommutes with X, and leaves |0); invariant, so it
implements the logical Z on the codewords:

Z|oy =0y, Z[T)=—[1). (5.54)

This much works equally well for the 5-Qbit code. More remarkably, for the 7-Qbit
code the bitwise Hadamard transformation,

H = HyHH;H3H, H;Hg, (5.55)
also implements the logical Hadmard transformation on the codewords:

HID) = L(0)+ D), AT = L(0) - 1). (5.56)

(The relation analogous to (5.56) is not valid for the 5-Qbit code.)

To see this note that two normalized states |¢) and |¢)) are identical if and only if their
inner product is 1. For one can always express [1) in the form |¢) = a|¢) + [|x) where
|x) is orthogonal to |¢) and |a|? +|8|? = 1. We then have (¢[1)) = a, so if (¢|)) = 1, then
a =1, = 0 and indeed |¢) = [¢). Since |0) and |1) are normalized and orthogonal and
since H is unitary and therefore preserves the normalization of |0) and |T), the four states
appearing in the two equalities in (5.56) are all normalized. Therefore to establish those
equalities it suffices to show that

1= L ((OH[0) + (OH[T), 1= L ((T[H[0) — (I[H[T)). (5.57)
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This in turn would follow if we could show that the matrix of the encoded Hadamard in
the encoded states is the same as the matrix of the 1-Qbit Hadamard in the 1-Qbit states:

(OJFH[0) = (O/FIT) = (T[A[0) = &, (THT) = — L. (5.58)

To establish (5.58) note that it follows from the definition (5.42) of the codewords |0)
and |1) that the four matrix elements appearing in (5.58) are

@H[) = 273 7(0]X" (1 +Mg) (1 +My)(1+M2)H(1+Mp)(1+M1)(1+M2)X"|0)7 (5.59).

Since HX = ZH and XH = HZ, and since each N; differs from M; only by the replacement
of each X by the corresponding Z, it follows that

HM; =N;H, M;H=HN,. (5.60)

So we can bring all three remaining terms 1 + M; in (5.59) on the right of H over to the

left if we replace each by 1 + N;. But since the M’s and N’s all commute we can then

bring all three terms 1 4 M; on the left of H over to the right if we again replace each by

1+ N;. The effect of these interchanges is simply to change all the M’ s in (5.59) to N’s:

(@[H[7) =272 7(0[X" (1 + No)(1+ N1)(1 + N2)H(L + No)(1+ Ny) (1 + No)X”|0)7 (5.61).
Since each N; commutes with X (there are four anticommutations) we have

(@[H[g) =272 7(0](1+ No)(1 +N1)(1+ No)X" HX”(1+No)(1+Ny)(1+N2)[0)7 (5.62),

but since each N; acts as the identity on |0)7 each of the six 1 + N; can be replaced by a
factor of 2, reducing (5.62) simply to

(Z[H]g) = 2° 7(0[X" HX"|0)- (5.63).

Since X, H, and |0)7 are just tensor products of the seven 1-Qbit quantities X, H, and |0),
(5.63) is just

(Z[H[g) = 2° (z[H[y)". (5.64).
But since
(0[H|0) = (0[H[1) = (1|H|0) = 5, (1|H[1) = — 5, (5.65)

(5.64) does indeed reduce to (5.59), establishing that H = H’® does indeed act as a logical
Hadmard gate on the codewords.

An alternative circuit-theoretic demonstration that H®" acts as the logical Hadamard
on the codewords is given in Section E.
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Nor is it difficult to make a 14-Qbit logical cNOT gate, that takes the pair of codewords
|Z)|y) into |Z)|z @ y). One simply applies ordinary ¢cNOT gates to each of the 7 pairs of
corresponding Qbits in the two code words. This works because each of the codewords
in (5.42) is left invariant by each of the M;. If the control codeword is in the state |0)
then the pattern of flips applied to the target codeword for each of the eight terms in the
expansion of the control codeword

0) = 273/ (1 + Mg+ M; + M, + MM, + MyMy + MM, + MOMlMg) 10Y7,  (5.66)

is simply given by the corresponding product of M;. Since each M; acts as the identity
on both |0) and |1), the target codeword is unchanged. On the other hand if the control
codeword is in the state |1) then the pattern of flips applied to the target codeword differs
from this by an additional application of X which has precisely the effect of interchanging
|0) and |1).

Because of the simplicity of all these encoded gates, one can use error-correction to
eliminate malfunctions of the elementary gates themselves, provided the rate of malfunc-
tioning is so low that only a single one of the seven elementary gates is likely to malfunction.
In the case of the 1-Qbit encoded gates, their elementary components act only on single
Qbits in the codeword, so if only a single one of them malfunctions then only a single Qbit
in the codeword will be corrupted and the error-correction procedure described above will
restore the correct output. But this also works for the encoded cNOT gate, since if only
a single one of the elementary 2-Qbit ¢cNOT gates malfunctions, this will affect only sin-
gle Qbits in each of the two encoded 7-Qbit words, and the correct output will again be
restored by applying error correction to both of the codewords.

Another virtue of codeword gates that can be constructed a simple tensor products
of the uncoded gates is that they cannot (when functioning correctly) convert single-Qbit
errors to multiple-Qbit errors, as more more complex constructions of codeword gates
might do. This highly desirable property is called fault tolerance. The great virtue of the
7-Qbit code is that many of the most important logical gates can be implemented in a
fault tolerant way.

E. Circuits that make the 7- and 5-Qbit codewords.

The circuit in Figure 5.10 encodes a general 1-Qbit state into a 7-Qbit codeword with-
out using any measurement gates, in a manner analogous to the way Figure 5.1 produces
3-Qbit codewords. A full explanation of how the circuit works is given in the figure cap-
tion, but the basic idea is quite simple: each of the three controlled triple-NOT gates acts
in combination with the Hadamard on its control Qbit to produce one of the operators
1+ M; in (5.52). And the controlled double-NOT gate, which acts only if the state of its
control-Qbit is |1), has precisely the effect of converting the 7-Qbit output from |0) to |1),
when the 1-Qbit input [¢)) changes from |0) to |1).
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There is also a less direct method to confirm that Figure 5.10 produces the 7-Qbit
encoding, which can be applied equally well to establishing the validity of the 5-Qbit en-
coding circuit we examine next, for which I know no version of the simple direct argument.
The indirect argument starts with the observation (already noted when we discussed how
to construct 7-Qbit codewords by extending the error-syndrome measurement to include
Z) that the seven mutually commuting operators M;, N;, (i = 0,1,2) and Z, each with
eigenvalues 41, have a set of 27 non-degenerate eigenvectors that form an orthonormal
basis for the entire 7-dimensional codeword space. In particular the two codeword states
|0) and |1) are the unique eigenstates of all the M; and N; with eigenvalues 1, and of Z
with eigenvalues 1 and —1, respectively.

It follows from this that if a circuit produces a state |¥) that is invariant under all
the M; and N; then |¥) must be a superposition of the codeword states |0) and |1), and
if |¥) is additionally an eigenstate of Z then to within factors e of modulus 1, |¥) must
be |0) or |1) depending on whether the eigenvalue is 1 or —1.

Figure 5.11 shows that the state |¥) produced by the circuit in Figure 5.10 is indeed
invariant under My = XgX5X4Xo. The figure demonstrates that when Mg is brought to
the left through all the gates in the circuit it acts directly as Zy on the input state on the
left, which is invariant under Z,. The caption explains why essentially the same argument
applies to the other M;: when brought all the way to the left, M; reduces to Z; acting
on the input state, and May, to Z5. Figure 5.12 similarly establishes the invariance of | )
under the three N;.

Figure 5.13 establishes that the effect of Z = Z4Z5Z4,Z3Z5Z,Z acting on the right is
the same as ZgZ5Z4Z3 acting on the left. But since Zg, Z5, and Z4 all act on the 1-Qbit
states |0) this leaves only Z3 which converts [1) to Z|¢), which multiplies by (—1)* when
|4)) = |x). This shows that, as required, Z|¥) = (—1)%|¥) when [)) = |z). Similarly,
Figure 5.14 establishes that the effect of X = XX5X4X35X2X; X acting on the right is the
same as X3ZsZ1Z; acting on the left. But since Zo, Z;, and Z all act on the 1-Qbit states
|0) this leaves only X3 which interchanges |1) and |0) when |/) = |x). This shows that X
interchanges the corresponding states produced by the circuit. It also establishes that if
|U) differs by a phase factor € from |0) when |¢)) = |0), then it will differ by the same
phase factor from |T) when [¢)) = [1).

It remains to show that when |¢)) = |0) in Figure 5.10, the resulting state is given by
0) in (5.42) without any non-trivial phase factor ¢*#. Since |0); appears in the expansion of
0) in (5.42) with the amplitude 1/23/2, we must show that when the input to the circuit in
5.10 is |0)7 the inner product of the output with |0)7 is 1/23/2, without any accompanying
nontrivial e??. This is established in a simple circuit theoretic manner in Figure 5.15, as
explained in the caption.

Figure 5.16 gives an alternative circuit-theoretic proof that the logical Hadamard
operation on codewords is indeed produced by the simple 7-fold tensor product H® of
1-Qbit hadamards.
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The circuit in Figure 5.17 encodes a general 1-Qbit state into a 5-Qbit codeword
without using any measurement gates. Unlike the superficially similar circuit for the 7-
Qbit code in Figure 5.10, there does not seem to be a transparently simple argument for
why the circuit produces the codewords.! But the analog of the alternative argument in
Figures 5.10-5.15 does work, though in a somewhat more complicated way.

Figure 5.18 shows that My = Z1X5X3Z, leaves both codewords invariant, by demon-
strating that it can be brought to the left through all the gates in the circuit to act
on the input state |£0000) as Zs. Figure 5.19 shows the same for My = Z;X3X4Z,,
My = Z3X4XoZ1, and M3 = Z,;XyX1Z5, which can be brought to the left through all
the gates to act on the input state as Zy, Z3, and Z;. The successive transformations of
the M, as they are brought to the left exploit the boxed identities in Figures 5.11 and 5.12,
that bringing an X through a ¢cNOT along the control Qbit produces an additional X on
the target Qbit, while bringing a Z through a ¢cNOT along the target Qbit produces an
additional Z on the control. (The transformations also exploit the fact that an X on the
target Qbit commutes with cNOT as does a Z on the control Qbit, and that bringing an
X through a H changes it to a Z and vice versa.)

Figure 5.20 shows that X = XoX;X2X35X,4 can be brought to the left through all the
gates of the circuit to act on the input state |£0000) as X4Z2Z;, which simply interchanges
x = 0 and x = 1, thereby demonstrating that X acts as logical X on the codewords. Figure
5.21 shows the analogous property for Z = Z¢Z,Z5Z3Z,4, which can be brought to the left
through all the gates of the circuit to act on the input state |x0000) as Z4,Z3Z,, which
multiplies it by (—1)*, thereby demonstrating that Z acts as logical Z on the codewords.

Finally Figure 5.22 shows, using the general rule illustrated in the box in Figure 5.15,
that the inner product of the circuit acting on |00000) with the computational basis state
|00000) is equal to 1/4, thereby demonstrating that the circuit produces the codewords
(5.33) with the right phase.

Appendix to Chapter 5: The 9-Qbit code

Shor demonstrated that quantum error correction was possible using the two orthog-
onal 9-Qbit codeword states)

|0) = 273/2(]000) + |111)) (]000) + |111)) (]000) + [111)),

1 The circuit differs from one reported by David Divincenzo in quant-ph/9705009 only
by the presence of the 1-Qbit gates ZHZ on the left. When [¢) = |z) Divincenzo’s circuit
produces two orthogonal linear combinations of the codewords (5.42), which are, of course,
equally valid choices. But to get the codewords in (5.42) one needs these additional gates.
I have written them in the symmetric form ZHZ rather than in the simpler equivalent
form YH both to spare the reader from having to remember that Y = ZX and not XZ,
and also to spare her the confusion of having to reverse the order of gates when going from
a circuit diagram to the corresponding equation.
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IT) = 273/2(]000) — |111)) (]000) — |111))(]000) — [111)). (5.67)

These can be viewed as an extension of the simple 3-Qbit code words we examined in
Section A, making it possible to deal with 1-Qbit phase errors, as well as bit-flip errors.
An encoding circuit for the 9-Qbit code — with an obvious resemblance to Figure 5.1 for
the 3-Qbit code — is shown in Figure 5.23.

The form (5.18) of a general 1-Qbit corruption simplifies slightly when the state |¥)
is a superposition of the codeword states (5.67), for it follows from (5.67) that

Zy|V) = Z,|V) = Z5|V), Z3|V) = Z4|¥) = Z5|V), Zg|V) = Z7|¥) = Zs|V). (5.68)

As a result, the general form of a 1-Qbit corruption of |¥) contains only 22 independent
terms (rather than 28 =3 x 9+ 1):

19) = (1d) +10)Zo + 1) Za + ) Zs + > () Xi + ) Y) )|9). - (5.69)

Shor’s diagnoses the error syndrome with eight commuting hermitian operators that

square to unity:
ZoZ,, 2,2y, Z3Z,, Z,Z5, Z¢Z;, Z:Zg

XoX1 XXXy X5, X3X4X5XeX7Xs. (5.70)

All six Z-operators trivially commute with each other as do the two X-operators, and any
of the six Z-operator commutes with any of the two X-operators because in every case the
number of anti-commutations is either zero or two.

One easily confirms from (5.67) that |0), |I), and hence any superposition |¥) of the
two, is invariant under all 8 operators (5.70). Each one of the 21 corrupted terms in (5.69)
is also an eigenstate of the eight operators (5.70) with eigenvalues 1 or —1, because each of
the 8 operators either commutes (resulting in the eigenvalue 1) or anti-commutes (resulting
in the eigenvalue —1) with each of the X;, Y;, and Z;. And each of the 21 terms in (5.69)
gives rise to a distinct pattern of negative eigenvalues for the eight operators:

(a) The three errors Zj, Z3, and Zg are distinguished from the X; and Y; by the fact
that they commute with every one of the six Z operators in (5.70). These three Z; can be
distinguished from each other because Z, anticommutes with one of the two X operators,
Z; anticommutes with the other, and Z3 anticommutes with both.

(b) All nine errors X; are distinguished from both the Z; and the Y; by the fact that
they commute with both X operators. They can be distinguished from each other because
Xo, Xo, X3, X5, Xg, and Xg each anticommutes with a single one of the six Z operators
in (5.70) (respectively ZoZy, Z1Zy, Z3Z,4, Z4Z5, ZsZ;, Z7Zg) while X1, X4, and X7 each
anticommutes with two distinct Z operators (respectively ZoZ and Z1Z5, Z3Z4 and Z4Z5,
and 2627 and 2728-
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(c) Finally, the nine errors Y; have the same pattern of commutations with the Z
operators in (5.70) as the corresponding X; operators, permitting them to be distinguished
from each other in the same way. They can be distinguished from the X; operators by
their failure to commute with at least one of the two X operators in (5.70).

So, as with the other codes we have examined, the simultaneous measurement of the
eight commuting operators (5.70) projects the corrupted state onto a single one of the
terms in (5.69), and the set of eigenvalues reveals which term it is. One then applies the
appropriate inverse unitary transformation to restore the uncorrupted state. A circuit that
diagnoses the 9-Qbit error syndrome is shown in Figure 5.24.
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Figure 5.1

al0 +BlL .
0 a|000) +B|111)
o0

Figure 5.1. A unitary circuit that encodes the 1-Qbit state «|0) + (|1) into the 3-Qbit
code state «|0)]0)]0) + 3|1)[1)|1), using two cNOT gates and two other Qbits each initially
in the state |0). The circuit clearly works for the computational basis states |0) and |1),
and therefore, by linearity, it works for arbitrary superpositions.
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Figure 5.2
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Figure 5.2. The encoded state of Figure 5.1 may or may not be corrupted by the
action of a single extraneous NOT gate. The error inducing gates are depicted in a lighter
font — X instead of X— and inside a noisy looking corrupted box.
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Figure 5.3
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Figure 5.3. How to detect and correct the possible errors shown in Figure 5.2. One
requires two ancillary Qbits (upper two wires), each initially in the state |0), coupled to
the codeword Qbits by cNOT gates. After the cNOT gates have acted each ancilla is
measured.

If both measurements give 0, then none of the erroneous NOT gates on the left have
acted and none of the error-correcting NOT gates on the right need to be applied (a =
b= c=0). If the upper measurement gate shows x = 1 and the lower one shows y = 0,
then the uppermost of the three erroneous NOT gates has acted on the left. Its action is
undone by applying the uppermost of the three NOT gates on the right. The other two
possible 1-Qbit errors are similarly corrected.
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Figure 5.4
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Figure 5.4. Automation of the error correction process of Figure 5.3. The three
controlled gates on the right — one of them a doubly controlled Toffoli gate, and each of
them with multiple targets — have precisely the same error-correcting effect on the three
codeword Qbits as does the application of NOT gates contingent on measurement outcomes
in Figure 5.3. The final state |¥) of the ancillas (which is also the state that determines
the action of the three controlled gates on the right) is |00) if none of the erroneous NOT
gates on the left has acted. It is |10) if only the upper erroneous NOT gate has acted, |11)
if only the middle one has acted, and |01) if only the lower one has acted.
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Figure 5.5
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Figure 5.5. An apparently unnecessary complication of the error-correcting circuit in
Figure 5.3, which transforms it into the more general form described in Sections C and D.
The circuit is equivalent to that in Figure 5.3: (1) The cNOT gates in 5.3 can be replaced
by controlled-Z gates provided Hadamard gates act on each ancilla before and after the
controlled gates act; (2) Each of the four controlled-Z gates acts in the same way if its
control and target Qbits are interchanged; and (3) Pairs of controlled gates with the same
control Qbit and two different targets, can be combined into a single controlled gate with
that control Qbit and a 2-Qbit target operation that is just the product of the two 1-Qbit
target operations. The part of the circuit between and including the pairs of Hadamards
on the right and left is a simple example of the more complex error-diagnosing circuits
appearing in Figures 5.8, 5.9, and 5.25.
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Figure 5.6
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Figure 5.6. The way in which measurement gates are employed in quantum error
correction. The ancilla (upper wire) is initially in the state zero. The remaining 5 Qbits
are initially in the state |¥). If the measurement gate acting on the ancilla gives the
result = (0 or 1) then the final state of the five Qbits will be the (renormalized) projection
P.|¥) of the initial state into the subspace spanned by the eigenstates of Z4X35Z2X;Xq
with eigenvalue (—1)*.
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Figure 5.7
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Figure 5.7. A, B, and C are commuting operators satisfying A? = B? = C? = 1. They
act on the n-Qbit state | W), associated with the thick lower wire. The effect of measuring
the three ancillas (top three wires) is to project the state of the n Qbits associated with
the lower wire into its component in one of the eight eigenspaces of A, B, and C. If the
results of measuring the control bits associated with A, B, and C are xg, x1, and xo then
the projection is into the eigenspace with eigenvalues (—1)%°, (—1)** and (—1)®2. Such
a process is called “measuring A, B, and C.” When n = 3 and A, B, and C are three
different one-Qbit Z operators, the process is equivalent to an ordinary measurement of
the three Qbits on which A, B, and C act.
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Figure 5.8

Figure 5.8. A circuit to measure the error syndrome for the 5-Qbit code. The five
Qbits are the five lower wires. The four upper wires are the ancillas to be measured
in the manner of Figure 5.1, associated with measuring the four commuting operators
21X2X3Z4, 22X3X4ZO, 23X4X021, and Z4XOX122 of (529) (When controlled Z gates
are present together with controlled NOT gates, a figure can be made more attractive by
representing the cNOT gates as controlled X gates.)
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Figure 5.9

Figure 5.9. A circuit to measure the error syndrome for the 7-Qbit code. The seven
Qbits are the seven lower wires. The six upper wires are the ancillas to be measured, result-
ing in a measurement of the six commuting operators ZoZ4Z5Z¢, Z1Z3Z52Z¢, Z2Z3Z 425,
XOX4X5X6, X1X3X5X6, and X2X3X4X6 of (541)
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Figure 5.10
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Figure 5.10. A 7-Qbit encoding circuit (a) that takes |[¢)) = «|0) + §|1) into the
corresponding superposition of the two 7-Qbit code words given in (5.42), |¥) = «|0)+|1).
Since the circuit is unitary and therefore linear, it is enough to show that it works when
|1) = |0) and when [¢)) = |1). The numbering of the Qbits from 6 to 0 is made explicit to
facilitate comparison with the form (5.42) of the code words. When [¢)) = |0) the controlled
double-NOT on the left acts as the identity. Note that a circuit of the form (b), acting on a
state of the form |0) ® |®),, produces the state % (1+X®U)|0)®|®),. If this is applied to
the three controlled triple-NOT gates in (a) then, reading from left to right, the resulting
operations are % (1+X2X3X4X6) = % (1+M2), % (1—|—X1X3X5X6) = % (1—|—M1), and

% (1 + X0X4X5X6) = % (1 + MO). Thus the circuit does indeed produced the codeword

0) in (5.42). When [¢)) = |1), the controlled double-NOT on the left acts as X4X5. The
circuit after that action is exactly the same as when |¢) = |0), except that the initial state
on the left of Qbits #3, #4, and #5 is |1) rather than |0). Since all X; commute, the state
that results is not |0) but X3X4X5|0). But

X3X4 X5 = Xo X1 X2 X3X, X5XsMoM; My = XMgM; M,.
Since MoM; My acts as the identity on |0), the resulting state is indeed

1) = X|0).
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Figure 5.11
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Figure 5.11. Seven-Qbit code. Demonstration that the state |¥) constructed by the
circuit in Figure 5.10 is invariant under Mg = XoX4X5Xg. The circuit in the upper
right is the same as in Figure 5.10 except that after the state |¥) has been produced X
operations are applied to Qbits #0, #4, #5, and #6. We then exploit the easily verified
fact, illustrated in the box on the right, that bringing an X, acting on the control Qbit
of a ¢cNOT, from one side of the cNOT to the other introduces an additional X acting
on the target Qbit. (We also use the fact that an X acting on the target Qbit commutes
with the ¢cNOT.) In particular, bringing the X acting on Qbit #0 to the left of all three
cNOT gates represented by the controlled triple-NOT on the right introduces X operators
on all three target Qbits which combine with the three X already acting on those Qbits to
produce unit operators. So all four X gates on the right reduce to Xy — a single X acting
on Qbit #0 — as indicated in inset (a). The Xy can be moved further to the left until
it encounters Hp as shown in inset (b), and it can then be moved to the left through Hg
provided it is changed into Zg, as shown in inset (c). So the figure demonstrates that Mg
acting to the right of all the gates of the circuit is equivalent to Z( acting to the left of all
the gates. But Zy acts on the 1-Qbit state |0) which it leaves invariant. Consequently |¥)
is invariant under M. Essentially the same argument applies to M; = X1 X3X5Xg, since
the X; all commute with the first controlled triple-NOT on the right, and then produce a
single X on Qbit #1 when moved through the middle controlled triple-NOT, resulting in
Z, when moved the rest of the way to the left. And in the same way My = Xy X3X4Xg
produces Z, when moved all the way to the left.
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Figure 5.12
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Figure 5.12. Seven-Qbit code.Demonstration that the state |¥) constructed by the
circuit in Figure 5.10 is invariant under Ng = XoX;X5Xs. Now we exploit the fact,
illustrated in the box on the right, that bringing a Z, acting on the target Qbit of a cNOT,
from one side of the cNOT to the other introduces an additional Z acting on the control
Qbit. (We also use the fact that a Z acting on the control Qbit commutes with the cNOT.)
In particular, bringing Z4, Z5, and Zg to the left of all three c NOT gates represented by
the controlled triple-NOT, introduces three Z operators on the control Qbit #0, which
combine with the Z, already acting to produce the unit operator. So the collection of four
Z gates on the left reduces to the three Z acting on Qbits #4, #5, and #6, as indicated in
(a). Those Z can be moved all the way to the left (always producing a pair of Z gates on
the control Qbits of the multiple cNOT gates they move through) until they act directly
on the input state as Z4,Z5Zg, which leaves it invariant. A similar argument shows that
N, = Z,Z3Z5Z; acting to the right of all the gates is the same as ZgZ5 acting to the left
of all the gates, and that Ny = Z3Z3Z,Z4 on the right is the same as ZgZ4 on the left.
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Figure 5.13
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Figure 5.13. Seven-Qbit code. Demonstration that Z = Z¢Z,Z2Z3Z4Z5Z¢ acting on
the right of the circuit is the same as Z3Z,Z5Zg acting on the left. Since Z4, Z5, and Zg
all act as the identity on the 1-Qbit states |0) this leaves only Z3 which converts [¢) to
Z|y)). This results in a factor of (—1)® when |¢) = |z), showing that Z|¥) = (—1)%|¥)
when |¢) = |T).
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Figure 5.14
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Figure 5.14. Seven-Qbit code. Demonstration that X = XX;X2X35X4X5Xg acting
on the right of the circuit is the same as X3Z5Z1Z acting on the left. Since Z5, Z;, and
Z, all act as the identity on the 1-Qbit states |0) this leaves only X3 which converts i)
to X|1)). When [)) = |z) this interchanges |0) and |1), and therefore X interchanges the
corresponding states produced by the circuit.
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Figure 5.15
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Figure 5.15. Seven-Qbit code. Demonstration that the state produced by the circuit
in Figure 5.10 when |¢) = |0) has an inner product with the state |0); that is 1/23/2,
thereby establishing that the phase factor e®¥ = 1 — i.e. that the state is precisely |T)
without any additional phase factor. The box at the top establishes a simple circuit-
theoretic way to evaluate inner products. The circuit diagram in the box shows an n-Qbit
gate A acting on an n-Qbit input state |®), followed by a second gate B. The output state
is |U) = BA|®). (Remember that operators in a circuit diagram have the reverse order
from the corresponding equation.) The inner product (¥|Q2) of the output state with some
other state |Q) is given by (¥|Q) = (B|ATBT|Q). This establishes the rule: to evaluate the
inner product of the output state of a circuit diagram with another state |2), replace all
the gates in the circuit by their adjoints (i.e. by their inverses, since all gates are unitary)
without changing their order in the diagram, let them all act to the right on |Q2), and take
the inner product of what results with the input state. In the case we are interested in the
input and output states are the same, |0)7, and all the gates are identical to their inverses.
So we simply sandwich the circuit of Figure 5.10 between |0)7 and 7(0|, as shown on the
lower left. But now all the cNOT gates have |0) for their control bits, and therefore act
as the identity. The diagram simplifies to the form on the right, consisting of four inner
products (0|0) = 1, and three matrix elements (O|H|0) = . So the inner product is

V2
indeed 1,/23/2.
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Figure 5.16
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Figure 5.16. Seven-Qbit code. A circuit-theoretic demonstration that H = Hg @ - - - ®
Hy acts as a logical Hadamard on the 7-Qbit codewords. Part (a) shows H acting on the
7-Qbit encoding of the 1-Qbit state |¢)) shown in Figure 5.10. In part (b) the two cNOT
gates that target Qbit #3 have been moved to the left through the two ¢cNOT gates that
are controlled by Qbit #3, using four applications of the easily verified rule shown in part
(d). In part (c) the seven 1-Qbit Hadamards in part (b) have been moved all the way to the
left, applying to each of the eleven ¢cNOT gates in (b) the rule that sandwiching a cNOT
between Hadamards on both its control and target Qbits converts it to a cNOT controlled
by the former target, and targetted on the former control. But the circuit in part (c) works
just as well as the circuit in Figure 5.10 for producing the 7-Qbit encoding. Following the
argument in the caption of Figure 5.10, one sees that the three controlled triple-NOT gates
in (C) produce the Operator 2_3/2(1 + X4X3X1X0)(1 + X5X3X2X0)(1 + X6X2X1X0), but
using the definitions (5.41) of the M; one easily confirms by multiplying out the products
that this operator is identical to 273/2(1 + Mg)(1 + M1)(1 + My), so when Qbit #3 is in
the state |0) one produces the correct codeword. When Qbit #3 is in the state |1) the
effect of the controlled double-NOT is to produce the additional operator X3XsX; acting
on |0). But X3X5X; = XMy, and My leaves |0) invariant. So the result is the state |1).
Therefore the state produced in (c) is indeed the 7-Qbit encoding of the 1-Qbit state H|1)).

42



Figure 5.17
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Figure 5.17. A 5-Qbit encoding encoding circuit that takes |¢)) = «|0) + §|1) into the
corresponding superposition of the two 5-Qbit code words given in (5.33), |¥) = «|0)+|1).
I know no simple direct way to see from the diagram that the circuit works as claimed,
like the argument for the 7-Qbit encoding circuit in the caption of Figure 5.10. But an
indirect argument like the one given for the 7-Qbit code in Figures 5.11-5.15, is given in
Figures 5.19-5.23.
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Figure 5.18
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Figure 5.18. Five-Qbit code. Demonstration that My = Z1X5X3Z,4 acting on the
output of the circuit in Figure 5.17, is the same as Z5 acting on the input, which leaves
the input invariant. On the extreme left Mg is applied to the output of the circuit. The
insets (a)-(g) show what happens as the X and Z gates making up Mg are moved to the
left through the gates of the circuit. (a) Z4 and X3 are changed to X4 and Z3 as a result
of having been brought through Hadamard gates. (b) Bringing the two X gates on control
Qbits of cNOT gates produces a pair of cancelling X gates on the common target Qbit,
so the set of gates in (a) is unchanged when it is moved to (b). (¢) The Hadmard gates
convert X4 and Z; to Z, and X;. (d) Bringing X5 through the control Qbit of the cNOT
produces an X on its target Qbit which cancels the X already there. (e) The Hadamard
on Qbit 2 converts the X to a Z. (f) Moving the Z5 through the targets of the two cNOTs
produces Z gates on their control Qbits which cancel the two Z gates already there. (g)
The resulting Z5 can be moved all the way to the left.
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Figure 5.19
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Figure 5.19. Five-Qbit code. Constructions similar to that of Figure 5.18 show that
M, can be brought to the left through the gates of the encoding circuit to act directly on
|20000) as Zy, My acts directly on |20000) as Z3, and M3 as Z;.
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Figure 5.20

X —ZHHHZ e H H H
0> H] H
0> D H X
0> H] XF
0> O——Ix-
L A N A A b
X
— -
o I -

=
~
~
=)
=
~
«Q
~
~
—+
~
—~
N

(d)

—~
N2
—
NS
—~
&

Figure 5.20. Five-Qbit code. Demonstration that X = XoX1X2X35X4 acting on the
output of the circuit in Figure 5.17, is the same as X4Z5Z; acting on the input, which
interchanges |00000) and |10000). (a) Bringing X4 and X3 through the Hadamards converts
them to Z4 and Z3. (b) Bringing Xs through the cNOT controlled by Qbit #2 produces an
X on the target Qbit #0, which cancels the X already there. (¢) The Hadamards convert
Z, and X; to X4 and Z;. (d) Bringing X4 and Xs to the left produces two X; gates
which cancel. Bringing Z; to the left then produces additional Z, and Z, gates. (e) The
Hadamard Hj interchanges the Xy and Zy gates. (f) First bring to the left the Zy gate,
then the X4 gate. (g) The Hy converts ZXZ to XZX = —Z. (h) No further changes. (g) Z
commutes with itself, is changed to X on passing through H, and acquires another minus
sign on passage through Z.
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Figure 5.21
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Figure 5.21. Five-Qbit code. Demonstration that Z =12702,2,Z:2, acting on the
output of the circuit in Figure 5.17, is the same as Z4Z3Z, acting on the input, which
takes |£0000) into (—1)*|z0000).

47



Figure 5.22
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Figure 5.22. Five-Qbit code. Demonstration, using the method of Figure 16, that
the state produced by the circuit in Figure 5.17 when [¢)) = |0) has an inner product
with the state |0)5 that is 1/4, thereby establishing that the phase factor e?? =1 — i.e.
that the state is precisely |1) without any additional phase factor. (a) Circuit-theoretic
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representation of the inner product. (b) Elimination of operations in (a) that act as the
identity: The ¢cNOT on the extreme right of (a) can be dropped since its control Qbit is
in the state |0). Since H|0) is invariant under X, the pair of cNOT gates targetting Qbit
#1 can be dropped, as can the pair targetting Qbit #2. (c) A pair of Hadamards on Qbit
#4 in (b) cancel. A Hadamard on Qbit #3 in (b) is moved to the left converting a cNOT

to a controlled-Z. Qbits #2 and #1 in (b) simply give the matrix element (0|H|0) = %,

resulting in an overall factor of %
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Figure 5.23
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Figure 5.23. A circuit that transforms the 1-Qbit state [¢)) = «|0) + §|1) into its
9-Qbit encoded form |¥) = «|0) + 3|1), where |0) and |1) are given in (5.67). Note the
relation to the simpler 3-Qbit encoding circuit in Figure 5.1.y
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Figure 5.24
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Figure 5.24. A circuit to measure the “error syndrome” for Shor’s 9-Qbit code. The
nine Qbits are the nine lower wires. The circuit is of the type illustrated in Figure 5.1, but
with eight ancillary Qbits (the eight upper wires) associated with the measurement of the 8
commuting operators in (570), 2021, 2122, 2324, 2425, 26277 27287 XOX1X2X3X4X5,
and X3X;X5XgX7Xg. Measurement of the eight ancillas projects the state of the nine
lower Qbits into the appropriate simultaneous eigenstate of those eight operators.
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