
1 Quasiparticles 1

Exercise 1.1: Relation between density of states � (0), Fermi momentum pF , and
e�ective massm� .

Consider quasiparticleswith spin � , momentum p, and energy " � (p). The zero
temperature occupation of a quasiparticleis n0

� (p) = � ("F � " � (p)), where"F is the
Fermi energy. Show that the quasiparticle density of states at the Fermi level can
be written as

� ("F ) = �
X

p �

@
@"p �

n0
� (p);

and show that, for zeromagnetic �eld and a sphericalFermi surface,the density of
states� (0) at the Fermi surface(per unit volume) is given by

� (0) =
m� pF

� 2~3
:

Exercise 1.2: Wavefunction renormalization constant

In a Green function derivation of Fermi Liquid Theory, one starts from the exci-
tations of the ground state that consist of \bare" particles, not quasiparticles. In
other words, the building blocks of the theory are excited statesof the form

cy
p;� j0i ;

were j0i is the ground state of the non-interacting systemand cy
p;� is the creation

operator for a true particle (3He atom, electron) in a state with momentum p and
spin � .

Adiabatically switching on of the interaction mapsthe particles, whosecreation
and annihilation operator are denotedwith cy

p;� and cp;� onto quasiparticles,whose

creation and annihilation operatorswe'll denoteby ay
p;� and ap;� . Onecandescribe

the switching procedureby a unitary transformation U, that operateson the spaceof
many-body states. (Recall that an operator U is calledunitary if U � 1 = Uy. Unitary
transformations preserve the normalization and scalar products of wavefunctions.)
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In particular, the groundstate jGi of the interacting systemis obtainedby operating
U on the ground state j0i of the interacting system,

jGi = Uj0i :

Similarly, the quasiparticlecreation/annihilation operatorsay
p;� and ap;� arerelated

to cy
p;� and cp;� by

ay
p;� = Ucy

p ;� Uy; ap;� = Ucp ;� Uy:

Explicitly , onecan write ay
p ;� as

ay
p;� =

p
Zcy

p;� + O(cycyc) + : : : (1)

The number Z is called the \w avefunction renormalization constant". It indicates
how much weight of the original \bare" particle is still present in the quasiparticle.
The higher order terms show how the quasiparticle is built: It consistsof the bare
particle, dressedwith a cloud of particle-hole excitations.

(a) For the casethat a quasiparticle has a well-de�ned momentum and spin, can
you give an example of a third order term in Eq. (1) could look like? Pay
attention to the valuesthe momentum and spin indicesof the particle creation
and annihilation operators can take.

(b) What is the inverseof Eq. (1)? It is su�cien t to write down the �rst term of
the expansion.

(c) At zerotemperatures,the occupationof np � = hay
p � ap � i of quasiparticlestates

is one for p < pF and zero otherwise. It is jumps by unity at the Fermi
momentum. Sketch an examplehow the occupation hcy

p � cp � i of bare particle
statescould look like. How doesit behave at the Fermi momentum?

Exercise 1.3: Collision integral

In this exerciseyou �nd an expressionfor the collision integral for the caseof a
sphericalFermi surface.

We considera binary collision where a quasiparticle with initial momentum p
and spin � collideswith a quasiparticle with momentum p2 and spin � 2, see�gure
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Figure 1: Diagram representing a binary collision in which a quasiparticle with initial
momentum p and spin � collides with a quasiparticle with momentum p 2 and spin � 2.
The two quasiparticles emergingfrom the collision have momenta p 0

1 and p0
2 and spin � 0

1
and � 0

2.

1. Quasiparticleswith momenta p0
1 and p0

2 and spin � 0
1 and � 0

2 emergefrom the
collision. The collision integral I , which counts the net changeof the population
n = n� (p) resulting from this processfollows from Fermi's Golden Rule,

I = �
X

�nal states

W(p1� 1; : : : ; p0
2�

0
2) � � 1+ � 2 ;� 0

1+ � 0
2
� p1+ p2 ;p 0

1+ p0
2

� � (" + "2 � "0
1 � "0

2) [nn2(1 � n0
1)(1 � n0

2) � (1 � n)(1 � n2)n0
1n

0
2] : (2)

Here we abbreviated " = " � (p), "2 = " � 2 (p2), n2 = n� 2 (p2), etc. The collision inte-
gral of Eq. (2) contains both processesin which the population n = n� (p) decreases
becausea quasiparticlewith spin � and momentum p collideswith anotherquasipar-
ticle and getsa di�erent momentum or spin (\scattering out of the state (� ; p)") and
processesin which the population n = n� (p) increasesbecausequasiparticleswith
spin � and momentum p arecreatedin collisionsof other quasiparticles(\scattering
into the state (� ; p)").

(a) Can you indicate which parts in Eq. (2) correspond to scattering \out of" and
\in to" the state (� ; p)?

(b) Equation (2) contains a summation over �nal states. In that equation, we
useda convention that the momenta can take discretevaluesonly. Moreover,
becausethe quasiparticlesare indistinguishable,only (anti)symmetrized �nal
statesare included in the summation. Show that, if onerewrites Eq. (2) asan
unrestricted integration over momenta, i.e., using a convention that momenta
are continuous and without (anti)symmetrization constraint, one �nds

X

�nal states

W(p1� 1; : : : ; p0
2�

0
2)� � 1+ � 2 ;� 0

1+ � 0
2
� p1+ p2 ;p 0

1+ p0
2

: : :
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Figure 2: De�nition of the angles� and � usedto parameterizethe transition probabilit y
W .

!
1

(2� ~)6

Z
dp2dp0

1dp0
2

�
1
2

W"" (p1; p2; p0
1; p0

2) + W"# (p1; p2; p0
1; p0

2)
�

� � (p1 + p2 � p0
1 � p0

2) : : : ;

wherethe dots indicate the remaining terms in Eq. (2).

Next, we'll deal with the delta function for momentum conservation. Let � denote
the anglebetweenthe planespannedby p1 and p2 and the planespannedby p0

1 and
p0

2, and let � be the anglebetweenp and p2, see�gure 2. Sinceall momenta are of
order pF , the transition probabilities W"" (p1; p2; p0

1; p0
2) and W"# (p1; p2; p0

1; p0
2) will

not dependon the magnitudesof the momenta involved. Moreover, asa result of the
fact that all momenta are nearly equal, the triangles in �gure 2 are nearly isosceles.
Hencethe anglep0

1 and p0
2 is (almost) equal to � , the anglebetweenp and p2. We

thus �nd that the transition probabilities W"" (p1; p2; p0
1; p0

2) and W"# (p1; p2; p0
1; p0

2)
depend on the angles� and � only, and that we have a decouplingof angular and
energyvariablesin the expressionfor the collision integral,

I = �
1

(2� ~)6

Z
dp2dp0

1dp0
2

�
1
2

W"" (� ; � ) + W"# (� ; � )
�

� (p + p2 � p0
1 � p0

2)

� � (" + "2 � "0
1 � "0

2) [nn2(1 � n0
1)(1 � n0

2) � (1 � n)(1 � n2)n0
1n0

2] ;

where we usedthe sameshort-hand notation as in Eq. (2). Now you can perform
the remaining integrals over the momenta p2, p0

1, and p0
2.

(c) Introducepolar coordinates(� ; � 2) for p2, choosingthe z-axis alongp to show
that

dp2 = m� pF d"2 sin� d� d� 2:

(d) Introducepolar coordinates(� 0
1; � ) for p0

1, choosingthe z-axis alongp + p2, to
show that

dp0
1 = m� pF d"0

1 sin� 0
1d� 0

1d�:
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(e) One can eliminate � 0
1 in favor of "0

2 as

d� 0
1 =

m�

p2
F sin�

d"0
2:

Hint: �rst draw the triangle formed by p0
1, p0

2, and p0
1 + p0

2 to show

@jp0
2j

@� 0
1

= jp1j0sin� :

Finally, onemay put everything together to �nd

I =
m� 3

2(2� ~)6

Z
d"2d"0

1d"0
2

Z
d� d�d� 2

sin�
cos(� =2)

�
1
2

W"" (� ; � ) + W"# (� ; � )
�

� � (" + "2 � "0
1 � "0

2) [nn2(1 � n0
1)(1 � n0

2) � (1 � n)(1 � n2)n0
1n

0
2] : (3)

Now, the only thing left is the integration over energy. This is done in the next
exercise.

Exercise 1.4: Lifetime of a quasiparticle

Supposewe introduce at time t = 0 an extra quasiparticle with momentum p into
the Fermi Liquid, which is in equilibrium at temperature T. The quasiparticle
distribution at t = 0 is then

n(p0) =
�

1 if p = p0;
n0(p0) if p 6= p0:

(4)

We expect that the addedquasiparticlewill decay asa result of scattering with the
other quasiparticles. In terms of the occupation n(p), this implies that n(p) decays
to its equilibrium value n0

p accordingto

@� n(p)
@t

= �
� n(p)
� (p)

:

This de�nes the quasiparticle lifetime � (p).
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We can compute � (p) by noting that at time t = 0, � � 1 = � I ; where I is the
collision integral for a quasiparticle with momentum p (seethe previous exercise).
Using n(p) = 1, we thus �nd

� (p)� 1 =
(m� )3

(2� ~)6

Z
sin� d� d�d� 2d"2d"3d"4

�
W"# + 1

2W""

2cos(� =2)

�

� n2(1 � n3)(1 � n4)� ("1 + "2 � "3 � "4): (5)

Below we'll seethat the energy-integrations can be doneexplicitly, with the result

� (p)� 1 =
(m� )3

16� 4~6

�
W(� ; � )

2cos(� =2)

�
(� kB T)2 + ("(p) � � )2

1 + exp[� (" (p) � � )=kB T]
:

Here h: : :i denotesan averageover the angular variables,
�

: : :
�

=
1

8� 2

Z
d�d� d� 2 sin� : : : :

(a) Show that the energyintegrations in (5) can be written in the form

(kB T)2
Z

dx2 dx3 dx4

�
ex2

ex2 + 1

� �
ex3

ex3 + 1

� �
ex4

ex4 + 1

�

� � (x � x2 � x3 � x4);

wherex = ("p � � )=kB T.

(b) Write � (x) = 1
2�

R
dte� itx to write the energyintegral as

(kB T)2

2�

Z
dte� itx + x=2

� Z
dxj

eitx j + x j =2

ex j + 1

� 3

:

Usecontour integration to show that
Z

dxj
eitx j + x j =2

ex j + 1
=

�
cosh(� t)

:

(c) Now the t-integral canbedoneusingthe result of (b). Note that in the complex
t-plane the integrand has triple polesat tn = � in + i=2 (n = 1; 2; : : :). Show
that contour integration givesfor this energy-integral

� �
1X

n=1

(� 1)n (� 2 + x2)e� nx + x=2:
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(d) Sum the seriesin (c) to get for the energyintegral

(kB T)2

2
� 2 + x2

1 + e� x
:

This yields the desiredresult for � (p).

Exercise 1.5: Lifetime of a quasi-antiparticle

In exercise1.4 you calculatedthe lifetime of a quasiparticlewith momentum p. The
result was

� (p)� 1 =
(m� )3

16� 4~6

�
W(� ; � )

2cos(� =2)

�
(� kB T)2 + ("(p) � � )2

1 + exp[� (" (p) � � )=kB T]
:

Can you write down a similar expressionfor the lifetime of a quasi-antiparticle?
That is, if at time t = 0 we remove a quasiparticle from the system,

np0 =
�

0 if p = p0

n0
p0 if p 6= p0 ; (6)

we expect that the \antiparticle" that is created will be annihilated as a result
of scattering among the other quasiparticles. In terms of the occupation np , this
implies that the quasi-antiparticle hasa lifetime de�ned as

@� np

@t
= �

� np

� p
; at t = 0:

You may guessthe answer.
In Ex. 1.4 you saw that quasiparticleswith energy� � are very long lived. At

the sametime, we know that all excitations far away from the Fermi level should
have a short lifetime. How can you reconcilethosetwo statements?
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2 Kinetic equation

Exercise 2.1: Temperature dependence of chemical potential

At zero temperature, the chemical potential is equal to the Fermi energy, � = " F .
The Fermi energyis a function of the density of electrons.At a �nite temperature,
however, the chemical potential neednot be equal to the Fermi energy.

(a) Calculate the chemicalpotential � (T) up to secondorder in the temperature.
You may expressyour answer in terms of the Fermi energy" F and the deriva-
tive @� (")=@" of the density of states.

The thermal conductivity describesthe responseof a systemto a temperature gra-
dient. If the temperature gradient is set up in a sample that is held at constant
chemicalpotential, it will drive both an energycurrent and a chargecurrent. How-
ever, in a samplethat is in thermal, but not electrical, contact to a hot and a cold
reservoir, the only possibleresponseis an energycurrent. This meansthat the tem-
perature gradient must be linked to a chemicalpotential gradient in order to ensure
the absenceof a chargecurrent.

(b) For a sphericalFermi surface,calculatethe chemicalpotential gradient neces-
sary to achieve this. Do you �nd that we should changethe result

� =
1
9

� 2T� ("F )v2
F �

that we obtained for the energycurrent at constant chemical potential?

(c) Compareyour answers to (a) and (b).

Exercise 2.2: Viscosity

Viscosity relatesthe 
o w of momentum to a gradient in the velocity. In particular, if
the velocity vy in the y-direction variesalong the z-direction, there will be a 
o w of
y-component of momentum in the z-direction, see�gure 1. The momentum current
measuresthe force density that parallel layers of the liquid exert on each other.
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Figure 1: For a liquid 
o wing in the y direction, the 
o w velocity vy hasa gradient in the
z direction. As a result, momentum py is transported in the z direction.

Denoting the relevant momentum current density by j zy , the viscosity � is de�ned
as

Jzy = � �
dvy(z)

dz
:

Calculate the viscosity � of the electron liquid using the Boltzmann equation and
the relaxation time approximation.

Exercise 2.3: Low-energy excitations in graphene

In this exerciseyou derive an e�ective Hamiltonian for conduction electrons in
graphene,a single sheet of graphite. The �rst half of this exerciseis based on
Ex. 9.3 of P635,of taught by Prof. Ralph.

The electronicstateswhich contribute to the band structure near the Fermi sur-
face are the pz-orbitals of the carbon atoms, which have the form � (r ) = zf (r ),
wherez is the coordinate perpendicular to the graphenesheetand f (r ) is a spher-
ically symmetric function of the electron coordinate r = jr j at each atom. The
pz-orbitals have weakcoupling, sothe band structure may be obtained from a tight-
binding approach. The other atomic orbitals (s, px , and py) have much stronger
coupling. They contribute to bandslying far above and far below the Fermi energy.

The lattice of graphenehasa honeycomb structure, seeFig. 2. It hasa two-atom
basis,with each atom contributing one electron to a tight-binding band. The two
basis atoms are labeled \+" and \ � " in the �gure. The primitiv e vectors of the
direct lattice are vectorsa1 and a2 of Fig. 2. Their length is denoteda.

(a) The �rst Brillouin zonefor a hexagonallattice is also hexagonal. It is shown
in the right panelof Fig. 2. Determinethe vectorscorresponding to the points
K and K 0 in the �gure.

9
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Figure 2: Left: Honeycomb lattice, with basisatoms labeled \+" and \ � ". Right: First
Brillouin zonewith the location of the two Fermi points of graphene.

We look for Bloch wave solutionsof the form

 k � (r ) = � +

X

A

ei k �r A � (r � r A ) + ei� � �

X

B

ei k �r B � (r � r B ); (1)

where� � are constants that we will determineby requiring that  be a normalized
eigenstateof the Hamiltonian, � is a phasethat we will specify later, and � is the
electron spin and k = (kx ; ky) is a two-dimensionalwavevector. For simplicity we
will also assumethat the orbitals � centered at di�erent sites are orthogonal, and
that it is su�cien t to consideronly nearest-neighbor overlaps in the tight-binding
Hamiltonian.

(b) Show that the Schr•odinger equation

H k �  (r ) = "(k) k � (r ) (2)

can be cast in the form
�

"0 f (k)
f � (k) "0

� �
� +

� �

�
= "(k)

�
� +

� �

�
; (3)

where
f (k) = tei�

X

nn

ei k �(r B � r A ) ; (4)

the summation being restricted to nearestneighbor lattice sites. Find expres-
sionsfor the \hopping amplitude" t and for the \band center" " 0 in terms of
matrix elements of the Hamiltonian H.
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(c) Find an expressionfor "(k) in terms of " 0, t, and k. Show that there are two
energies"(k), each with its own solution for � � , at each wavevector k.

(d) Show that the band structure is symmetric around " = " 0.

Every lattice atom contributes one electron the the tight-binding band you calcu-
lated. Becauseof spin degeneracy, and becauseof the symmetry of the tight-binding
band around " = " 0, the Fermi energy is preciselyat " F = "0. Hence,in order to
describe low-energystates we should investigate the band structure in the vicinit y
of " (k) = "0.

(e) Show that "(k) = " 0 only at the six cornersof the �rst Brillouin zone,seeFig.
2.

Only two of the cornersof the �rst Brillouin zonecorrespond to independent wavevec-
tors | the others di�er by vectorsof the reciprocal lattice. Thesespecial wavevec-
tors are called \F ermi points". They are labeledK and K 0. The fact that graphene
has Fermi points, and not a \F ermi circle", as one would expect for a generictwo-
dimensionalconductor, is responsible for its very special electrical properties.

(f ) Sincewe are interested in eigenstatesand energiescloseto the Fermi energy,
we write k = K + q or k = K 0+ q, for the casethat k is closeto K or K 0,
respectively. In order to derive an e�ective Hamiltonian for energiescloseto
"F , we expand "(k) up to linear order in q around each Fermi point. Show
that, with a suitable choice for � and for k near K , the matrix equation (3)
can be written as

("0 + ~vF q � � )
�

� +

� �

�
= "(q)

�
� +

� �

�
; (5)

wherevF is the \F ermi velocity" and � = (� x ; � y), � x and � y being the Pauli
matrices. Find an expressionfor the \F ermi velocity" vF .

(g) Show that one can arrive at the samee�ective low-energyHamiltonian for k
near K 0, but with the rolesof � + and � � interchanged,

("0 + ~vF q � � )
�

� �

� +

�
= "(q)

�
� �

� +

�
: (6)
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Equations (5) and (6) provide an e�ective low-energyHamiltonian for graphene.
It is possibleto rewrite Eqs. (5) and (6) with respect to the coordinate r , not

the wavevector q. Hereto, we note that a general wavefunction can be speci�ed
in terms of its expansioncoe�cien ts � � (q) and � � (q)0 for Bloch waves near the
Fermi points K and K 0, respectively. We arrangetheseexpansioncoe�cien ts into
a four-component vector

	 � (q) = (� + (q); � � (q); � � (q)0; � + (q)0) : (7)

From Eqs. (5) and (6) we conclude that the e�ective Hamiltonian for this four-
component wavefunction reads

H e� 	 � (q) =
�

"0 + ~vF q � � 0
0 "0 + ~vF q � �

�
	 � (q): (8)

Fourier transforming to space,we then �nd

H e� 	 � (r ) =
�

"0 � i~vF @r � � 0
0 "0 � i~vF @r � �

�
	 � (q): (9)

This is the sameHamiltonian asthe Hamitolnian describingDirac particlesein two
dimensions. It is the standard form of the low-energy Hamiltonian for graphene
usedin most of the theoretical literature.

Exercise 2.4: Conductivity of graphene

Grapheneis a single layer of graphite. In Ex. 2.3 you saw that, for low excitation
energies,graphenecan be described by the two-dimensionalDirac Hamiltonian,

H e� (q) = "0 + ~vF q � � : (10)

Here "0 is the band center, vF is the Fermi energy, � = (� x ; � y), � x and � y being
the Pauli matrices,and the wavefunction is represented by a two-component vector,
wherethe two components refer to the two basisatomsin the Honeycomb lattice. All
statesare fourfold degenerate,for spin and for the two Fermi points of the graphene
band structure.

(a) Show that the density of states(per unit volume) � (" ) is proportional to j" � " 0j,
and calculate the proportionalit y constant.

12



metal gate

substrate

graphene sheet

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

�����������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

���������������������������������������

Figure 3: Schematic drawing of a graphenesheet(top), separatedfrom a metal capacitor
plate (gate, bottom) by an insulating substrate.

Becausethe density of states vanishesat " = " 0, grapheneis sometimescalled
a \zero band gap semiconductor".1 In the remainder of this exercise,we neglect
the Dirac structure of the low-energyHamiltonian (10), and considergrapheneas
a conventional zero-bandsemiconductorwith density of states � (" ) given by your
answer to part (a).

(b) For neutral graphene,the chemicalpotential � = " 0. It is possibleto adjust the
electrondensity (and, hence,the chemicalpotential � ) by placing the graphene
sheetnear a charged capacitor plate (called \gate") with charge density � 0,
seeFig. 3. Calculate the chemical potential � asa function of � 0.

In practice, the graphenesheetis electrically isolated from the metal gate by an
insulating substrate. Becauseany substratehaschargedimpurities, the electronsin
the graphenesheetexperiencea spatially varying potential V(r ), in addition to the
spatially constant (chemical)potential shift you calculatedin part (b). The electrons
scatter o� the potential V (r ), which is the main reasonwhy the conductivity of
grapheneis �nite.

(c) UseFermi's goldenrule to estimate the elastic scattering rate asa function of
the chargedensity � 0 on the capacitorplace(i.e., at a �nite chemicalpotential
� ). For V(r ) you may take a sum of of short-range scatterersat randomly
chosenpositions,

V(r ) =
X

j

uf (r � r j ); (11)

wherer j is the position of the j th scatterer,u is a parametersetting the typical
strength of the potential of one impurit y, and f (r ) is a function peaked near
r = 0 and with

R
dr f (r ) = 1. Write your answer in terms of the Fermi velocity

1Note that grapheneis neither a true semiconductor nor a true metal. A true semiconductor
has a �nite band gap, and a metal has a �nite density of states for all energies.
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vF , the parameteru, the impurit y concentration nimp , and the chargedensity
� 0 on the gate. You do not needto specify numerical prefactors.

(d) Show that your answer implies that the conductivity of grapheneis indepen-
dent of � 0.

Experimentally, one �nds that � is proportional to j� 0j. A simple way to un-
derstand this is to considerhow the electronsscreenthe the charged impurities in
the substrate. According to the Thomas-Fermi theory of screening,the electrons
respond to an external chargedensity � (r ) by adjusting their density in such a way
that the charge is optimally screened. This adjustment of the electron density is
achieved by meansof an induced potential VTF (r ), which is chosensuch that the
density of electronsin the presenceof that potential corresponds to the density of
electronsnecessaryto screenthe external charge,2 i.e.,

� (r ) = e
Z �

� � VTF (r )
d"� (" ): (12)

One can now describe the combined e�ect of the charged capacitor plate and
the charged impurities as follows: The capacitor plate and the impurities impose
a charge density � (r ) = � 0 + � � (r ) on the graphenesheet. The �rst term � 0 is
a uniform charge density determined solely by the charge on the capacitor plate.
The secondterm is a spatially varying charge density determined by the charged
impurities in the substrate. We take

� � (r ) = e
X

j

f (r � r j ); (13)

with r j the position of the j th impurit y and f (r ) a function peaked near r = 0 and
with

R
dr f (r ) = 1.

(e) Repeatyour analysisof parts (c) and(d) aboveto re-calculatethe � 0-dependence
of the conductivity of graphenein the presenceof screening.You may assume
that j� � j � j� 0j. Doesyour answer agreewith the experimental observations?
What was missingin your analysisof parts (c) and (d) above?

2For the Thomas-Fermi theory to be valid, the potential VTF (r ) must vary slowly with respect
to the electronic wavelength.
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Exercise 2.5: One-dimensionalconductor

It is possibleto fabricatesamplesthat behave asdefect-freeone-dimensionalconduc-
tors. Examplesare \quantum wires" in semiconductorheterostructures,or carbon
nanotubes. At very low temperatures, interactions lead to a strongly correlated
electronic ground state (the so-called\Luttinger Liquid"). However, at not too
low temperatures, a description in terms of the Boltzmann equation may still be
appropriate.

In a one-dimensionalconductor, the relevant momenta p are in the vicinit y of
either pF or � pF , see�gure 4. One usually refers to the two types of excitations
as \righ t movers" and \left movers". As a result, in onedimensionthe distribution
function f can be represented by two functions nR and nL that each depend on the
kinetic energy" of the electronsonly. In the absenceof collisions, the Boltzmann
equation then reads

@nR

@t
+ vF

@nR

@x
+ eEvF

@nR

@"
= 0; (14)

@nL

@t
� vF

@nL

@x
� eEvF

@nL

@"
= 0; (15)

wherevF is the Fermi velocity.

(a) Show that in one dimension, the Fermi velocity is related to the density of
statesat the Fermi level � (" F ).

Consider a one dimensional conductor in which the electric �eld exists only
within a segment of length L. Assumethat all electronsentering that segment are
in thermal equilibrium, i.e., their distribution function f (" ) is the Fermi function.
Also assumethat the one dimensionalconductor is perfect, i.e., that there are no
collisionsbetweenthe electronsor betweenelectronsand impurities or defects.

(b) Solve the Boltzmann equation to �nd the electrical current in the conductor.

(c) What doesyour answer to (b) imply if expressedin terms of a \conductivit y"?
Doesyour answer make sense?

(d) One can also expressthe answer to (b) in terms of the \conductance" G,
de�ned as the quotient of the current I and the voltage V = EL over the
conductor. What conductancedo you �nd? What physical properties doesit
depend on?
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Figure 4: Dispersion relation of a onedimensional metal. All relevant momenta are close
to pF and � pF .

Exercise 2.6: Electrical conduction

In this exercisewe continue to consider the electrical resistanceof a perfect one-
dimensionalconductor. A possiblemeasurement setup is shown in Fig. 5: The wire
is connectedto sourceand drain reservoirs. There exists a voltage di�erence V
betweenthe electrostatic potentials in the two reservoirs, and the current through
the wire is measured.Technically, such a measurement of the resistanceis referredto
as a \t wo-terminal measurement", becausethe voltagesand currents are measured
with respect to the samereservoirs. The Boltzmann equation you solved in Ex. 2.5
is for this measurement setup.

In Ex. 2.5 you saw that, in a one-dimensionalconductor, onecan usethe energy
" to label an electronicstate, insteadof the momentum p, together with a label that
speci�es whether the electron moves to the right or to the left. Here, the energy"
is the kinetic energyof the electrons. The Boltzmann equation [Eqs. (14) and (15)
of Ex. 2.5] expressesthe fact that the kinetic energyof a moving electron changes
becauseof the presenceof the electric �eld. However, the electron's total energy
" tot = " + e� , which is the sum of potential energye� and kinetic energy " , does
not. We can usethe fact that the total energyis conserved to write down a simpler
versionof the Boltzmann equation.

(a) Argue that, if we describe the state of an electron in a one-dimensionalcon-
ductor by specifying its total energy " tot instead of its kinetic energy " , the
Boltzmann equation readssimply

@nR

@t
+ vF

@nR

@x
= 0; (16)
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Figure 5: Setup for the two-terminal measurement of the electrical resistanceof a metal.

@nL

@t
� vF

@nL

@x
= 0: (17)

Here 0 < x < L is the coordinate along the conductor.

(b) What are the appropriate boundary conditions for the distribution functions
nL and nR at x = 0 and x = L?
Hint: both source and drain reservoirshavethe sameelectron density.

(c) Solve the Boltzmann equation, calculate the current I as a function of the
applied voltage V, and compareyour answer with Ex. 2.5.

Exercise 2.7: Di�usion

Considera certain perturbation n(r ; 0) = n0+ � n(r ; 0) of the electrondensity at time
t = 0, where n0 is the equilibrium electron density. In linear response,a density
gradient givesrise to a particle current

j = � D
@n
@r

;

whereD is the di�usion constant.
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(a) Using the Boltzmann equation and the relaxation time approximation show
that

D =
1
3

� v2
F :

(b) Assuming that the initial density perturbation can be treated in linear re-
sponse,how doesthe density change� n(r ; t) evolve in time?

(c) Specializeyour answer to the case� n(r ; 0)) = � (r � r 0) that the initial pertur-
bation consistsof oneelectron localizedat position r 0.

(d) At time t, calculatethe averagedisplacement and the averageof the squareof
the displacement of the electronyou consideredin (c).

Exercise 2.8: Di�usion and random walk

The relation D = (1=3)� v2
F between the Fermi velocity vF , the di�usion constant

D, and the mean free time � is of very generalvalidit y. Derive the samerelation
by consideringa classicalparticle that movesat velocity vF and performsa random
walk: at random points in time, the particle randomly changesthe direction of its
velocity. For this process,the meanfree time is de�ned by specifying that in a time
interval dt, the probability that such a random changeof velocity happensis dt=� .
Hint: Calculatethe averageof the square of the displacementof sucha particle in a
time interval of length t and compare your answerto what you �nd from Ex. 2.7c.

Exercise 2.9: Einstein relation

If a metal sample is placed in an electric �eld, an electric current will start to

o w. The current will exist only for a limited time, however, unlessthe sampleis
connectedto sourceand drain electrodes. After all, oncethe normal-metal sample
has reached equilibrium in the presenceof the applied electric �eld no currents can

o w inside the sample(in the absenceof a magnetic �eld).

(a) Onemechanismby which the electrical current is halted is that the initial 
o w
of electronsleads to an accumulation of charge at both ends of the sample.
Show that the accumulated charge createsan electric �eld that counteracts
the applied �eld and thus stopsthe current 
o w.

18



(b) Even if onecan neglectthe e�ect mentioned above | which can be achieved,
e.g., by a nearby capacitor that screensthe accumulated charge| the electric
current will come to a halt becauseit generatesa density gradient. Show
that the density gradient causedby the applied electrical �eld is such that the
corresponding di�usion current is directed opposite to the drift current � E
causedby the electric �eld.

(c) The fact that the di�usion and drift currents cancelin equilibrium canbe used
to derive a relation between the electrical conductivity � and the di�usion
constant D. Show that

� = e2D� ("F ); (18)

where � (" ) is the density of states. Equation (18) is known as an `Einstein
relation'.
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3 Scattering mechanisms

Exercise 3.1: Beyondthe Born approximation

In this exerciseyou are guided through a review of someitems from quantum scat-
tering theory. The goal of the exerciseis to introduce the T matrix for scattering
o� an impurit y. The T matrix replacesthe matrix elements of the scattering po-
tential V in the expressionfor the transition rate if one wants to go beyond the
Born approximation. It will play an important role in our discussionof the Kondo
e�ect later in the course.Although this exerciseusesa `Greenfunction', no formal
knowledgeof Greenfunction is assumed.

We considernon-interacting electronsin a periodic potential with the Hamilto-
nian H 0. The plane-wave (or Bloch wave) eigenstatesH 0 are denoted jpi and the
corresponding eigenvalue is "(p). We considera �nite volume V. Hence,the eigen-
states of H 0 have Kronecker-delta normalization and the momenta p take discreet
valueswith a density V=(2� ~)3 in momentum space.

For the Hamiltonian H 0, the retarded Green function G+
0 (r ; r 0; " ) is de�ned as

the solution of
(" � H 0)G+

0 (r ; r 0; " ) = � (r � r 0); (1)

with outgoing wave boundary conditions as jr � r 0j ! 1 . Similarly, the advanced
Greenfunction G� is the solution of Eq. (1) with ingoing wave boundary conditions.

(a) Show that

G�
0 (r ; r 0; " ) = hr j

1
" � i� � H 0

jr 0i =
X

p

hr jpihpjr 0i
" � i� � " k

;

where� is a positive in�nitesimal.

(b) If the eigenstatesof H0 areplanewaves,verify that the retardedGreenfunction
G+

0 reads

G0(r ; r 0; "p) = �
m

2� ~2

eip jr � r 0j=~

jr � r 0j
: (2)

(c) Let us now add impurities to the system. The impurities are described by a
potential V. We want to write a solution j p i of the total Hamiltonian H =
H 0 + V with incoming boundary condition corresponding to the unperturbed

20



state jpi . Show that

j p i = jki + G+
0 ("p )Vj p i

= jki + G+
0 ("p )Vjpi + G+

0 ("p )VG+
0 ("p )Vjpi + : : : : (3)

satis�es theserequirements.

(d) In order to formalize what we learnedunder (c), we de�ne the so-called\ T-
matrix" as

T = V + VG+
0 V + : : : = V(1 � G+

0 V)� 1:

In terms of the T matrix, onecan rewrite Eq. (3) as

j p i = jpi +
X

p0

Tp0p

" � "p0 + i�
jp0i ; (4)

with Tp0p = hp0jT jpi . Using Eq. (2) show that one then �nds that, if the
eigenstatesof H 0 are planewaves,the asymptotic form of the wavefunction of
the scatteredwave (4) is

ei pr + f (p0; p)
ei p 0�r

r
;

wherethe wavevector p0 is de�ned aspr̂ , r̂ beingthe unit vector in the direction
of r .

With this result we can now write expressionsfor two useful quantities from
collision theory. First, the di�erential crosssection dQ=d
, where d
 denotesan
element of solid angle, is

dQ
d


= jf (p0; p)j2 =
m2V 2

4� 2~4
jTp0;p j2;

where,asbefore,p0 is a vector of length p and pointing in the direction 
, and the
total crosssectionQ is de�ned asthe integral of the di�erential crosssectiondQ=d

over all scattering angles.Second,the transition rate is

Wp0p =
2� V

~
jTp0p j2� ("p0 � "p ): (5)

The transition rate gives the probability per unit time that a particle is scattered
out of plane wave state p into plane wave state p0. To lowest order in the impurit y
potential V, Eq. (5) is nothing but the Born approximation.
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Exercise 3.2: Delta-function impurities

(a) Calculate the total scatteringcrosssectionQ of oneimpurit y for the casethat
the impurit y potential v(r ) = u� (r ). You may use the Born approximation.
For the electronsyou may assumea sphericalFermi surface.

(b) Calculatethe the meantime � for scatteringfrom the impurities you considered
under (a) in the casethat they arerandomly locatedwith volumedensity n imp .

Exercise 3.3: Carbon nanotube1

Carbon nanotubes are tiny rolls of graphene. Their diameter is only a few lattice
spacings,whereasthey can be up to mm long. Carbon nanotubes come in two
varieties: metallic and semiconductornanotubes. Semiconductornanotubes have
zerodensity of statesat the Fermi level. They will not conduct a current if a small
voltage is applied. Metallic nanotubes, on the other hand, have a �nite density
of states at the Fermi level. Below we look at the main sourceof resistivity in a
metallic nanotube, scattering from phonons.

Becausea nanotube is, in principle, one dimensional, the electronic states are
labeled by a one-dimensionalmomentum p. Near the Fermi energy, the electronic
structure of a metallic carbon nanotube consiststhe following bands,seeFig. 1,

"R;+ (p) = vF (p � p0)

"L; + (p) = � vF (p � p0)

"R;� (p) = vF (p + p0)

"L; � (p) = � vF (p + p0): (6)

wherethe momentum p0 is locatedat the boundary of the �rst Brillouin zone. Each
of the energieslisted above is twofold degeneratebecauseof spin. The momenta
� p0 are referred to as the two \F ermi points". The dispersionrelation (6) for " � is
valid as long as jp � p0j � p0. The Fermi energy"F is (closeto) zero.

(a) For each of the bands listed in Eq. (6) calculate the magnitude and direction
of the corresponding group velocity. Which of theseare \righ t movers" and
which of theseare \left movers"?

1I would like to thank Stephan Braig for help in preparing this exercise.
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Figure 1: Band structure of a metallic carbon nanotube. Close to the \F ermi points"
� p0, the energydependslinearly on momentum.
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Figure 2: diagrams representing the emissionof a phonon with momentum q (left) and
absorption of a phonon with momentum � q (right).

(b) Using the Boltzmann equation without collisions, �nd the (two-terminal) re-
sistanceof a carbon nanotube of length L.

The resistanceof the carbon nanotube is determinedby contact e�ects (seeEx.
2.5) and by scattering from phonons. Scattering from phononsonly contributes to
the resistanceif right movers are scattered to left movers or vice versa. Diagrams
representing the emissionand absorption of a phonon are shown in Fig. 2. In the
emissionor absorptionof a phononof momentum qandenergy~! , the total (crystal)
momentum p and the total energyis conserved.

(c) For scattering of a right moving electron with momentum p and energy"(p)
to a left moving electron by emissionor absorption of a phonon, write down
the constraints on the �nal and initial electron momenta imposedby energy
and momentum conservation.

For an initial analysisof the problem, we ignore emissionor absorption of \zone
boundary" phononswith momentum in the vicinit y of � 2p0, which scatter electrons
betweenthe two Fermi points. Hence,weonly considerscatteringof electronswithin
the vicinit y of one Fermi point. Such scattering occurs by emissionor absorption
of phononswith low crystal momentum. Recall that there are two types of low-
momentum phonons:acousticphononsand optical phonons.Acoustic phononshave
low energy~! ac / q, whereasoptical phononshave a high excitation energy~! opt
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that is as good as independent of the phonon momentum. For the experimentally
relevant temperatures,onehas~! ac � T � ~! opt .

The scattering rates for phonon emissionand absorption depend on matrix el-
ements of the electron-phononHamiltonian, on the phonon distribution function,
and on the electrondistribution function. We will not go into the issueof the matrix
elements, as it requiresknowledgeof ab-initio calculation techniques. The phonon
distribution function enters becausethe emissionrate of phononsat frequency! is
proportional to (1+ nph(q)), wherenph(q) is the number of phononsof momentum q
present in the system,whereasthe phononabsorption rate is proportional to nph(q).

(d) Argue that, for scattering from acoustic phonons, emissionand absorption
contribute equally to the nanotube's resistance.

(e) Argue that the e�ective acousticphononscatteringrate 1=�ac (which describes
both emissionand absorption) will be proportional to temperature.

(f ) How do the statements under (d) and (e) changefor scattering from optical
phonons?

In order to write down the collision term in the Boltzmann equation, we label
the electronstatesby the index R and L (for left moversand right movers) and the
energy" (seeEx. 2.5 or 2.6; you can choosewhether " represents the kinetic energy
alone or the sum of kinetic and potential energy). In principle, you may include
extra labels for the Fermi point and for the electronspin, but there is no scattering
betweenFermi points or scattering betweendi�erent spin states,so that such extra
labelsare largely irrelevant.

(g) Using~! ac � T, show that onecanwrite the collision term for scatteringfrom
acousticphononsas

�
dnR (x; " )

dt

�

coll ; ac

= �
1

� ac
[nR (x; " ) � nL (x; " )] ;

�
dnL (x; " )

dt

�

coll ; ac

= �
1

� ac
[nL (x; " ) � nR (x; " )] : (7)

Here x is the coordinate along the nanotube.

(h) Now solve the Boltzmann equationif there is scattering from acousticphonons
only. Considera nanotube of length L attached to sourceand drain reservoirs
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asin Fig. 5 of Ex. 2.6, with a voltageV applied over the nanotube. Show that
the nanotube's resistancecan be written as

R =
h

4e2
+

h
4e2

L
vF � ac

;

i.e., as the sum of a \contact" term and an \in trinsic" term.

(i) For the scattering from optical phonons,considerthe casethat there is a net
electron
o w to the right only. Argue that, in that case,there areno scattering
events in which a left-moving electron is scattered into a right-moving state,
and that the scattering events in which a right-moving electron is scattered
into a left-moving state are described by the collision term

�
dnR (x; " )

dt

�

coll ; opt

= �
1

� opt
nR (x; " )[1 � nL (x; " � ! opt )];

�
dnL (x; " )

dt

�

coll ; opt

=
1

� opt
nR (x; " + ! opt )[1 � nL (x; " )]: (8)

(j) Solve the Boltzmann equationwith the collision term for the optical phonons,
but without the collision term for the acoustic phonons. (Recall that T �
~! opt , so that, e�ectively, you can considerthe electronsto be at zerotemper-
ature.)
Hint: First, showthat nR obeysthe di�er ential equation

vF � opt
@nR (x; " )

@x
� nR(x; " )2 + g(")nR(x; " ) = 0;

where g(") = 1 + nR (" ) � nL (" � ! opt ) is independentof the coordinate x.

(l) A solution of the Boltzmann equation with scattering from both acousticand
optical phononsis a little bit too much to askfor, let aloneinclusionof scatter-
ing from phononsthat scatter electronsbetweenthe two Fermi points. How-
ever, one can make qualitativ e statements. Ab-initio calculations show that,
at low temperatures, � opt � � ac. Then, at what voltages V would you ex-
pect to seethe in
uence of the optical phononsand how should they manifest
themselves in the I -V curve? What would you expect if � opt � � ac? For
more information, you may want to read the article \Electron-Phonon Scat-
tering in Metallic Single-Walled Carbon Nanotubes", by J.-Y. Park et al.,
http://arxiv.org/abs/cond-mat/0309641.
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Exercise 3.4: Jellium model for phonons

Sometimes,one wants a simpli�ed description of phononswithout referenceto the
lattice. This may be the case,e.g.,if oneis interestedin long-wavelengthphenomena
only, or if oneonly needsan order-of-magnitudeestimateof the phononcontribution
to a certain physical observable. Such \structureless" models that do not refer to
the underlying crystal lattice are called \jellium models".

We start with a description of lattice ions by means of their charge density
� ion(r ), which is taken to be a continuous function of the coordinate r . We �rst
treat the electrongasasa negatively chargedstatic background that neutralizesthe
positive chargeof the ions. Then any deviation from equilibrium � � ion = � ion � � 0

ion

is associated with an electric �eld

r � E =
1
� 0

� � ion ; (9)

where � 0 is the electric permittivit y of vacuum. The electric �eld, in turn exerts a
force �eld on the ions,

f = � 0
ionE: (10)

(a) Show that the ion chargedensity satis�es the equation

M
@2

@t2
� � ion +

Ze� 0
ion

� 0
� � ion = 0; (11)

whereM is the ionic massand Ze is the chargeon one ion.

(b) Describe the possibleexcitations of the ion \jellium". Theseare not phonons.
Why not?

The physical causethat the jellium excitations we found are not phonons is
the long rangeof the Coulomb interaction. In fact, thoseexcitations are known as
\plasmon" excitations. They do not exist for a real ion lattice, but they are relevant
for electrons.

In a real material, the long range Coulomb interaction between the ions is
screenedby the electrons. Sinceelectronsare much lighter than the phonons,they
react quickly to any changein the ion density. In fact, to a good approximation we
can assumethat the electronsfollow the ion density instantaneously, maintaining
chargeneutrality throughout the material at all times.

As a consequence,the energy price for a perturbation � � ion of the ion density
is not the Coulomb energy, but the kinetic energycost of increasingor decreasing

26



the electrondensity: If the ionic chargedensity is changedby an amount � � ion , the
electronicchargedensity needsto be changedby � � � ion in order to maintain charge
neutrality. The energycost associated with the changeof electron density leadsto
a restoring force for the ions.

(c) The easiestway to estimate that restoring force, is to view it as an \electron
pressure". Show that, for a free electron gas, the ground state energyfor N
electronscon�ned to a volume V is

Ee =
~2 (3� 2N )5=3

10� 2mV 2=3
: (12)

(d) Useyour answer to (c) to arguethat the electronicpressureequals

pe =
~2

15� 2m

�
3� 2� e

� 5=3
: (13)

(e) The ionic motion is driven by the gradient of pe. Show that the change� � ion

obeysthe wave equation

M
@2

@t2
� � ion �

2
3

Z"F r 2� � ion = 0: (14)

(f ) From here, derive the dispersion relation for phonons in the jellium model.
What is the phonon velocity? This expressionfor the phonon dispersion is
known as the \Bohm-Staver law".

(g) In the jellium model, you �nd only one phonon mode per wavevector. For a
real lattice, there are three phonon modes per wavevector: one longitudinal
mode and two transversemodes. Is the single mode you �nd in the jellium
model a longitudinal modeor a transversemode? What happenedto the other
two modesof the lattice model?

Exercise 3.5: Linearizing the collision integral

In this exerciseand the following you show that the resistivity of a metal without
impurities is zerounless`umklapp scattering' is taken into account. Umklapp scat-
tering refersto thosescattering processesin which the total momentum changesby
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~K , where K is a vector of the reciprocal lattice. Umklapp scattering can refer
to electron-electronscattering as well as electron-phononscattering. (It does not
make senseto talk about umklapp scattering for impurit y scattering sinceimpurit y
scatteringdoesnot conserve momentum.) Without umklapp scatteringand without
impurit y scattering the resistivity of a metal is zero. In the next exerciseyou'll use
the kinetic equation to prove this. In this exerciseyou �rst derive simpli�ed expres-
sionsfor the collision integrals that are valid if the deviation from equilibrium needs
to be consideredto linear order in the applied electric �eld only (linear response).

Linear responseis studied by writing the distribution function as n = n0 + n1,
wheren1 is (at least) linear in the applied electric �eld. Without electric �eld, i.e.,
if n = n0, the collision integral I vanishes.Sincewe look at linear response,we only
needto know I to �rst order in n1. The collision integral for impurit y scattering is
already linear in the distribution function, so that it is trivially linear in n1. Below
weconsiderthe implications of the substitution n = n0+ n1 for the collision integrals
for electron-electronscattering and for electron-phononscattering. We will neglect
the spin index.

The collision integral for electron-electroninteractions reads

I = �
Z

dp2dp0
1

(2� ~)6
W(p0

1; p0
2; p; p2) (15)

� [n(p)n(p2)(1 � n(p0
1))(1 � n(p0

2)) � n(p0
1)n(p0

2)(1 � n(p))(1 � n(p))] ;

wherethe momentum p0
2 is determinedby momentum conservation,

p0
2 + p0

1 = p + p2 + ~K ; (16)

where K is a vector of the reciprocal lattice. Collision processesin which K 6= 0
are called `umklapp processes'. The transition rate W contains a delta function
� (" (p) + "(p2) � " (p0

1) � " (p0
2)) that ensuresenergyconservation.

(a) In equilibrium onehasn = n0. Prove the identit y

n0(p)n0(p2)(1� n0(p0
1))(1� n0(p0

2)) = n0(p0
1)n

0(p0
2)(1� n0(p))(1� n0(p)) (17)

for all momenta p, p2, p0
1, and p0

2 for which the transition rate W(p0
1; p0

2; p; p2)
is nonzero,and show that Eq. (17) implies that I = 0 in equilibrium.2

2Note that this implies \detailed balance": equilibrium is establishedfor each scattering mech-
anism separately.
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(b) Becausen1 is nonzeroonly closeto the Fermi surface,we parameterizen1 as

n1(p) = �
@n0

@"
 (p) =

n0(p)(1 � n0(p))
T

 : (18)

Use equation (17) to show that, to linear order in n1, the collision integral
reads

I = �
1
T

Z
dp2dp0

1

(2� ~)6
W(p0

1; p0
2; p; p2) (19)

� [ (p) +  (p2) �  (p0
1) �  (p0

2)] n(p)n(p2)(1 � n(p0
1))(1 � n(p0

2)) :

This is the linearized form of the collision integral that we looked for.

In order to describe electron-phononscattering, we needtwo collision integrals:
A collision integral I e to describe the e�ect of electron-phononscattering on the
electron distribution function n and a collision integral I ph to describe the e�ect
of electron-phononscattering on the phonon distribution function nph . The two
collision integrals read

I e = �
Z

dq
(2� ~)3

�
W abs(p + q; p)n(p)(1 � n(p + q))nph(q)

+ W em(p � q; p)n(p)(1 � n(p � q))( nph(q) + 1)

� W abs(p; p � q)(1 � n(p))n(p � q)nph(q)

� W em(p; p + q)(1 � n(p))n(p + q)(nph(q) + 1)] ; (20)

I ph = �
Z

dp
(2� ~)3

�
W abs(p + q; p)n(p)(1 � n(p + q))nph(q)

� W em(p; p + q)n(p + q)(1 � n(p))( nph(q) + 1)] : (21)

Sincethey involve the samematrix elements, the rates for absorption and emission
of phononsare equal,

W abs(p + q; p) = W em(p; p + q): (22)

The rate W abs(p + q; p) contains a delta function � (" (p + q) � " (p) � ~! (q) to ensure
energyconservation.

Again we expandaround equilibrium, writing n = n0 + n1 and nph = n0
ph + n1

ph .
Here n0

ph is the Bose-Einsteindistribution function and n1 and n1
ph are (at least)
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linear in the electric �eld. As before,we parameterize

n1(p) =
n0(p)(1 � n0(p))

T
 (p); (23)

n1
ph(q) =

n0
ph(q)(1 + n0

ph(q))

T
� (q): (24)

(c) Prove the identit y

n0(p)(1 � n0(p + q))n0
ph(q) = n0(p + q)(1 � n0(p))( n0

ph(q) + 1); (25)

for all momenta p and q for which the transition rate W is nonzero,and show
that it implies I e = I ph = 0 in equilibrium.

(d) Expand I e and I ph to linear order in the electric �eld and show that the �nal
result reads

I e = �
1
T

Z
dq

(2� ~)3

�
W abs(p + q; p)[ (p) + � (q) �  (p + q)]

� n0(p)(1 � n0(p + q))n0
ph(q)

� W abs(p; p � q)[ (p � q) + � (q) �  (p)]

� n0(p � q)(1 � n0(p))n0
ph(q)

	
;

I ph = �
1
T

Z
dq

(2� ~)3
W abs(p + q; p)[ (p) + � (q) �  (p + q)]

� n0(p)(1 � n0(p + q))n0
ph(q):

Exercise 3.6: Current without electric �eld?

Considera deviation from equilibrium that is described by the following distribution
function f for electronsand n for phonons:

n(p) = n0(p) +
n0(p)(1 � n0(p))

T
a � p;

nph(q) = n0
ph(q) +

n0
ph(q)(1 + n0

ph(q))

T
a � q; (26)

where n0 and n0
ph are the equilibrium distribution functions and a is an arbitrary

vector.
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(a) Show that n and nph satisfy the kinetic equationsfor the electrondistribution
function and for the phonon distribution function without electric �eld and
without collision term.

(b) Show that the distributions of Eq. (26) correspond to a �nite current density
j .

(c) In the absenceof umklapp processes,show that the collision term vanishes
for the distributions of Eq. (26), to linear order in a. (Use the results of Ex.
3.5 for the collision integral.) What doesthat imply for the resistivity of the
metal?

(d) What changesif umklapp processesare taken into account?
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4 Non-uniform and time-dep endent electromag-
netic �elds

Exercise 4.1: Conductivity

For a uniform and time independent electric �eld, we saw that the linear response
relation betweencurrent density and �eld is given by

j = � E;

where � is the conductivity. If the electric �eld dependson time and position, the
linear responserelation becomesnonlocal,

j (r ; t) =
Z

dr 0dt0� (r � r 0; t � t0)E (r 0; t0): (1)

Note that, in writing down Eq. (1) we assumedtranslation invariance. Fourier
transforming Eq. (1) onehas

j (k; ! ) = � (k; ! )E(k; ! ): (2)

(a) Calculate the conductivity � (k; ! ) using the relaxation time approximation.
You can write your answer as an integral over the Fermi surface.

(b) If the position and time dependent external electric �eld leadsto the accumu-
lation of charges,internal \screening" �elds will be generatedin the sample.
The conductivity you calculated under (a) gives the current responseto the
total electric �eld in the sample,i.e., to the sumof internal and external �elds.
Argue that the internal electric �elds will be absent if E and k are perpendic-
ular. Hence,if E � k = 0 your answer under (a) gives the current responseto
the external electric �eld.

(c) For the special casek = 0 write � (k; ! ) in terms of the dc conductivity � .
Doesonehave to worry about internal �elds if k = 0 and ! 6= 0?
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Exercise 4.2: Energy loss in normal skin e�ect

Calculatethe absorbedpower per unit surfaceareap for the normal skin e�ect. How
is p related to the surfaceimpedanceZ?

Exercise 4.3: Skin e�ect and magnetic �eld

Both the calculation of the normal skin e�ect and the calculation of the anomalous
skin e�ect ignore the e�ect of the oscillating magnetic �eld on the electronmotion.
Why is this justi�ed?

Exercise 4.4: Boltzmann equation approach to the skin e�ect

In this exerciseyou'll calculate the penetration depth of electromagneticradiation
in a normal metal using the Boltzmann equation. It is a good demonstrationof the
type of phenomenathat can be described using the Boltzmann equation.

In the exerciseyou may assumethat the metal is isotropic. This is an important
simpli�cation that allows you to obtain compact �nal expressions.You should be
aware, however, that in realistic metals the Fermi surfaceis often far from spherical.
Although this complicatesthe calculationsit alsomakesthe skin e�ect a much more
interesting physical phenomenon.

We choosecoordinatessuch that the metal interfaceis the yz plane. The electric
�eld has no component perpendicular to the metal interface,Ex = 0. The metal is
at x > 0; there is a vacuum at x < 0, seethe left panel of Fig. 1. At the metal{
vacuuminterfaceweassumespecularre
ection. (This requiresan atomically smooth
interface, which is not entirely realistic. However, this assumption considerable
simpli�es the calculation, and �nal solution turns out to depend only weakly on the
choiceof the boundary conditions.)

Specular re
ection corresponds to the boundary condition

npx ;py ;pz ;� (x) = n� px ;py ;pz ;� (� x); for x # 0. (3)

In order to implement this boundary condition in our calculation, we usea math-
ematical trick: We formally replacethe vacuum at x < 0 by a mirror copy of the
metal at x > 0, seethe right panel of Fig. 1. We also take the electric �eld to be
mirror symmetric,

E(x) = E(� x):

33



x

y,z

x

y,z

metalvacuum metal metal

Figure 1: Left: The metal{vacuum interface is the yz plane, the metal being at x > 0
and the vacuum being at x < 0. Right: In order to model specular re
ection of electrons
at the metal{vacuum interface, we add a mirror copy of the metal. With the mirror copy,
the distribution functions at the interface can be taken to be continuous.

(a) Show that the distribution function np (r ) for this mirror symmetric system
taken for x < 0 givesthe desiredsolution. [That is, show that it satis�es the
Boltzmann equation in the region x > 0 only, together with the boundary
condition (3).]

Since the electrical �eld E is neither static nor uniform, we cannot take the
standard local current-�eld relation j (r ; t) = � E(r ; t). Instead we have to �nd the
relation betweenj and E from the Boltzmann equation.

(b) Solving the Boltzmann equation, we look for a distribution function of the
form

np (r ) = n0
p (r ) +

�
�

@n0(p)
@"

�
 p (r );

where n0 is the equilibrium distribution function. Write an equation for  
using the relaxation time approximation.

(c) The Boltzmann equation can be solved by Fourier transform to t. Show that
the solution reads

 p (x) =
Z x

�1
dx0 e

vx
[Ey(x0)vy + Ez(x0)vz]e(x0� x)=l�x if vx > 0;

 p (x) = �
Z 1

x
dx0 e

vx
[Ey(x0)vy + Ez(x0)vz]e(x � x0)=l�x if vx < 0;

wherel �
x = jvx j� =(1 � i! � ).
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(d) Use(c) to write the relation betweenthe current density j and the electrical
�eld E as

j � (x) =
Z 1

�1
dx0K (x � x0)E � (x0); (4)

with � = y; z. Find an expressionfor K (x).

Now that we know the current density in the normal metal, we can calculatethe
electric �eld from the Maxwell equations,which give

@Ey;z

@x2
= �

4� i!
c2

j y;z : (5)

The addition of the mirror copy causesan arti�cial discontinuity of the �eld deriva-
tive @E=@x at x = 0. This discontinuity shouldn't concernus, becauseit appearsat
x = 0, whereaswe needto solve Eq. (5) for x > 0 only. However, mathematically it
is easierto solve the di�erential equationsfor all x. In order to do this, we subtract
the discontinuity at x = 0 and rewrite Eq. (5) as

@Ey;z

@x2
� 2

�
@Ey;z

@x
(0+ )

�
� (x) = �

4� i!
c2

j y;z : (6)

Now, the left hand sideof this equation is continuous for all x.

(e) The Fourier transform of Eq. (4) is

j � (k) = K (k)E � (k): (7)

Fourier transform your answer to (d) to obtain an expressionfor K (k).

Substitution of Eq. (7) into the modi�ed Maxwell equation (6) gives

� k2E � � 2
�

@E �

@x
(0)

�
+

4� i!
c2

K (k)E � = 0; � = y; z:

From here, we can expressE � (k) in terms of the derivative @E � (x)=@x at x = 0.
The surfaceimpedanceZ is

Z =
E � (0)

R1
0 dxj � (0)

=
4� i!

c2

E � (0)
(@E � (0)=@x)

:

(f ) ExpressZ in terms of (an integral of) the responsefunction K (k).

(g) Show that your calculation reproducesthe normal and anomalousskin e�ect.
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5 Quan tum in terference

Exercise 5.1: Combining scattering matrices

Considertwo quantum coherent samplesplacedin series,asin Figure 1. The samples
are connectedby an ideal lead that is su�cien tly long that only propagatingmodes
in that lead needto be considered.The samplesare connectedto sourceand drain
reservoirs by ideal leads. All leadshave N propagating channelsat the Fermi level.
The scattering matrices of the two samplesare denoted S1 and S2. These are
2N � 2N matrices. They canbe decomposedinto N � N re
ection and transmission
matrices as

S1 =
�

r1 t0
1

t1 r 0
1

�
; S2 =

�
r2 t0

2

t2 r 0
2

�
: (1)

Onecanview the two samplesplus the lead that connectsthem asonecombined
sample. Transmissionand re
ection from this combined sample is described by a
2N � 2N scattering matrix S,

S =
�

r t0

t r 0

�
: (2)

Find expressionsfor the re
ection and transmissionmatricesfor the combined sam-
ple in termsof the re
ection and transmissionmatricesof the two individual samples.

S
1

S
2

Figure 1: Two samplesin series. The samplesare connectedby an ideal lead, so that a
scattering approach is appropriate. The left sample has scattering matrix S1, the right
samplehas scattering matrix S2.
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Exercise 5.2: Scattering matrix of a delta function potential

Considerthe scatteringmatrix a one-dimensionalwire of length L with oneimpurit y.
The impurit y potential is modeledby a delta function,

V(x) = v� (x � x0); 0 < x0 < L: (3)

(a) Show that the re
ection and transmissionamplitudes are

r =
� imv e2ik x0

~2k + imv
;

t =
~2keik L

~2k + imv
;

t0 =
~2keik L

~2k + imv
;

r 0 =
� imv e2ik (L � x0 )

~2k + imv
:

(b) Verify that the scattering matrix S is unitary.

(c) Calculate the conductanceG of this wire. Doesyour answer depend on the
position x0 of the impurit y?

(d) Now considera wire with two delta function impurities,

V(x) = v1� (x � x1) + v2� (x � x2): (4)

Calculate the conductanceG. Doesyour answer depend on the impurit y po-
sitions x1 and x2? Can you explain why (not)?

Exercise 5.3: Persistent current

Considera perfect one-dimensionalconducting ring of circumferenceL, seeFig. 2.

(a) Find the single-electroneigenstates and energy levels " in the casethat a
magnetic 
ux � penetratesthe ring.

(b) Show that each eigenstatecarriesa current I = @"=@�.
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F

Figure 2: One dimensional ring threaded by a magnetic 
ux �.

(c) The ring contains N electrons. Calculate the total current (i.e., the current
carried by all electrons together) at zero temperature, as a function of the
magnetic 
ux �.

(d) Explain why quantum interferenceis crucial here.

The phenomenonyou discoveredhereis referredto asa \p ersistent current": a �nite
current carried in the ground state of a \mesoscopic" sample. Persistent currents
were �rst observed by L�evy et al., Phys. Rev. Lett. 64, 2074(1990).

Exercise 5.4: Spatial symmetries

Constructive interferencefrom time-reversedtra jectories leadsto a small decrease
of the (ensemble averaged)conductanceof a phasecoherent sample,provided the
system is invariant under time reversal. When a magnetic �eld is present, time-
reversedtra jectoriesacquiredi�erent phaseshifts, and the interferenceis no longer
constructive. However, even in the presenceof a magnetic �eld, constructive inter-
ferenceis possibleif the samplehasother symmetries. As an example,we consider
sampleswith re
ection symmetry.

(a) Consider a sample that is attached to two leads as in Fig. 3. Show that
constructive interferenceis possible if the sample has \up-down" re
ection
symmetry, as in Fig. 3b, even in the presenceof a time-reversal symmetry
breaking magnetic �eld. What is the sign of the corresponding correction to
the conductance?

(b) Repeat question (a) for a samplewith \left-righ t" re
ection symmetry, as in
Fig. 3c.

38



a b c

Figure 3: Ballistic mesoscopicsample without spatial symmetries (a), with \up-down"
re
ection symmetry (b), and with \left-righ t" re
ection symmetry (c).

Exercise 5.5: Weak antilocalization

Weak localization is a small negative correction to the conductivity causedby con-
structive interferenceof time-reversedpaths. In the presenceof spin-orbit scattering,
the interferencebecomesdestructive. Hence,with spin-orbit scattering, quantum
interferencecausesa small positive correction to the conductivity, which is called
`weak antilo calization'.

In order to understandthe origin of weakantilo calization, we write the quantum
mechanical probability PA! B to go from A to B as

PA! B =
1
2

X

� ;� 0

�
�
�
�
�

X

�

A �;� ! � 0

�
�
�
�
�

2

;

whereA �;� ! � 0 is the amplitude of a path � , for an electron starting at A with spin
� and arriving at B with spin � 0. The factor 1=2 has beenadded to averageover
the initial spin � . Without spin-orbit scattering,A �;� ! � 0 = A � � � � 0, and onerecovers
the standard weak localization e�ect.

Weaklocalization and weakantilo calization arisefrom the interferencecorrection
to the return probability, PA! A . The interferencecorrection � PA! A to PA! A is

� PA! A =
1
2

X

�

X

� ;� 0

A �;� ! � 0(A ��;� ! � 0)�

where �� refersto the time-reversedof � .

(a) Usingmatrix notation for the amplitude A � , show that onecanrewrite � PA! A
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1
3

N
N�1

2
4

Figure 4: The path � is broken up in small segments, labeled 1, 2, . . . , N .

as
� PA! A =

1
2

X

�

tr A � (A �� )y; (5)

wherethe trace is taken in spin space.

(b) Show that � PA! A = PA! A if there is no spin-orbit scattering.

The amplitude A �;� ! � 0 is the product of two contributions: the orbital evolution
Aorb

� , with a phasefactor / exp[i
R

� kdl], and a contribution Aso
� from spin-orbit

scattering. The spin independent orbital contribution is the samefor � and �� . Its
phasecancelsfrom Eq. (5). The contribution Aso

� from spin-orbit scattering can be
calculatedby breakingup the path � in N small segments, seeFig. 4. Denoting the
time the electron spendsin the j th segment as t j and the 2 � 2 spin Hamiltonian
for that segment as Hso(�; j ), one then has the following expressionfor the 2 � 2
matrix Aso

Aso
� = e� iH so(�;N )tN =~e� iH so(�;N � 1)tN � 1 =~ : : : e� iH so(( �; 2)t2 =~e� iH so(( �; 1)t1 =~: (6)

The generalHamiltonian for spin-orbit scattering is of the form

Hso = V so(r ; p) � � ;

where � is the vector of Pauli matrices and the `spin-orbit potential' V is an odd
function of the momentum p.

(c) Show that Hso is invariant under time-reversal.
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(d) Rewriting the matrix amplitudes A � in Eq. (5) using (6), onecan expressthe
spin-orbit contribution to � PA! A in terms of a singleamplitude for a particle
with two spin indices� and � 0. Writing a Pauli matrix acting on the �rst spin
index as � a and a Pauli matrix acting on the secondspin index as � b, show
that � PA! A becomes

� PA! A =
1
2

X

�

X

� ;� 0

jAorb
� j2 (7)

� h� 0; � je� i V (r N ;p N )�(� a + � b)tN : : : e� i V (r 1 ;p 1 )�(� a + � b)t1 j� ; � 0i :

(e) A particle with two spin indices has either spin zero or spin one. Show that
the operator � a + � b appearing in the exponents in Eq. (7) is nothing but the
`total spin'.

(f ) Rewrite Eq. (7) in the singlet{triplet basis. Is the singlet contribution a�ected
by spin-orbit scattering? And is the triplet contribution a�ected by spin-orbit
scattering? Can you estimate how strong spin-orbit scattering must be in
order to have an e�ect on � PA! A ?

(g) How do the sign and magnitude of the interferencecorrection to the conduc-
tivit y depend on the presenceor absenceof spin-orbit scattering?

Exercise 5.6: Andersonlocalization in one dimension

It is possibleto do a relatively simple calculation of Anderson localization in one
dimension. We consider a statistical ensembleof one-dimensionalwires that all
have impurities at slightly di�erent random locations. The goalof this exerciseis to
calculate the probability distribution of scattering matrices S for such a wire with
randomly placedimpurities.

Think of the wire as being built of piecesof \ideal lead" and segments that
contain one impurit y, seeFig. 5. The segments are labeled by the integer m =
1; 2; : : :. For each segment we can calculate its scattering matrix. In our simple
model, each \impurit y segment" m contains one delta-function impurit y potential
(seeEx. 5.2)

Vm (x) = vm � (x � xm );
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Figure 5: Simple model of a one-dimensionaldisordered wire: We think of the wire as
consisting of disorderedsegments (labeled by the integer m = 1; 2; : : :) connectedby ideal
leads.

wherethe impurit y position is randomly choseninside the mth segment. In Ex. 5.2
you calculated the re
ection and transmissionamplitudes of onesegment.

(a) Let r 0
M be the re
ection matrix of a wire with M impurit y elements, for elec-

trons comingin from the right (cf. Fig. 5). Expressthe re
ection matrix r 0
M +1

of the samewire, but with onesegment addedon the right end of the wire, in
terms of rM and the re
ection and transmissionamplitudes of the (M + 1)st
segment. (Use your answer to Ex. 5.1.)

(b) We are interested in the wire's conductanceG, which is related to the wire's
transmissionprobability. Using the relationship

GM =
2e2

h
TM ; TM = 1 � jr 0

M j2; (8)

the conductancecan be related to the transmission probability TM and to
the re
ection amplitude r 0

M . Show that the transmissionprobability TM +1 of
a wire with M + 1 segments can be expressedin terms of the transmission
probability TM of a wire with M segments and an auxiliary variable ~r M +1

that dependson the re
ection amplitude r M +1 of the addedsegment and the
re
ection phaseof the �rst M segments of the wire,

TM +1 = 1 � j~rM +1 j2 �
(1 � j~rM +1 j2)2(1 � TM )
�
�1 � ~rM +1

p
1 � TM

�
�2

+ 2Re
~rM +1 (1 � j~rM +1 j2)

p
1 � TM

1 � ~rM +1
p

1 � TM
; (9)

where
~rM +1 =

rM +1 rM

jrM j
:
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Hint: Use the relations r 0
M +1 t �

M +1 = t0
M +1 r �

M +1 and jr 0
M +1 j2 = jrM +1 j2, which

follow from unitarity.

(c) We now take into account the fact that the impurities are placedat random
positions along the wire. Argue that, if each impurit y is found at a random
position inside its segment and if each segment hasa length much longer than
the Fermi wavelength, (i) all variables ~r M +1 have statistically independent
distributions and (ii) the distribution of ~r M +1 is the sameas that of r M +1 .
What is the meanh~rM +1 i ? What is the meansquarehj~r M +1 j2i ?

(d) In order to simplify Eq. (9) weassumethat each impurit y is a weakscatterer,so
that its re
ection probability j~r M +1 j2 = jrM +1 j2 is small. Hence,it is su�cien t
to expandEq. (9) to secondorder in ~r M +1 . What is the resulting equation for
TM +1 ?

(e) Your answer to (d) describesa \random walk" for the transmissionprobabil-
it y TM , upon step-by-step increasingthe length of the wire. The boundary
condition at M = 0 is T0 = 1. The step size in the random walk equation
you found under (d) dependsnot only on the impurit y potential strength v,
but also on the actual value of TM , which makes this random walk hard to
analyze. In order to simplify the analysis,we parameterize

TM =
1

cosh2 X M
:

ExpressX M +1 in termsof X M and ~rM +1 . Can you seewhy this variablechange
is useful?

(f ) Now use random walk theory to �nd the probability distribution of X M for
largeM . (It is su�cien t to �nd the averagehX M i and the 
uctuations around
the average.)

(g) What doesyour answer to (f ) imply for the wire's conductanceG? Comment
on your result. Would you have found the sameresult from a solution of the
Boltzmann equation for a one-dimensionalwire with impurities?

The approach described herewas�rst taken by Melnikov [Sov. Phys. Solid State 23,
444 (1981)]. It was generalizedto wires with more than one propagating channel
by Dorokhov [JETP Lett. 36, 318 (1982) and, independently, by Mello, Pereyra,
and Kumar [Ann. Phys. (N.Y.) 181, 290 (1988)]. The result of this generalization
is an evolution equation for the joint probability distribution of all N transmission
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eigenvalues Tn , n = 1; : : : ; N . This evolution equation, known as the Dorokhov-
Mello-Pereyra-Kumar (DMPK) equation, forms the basisfor our understandingof
Andersonlocalization in quantum wires. It hasbeenshown that the DMPK equation
is equivalent to �eld theoretical approachesto localization in quantum wires [Efetov
and Larkin, Sov. Phys. JETP 58, 444(1983)], seeBrouwer and Frahm, Phys. Rev.
B 53, 1490(1996).

Exercise 5.7: Andersonmodel

A very simplemodel to study localization is the \Anderson model". In this exercise
we study a one-dimensionalversionof the Andersonmodel.

Considera one-dimensionaltight-binding model, in which the electronscan be
at discrete sites n = 1; : : : ; L only. The e�ect of static impurities is modeled by a
randompotential V(n) at each siten. The kinetic energyis modeledby an amplitude
t to hop betweensites. For this system,the Schr•odinger equation then reads

" (n) = � t[ (n � 1) +  (n + 1)] + V(n) (n): (10)

We'll useperiodic boundary conditions(i.e.,, we identify sitesn = L + 1 and n = 1).

(a) Describe the spectrum and the eigenfunctionsof the Schr•odingerequation(10)
if there are no impurities, i.e., if V (n) = 0 for all n

(b) Now consider Eq. (10) with the V(n) randomly chosen from the interval
� W < V(n) < W. Although it is not possibleto �nd the eigenfunctionsand
eigenvaluesexplicitly in this case,you can �nd them by numerical solution of
the eigenvalue problem (10), e.g., using Mathematica, Maple, or Matlab. Use
L = 50 and W = t and focuson eigenvaluesaround zero. Note that for those
eigenvalues,the potential energyis always smaller than the Fermi energy(the
distancefrom the bottom of the conduction band at " = � 2t), so that there
is no \classical" localization mechanism. Describe what you �nd. 1

1In Mathematica, the function Random[Real,2 W]-Wgives you a random number uniformly
distributed between � W and W . You'll generatea 50 � 50 matrix corresponding to the r.h.s. of
Eq. (10) with t = 1 and W = t using the command

H = Table[If[Abs[m-n]==1,1 ,If[ m==n,Random[Real, 2]-1 ,If [Abs [m- n]==49, 1,0] ]], f n,1 ,50 g, f m,1, 50g] :

You can �nd the mth eigenvector of this matrix using the commandEigenvectors[H][[ m]] , and
the corresponding eigenvalue using Eigenvalues[H][[m ]] .
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metal metal

tunnel barrier

Figure 6: Schematic drawing of two metal blocks without impurities, separated by a
tunnel barrier.

Exercise 5.8: Thoulessconductance

In order to determine whether wavefunctions in a metal with static impurities are
\lo calized" or \extended", Thoulessproposedto divide the metal in blocks of size
L and, for each block, look at the dimensionlessnumber

g =
~

� esc�
; (11)

where� = 1=L3� is the meanspacingbetweenenergylevels in a block and and � esc

is the typical time until an electronhas left the block for a di�erent block.
Let us now compareelectron levels in a closedblock with those of a block em-

beddedin the metal. Embedding the block in the metal will shift or broaden the
energylevels. The typical level broadeningor level shift is � ~=�esc. If g � 1, this is
small in comparisonto the level spacing� . Then wavefunctionsare hardly a�ected
by the coupling to the neighboring blocks; Whatever e�ects there are canbe treated
in perturbation theory. On the other hand, if g � 1 the level broadeningor level
shift is large in comparisonto � : Wavefunctions are signi�cantly changedbecause
of the coupling to the neighboring blocks.

We seethat the number g describes to what extent wavefunctionsare sensitive
to a change in the boundary conditions. Localized wavefunctions, which are not
sensitive to a changein boundary conditions, have g � 1. Extendedwavefunctions,
which are very sensitive to a changein the boundary conditions, have g � 1.

The number g is referred to as \Thouless conductance". That nameis no coin-
cidence.In fact, onecan show that g is closelyrelated to the electrical conductance
G (divided by e2=h, to make it dimensionless).

(a) For two metal blocks without impurities, separatedby a tunnel barrier, show
that G = ge2=h, whereg is the Thoulessconductanceof oneof the two pieces.
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(SeeFig. 6 for a schematic drawing of the system.)
Hint: Expressboth G and g in terms of the density of statesin each block and
the typical tunneling matrix element.

(b) Do the samefor a metal block in which the electron motion is described by
classicaldi�usion.

Now considerhow the (Thouless) conductancedepends on L. Since the con-
ductancedescribes to what extent wavefunctionsare sensitive to a changein their
boundary conditions, it is natural to assumethat the scaling of g (or G) only de-
pendson g (or G) itself. This is the basicansatzof the scalingtheory of localization.
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6 Fermi Liquid E�ects

Exercise 6.1: Finite temperature equilibrium distribution function np � .

One�nds np � requiring that at equilibrium, the total freeenergyF is at a minimum.
Hence,for a small deviation � np � from equilibrium, onehas� F = � E � T� S� �� N =
0, or, equivalently,

� E = T� S + �� N;

to �rst order in � np � .
The total particle number N doesnot changein the adiabatic switching proce-

dure. Hence
N =

X

p �

np � ; � N =
X

p �

� np � : (1)

The entropy S is a purely combinatorial quantit y, S = kB ln W, whereW is the
number of ways the individual quasiparticlescan be distributed over the individual
quasiparticlestates, in keepingwith the coarsegrained distribution function np � .

(a) Show that

S = � kB

X

p �

[np � ln np � + (1 � np � ) ln(1 � np � )] : (2)

This is the same expressionas for the noninteracting Fermi gas! That is
no surprise, since, as we noted above, S follows entirely from combinatorial
considerations.

(b) Write an expressionfor the changein entropy � S in terms of the � np � .

(c) Now we can �nd � F in terms of the � np � . Usethe fact that � F = 0 for each
possible(in�nitesimal) changein the quasiparticledistribution to �nd that in
equilibrium

np � =
1

1 + e(" p � � � )=kB T
: (3)
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Exercise 6.2: Inverse relations with Legendre polynomials.

The Legendrepolynomials Pl (x) are orthogonal polynomials that satisfy
Z 1

� 1
dxPl (x)Pl0(x) =

2� l l0

2l + 1
:

The �rst three are P0(x) = 1; P1(x) = x; P2(x) = 1
2(3x2 � 1): In general, they

obey the recursionrelation

Pl+1 (x) = xPl (x) +
l

l + 1
(xPl (x) � Pl � 1(x)) :

Show that the relation

f (p; p0) =
1X

l=0

f lPl (cos� );

where� is the anglebetweenp and p0 can be inverted as

f l =
2l + 1

2

Z 1

� 1
d�P l (� )f (p; p0);

where � = cos� . This relation holds both for the spin symmetric interaction con-
stants � (p; p0) and for the spin antisymmetric interaction constants � (p; p0).

Exercise 6.3: Compressibility

The compressibility � is de�ned as

� = �
1
V

@V
@p

;

where V and p are volume and pressure,respectively. The derivative @V=@p is
taken at constant particle number N . Verify that, using thermodynamic relations,
onemay write � as

� =
1
� 2

@�
@�

;

where� = N=V is the particle density. Then show that for an isotropic Fermi liquid

� =
1
� 2

� (0)
1 + X 0

:
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The compressibility is related to the speeds of sound,s = (�m� ) � 1=2. (If you have
forgotten why, see,e.g., the Feynmanlectureson Physics,Sec.47-5.)

Exercise 6.4: Temperature dependence of N and � .

The �nite temperature correction to the chemical potential � at �xed parti-
cle number N is of order T2. In this exercise,we'll take a look what the �nite-
temperature correction of � looks like.

(a) Calculate the free energyF = E � TS up to order T 2.

(b) What doesthis imply for the temperature-dependenceof the chemicalpoten-
tial � = dF=dN for low T? Is the �nite- T correction to � a�ected by the
quasiparticle interactions?

(c) At what temperature doesthe temperature dependenceof � becomeapprecia-
ble? Is it justi�ed to neglectthe temperature dependenceof � in Fermi-liquid
theory?

(d) Similarly, corrections to the particle number N at �xed � are of order T 2.
What is N (T) up to order T2?

(e) Explain that the speci�c heat at constant chemicalpotential � is equal to the
speci�c heat at constant particle number, to leading order in temperature.

In a similar way, one may argue that, for low T, there is no di�erence between
the isothermalcompressibility and adiabatic compressibility, or betweenthe speci�c
heat at constant pressurep or constant volume V. If you want to verify this, you
canusethat the pressurep = �n + Ts� u, wheren = N=V, s = S=V, and u = U=V
are the densitiesof particles, entropy, and energy.)

Exercise 6.5: Relation between m, m� and X 1.

In a uniform and Galilean invariant system, the bare quasiparticle massm, the
e�ective quasiparticlemassm� and the Landau parameterX 1 are related as

m� = m +
1
3

mX 1: (4)
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To derive Eq. (4), we considerthe sameFermi liquid in two referenceframes: The
laboratory frame, and a frame moving at a speedu with respect to the laboratory
frame. We denotequantities in the latter frame with a prime.

In the moving frame, the quasiparticlesseemto be out of equilibrium: the dis-
tribution is shifted in the direction of u . Verify that, to �rst order in u , onehas

n0
p � = n0

p � + mu � r p n0
p � ;

wheren0
p � is the equilibrium distribution. Show that this implies that the quasiparti-

cleenergy" 0
p � (i.e., the changein the total energyif a quasiparticlewith momentum

p and spin � is added) is changedas

"0
p � = "0

p � �
X 1

3
m
m�

p � u ; (5)

where"0
p � is the quasiparticleenergyin the equilibrium distribution. [To verify Eq.

(5) you needthe addition theorem for sphericalharmonics. If you are not familiar
with that, it is su�cien t to verify Eq. (5) for p parallel and antiparallel to u .]

We can �nd another relation between " 0
p � and "0

p � as follows: Since the total
momentum P is conserved, the Hamiltonians H and H 0 in the two referenceframes
are related as

H 0 = H � P � u +
1
2

M u2;

whereM is the total mass. Consideringhow the total energychangesif we add a
quasiparticleof momentum p to the system,both for the laboratory frame and for
the moving frame, one �nds

"0
p � = "0

p+ mu � p � u �
1
2

mu2; (6)

wherem is the bare massof the addedquasiparticle. Verify Eq. (6).
Now compareEqs. (5) and (6) and derive Eq. (4).

Exercise 6.6: Stability against 
uctuations of the Fermi surface.

In Exercise6.1wederived the quasiparticledistribution function at equilibrium from
the starting point that, in equilibrium, the free energyF = E � �N is minimum.
However, in that exercisewe only usedand veri�ed the fact that F was stationary.
We did not actually verify that it was at a minimum. That is to be donenow.
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Analyze the changeof F (at constant � ) if the Fermi momentum pF undergoes
a direction-dependent change

pF ! pF + � pF (� ; � );

where � pF dependson an angle � with respect to somearbitrary (but �xed) axis,
and on spin � . Show that the Fermi Liquid is stable only if

X l > � (2l + 1); Z l > � (2l + 1):

Hint: expand � pF in Legendre polynomials,

� pF (� ; � ) =
1X

l=0

[� pF ]l � Pl (cos� ):

In order to perform the necessaryangular integrations you shouldusesthe addition
theoremfor sphericalharmonics,seeEx. 6.9.

The instabilit y of the Fermi surface that results if X l < � (2l + 1) or Z l <
� (2l + 1) is known as a Pomeranchuk instabilit y. The Stoner instabilit y towards
Ferromagnetism,which occurs as Z0 < � 1 is an exampleof such a Pomeranchuk
instabilit y.

Exercise 6.7: Current densities

(a) Useconservation laws obtained from the kinetic equation to derive a formula
for the current density in a Fermi liquid without using linearizedexpressions,
i.e., starting from the full kinetic equation

@np

@t
+ r r np r p "p � r p np r r "p = I :

(b) Do the samefor the energycurrent Q. [Hint: What energyis conserved in a
collision, "p (r ) (the energyof a quasiparticle in its environment), or " 0

p (the
bare quasiparticle energy)? Why?] What is the linearized energy current?
Write the result in the form

Q =
X

qp � np

to �nd the energycurrent carried by a singlequasiparticle.
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(c) Repeat this analysisfor the momentum current tensor � ij . (you may restrict
yourself to the linearizedversionof the theory.)

Exercise 6.8: Localized quasiparticle excitations

A localized quasiparticle with momentum p0 corresponds to an excitation of the
form

� np (q; ! ) = � pp 0 + � p :

The transport equation givesus, for ! � 1=� , where� is the quasiparticlecollision
time,

(q � vp � ! )� p � q � vp
@n0

@"p

X

p0

f pp 0� p0 = q � vp
@n0

@"p
f pp 0 :

Solve this equation for � p for arbitrary q and ! , using the simple model that f pp 0

does not depend on the angle between p and p0, i.e., that there is only a ` = 0
component to the interaction. First considerthe casewhen the interaction doesnot
depend on spin, then what is the e�ect of spin.

Exercise 6.9: Spherical harmonics and transversemodes

If the Fermi surfaceis spherical,a position on the Fermi surfacecanbeparameterized
by two polar angles� and � . Using the angles� and � as coordinateson the Fermi
surface,collective modesare described by the equation

(cos� � s) (� ; � ) +
1

4�
cos�

Z
d� 0sin� 0d� 0F (� ) (� 0; � 0); (7)

wheres = ! q=vF , � is the anglebetween(� ; � ) and (� 0; � 0), and F standsfor X or Z ,
dependingon whether the collective mode is spin symmetric or spin antisymmetric.

(a) Rewrite Eq. (7), using an expansionin sphericalharmonics,

 (� ; � ) =
1X

l=0

lX

m= � l

 lm Ylm (� ; � ):
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Try to minimize the number of integrations over angles.However, you cannot
remove them all. You can usethe addition theorem for sphericalharmonics,

1
4�

Z
d� 0sin� 0d� 0Ylm (� 0; � 0)Pl (cos� ) =

Ylm (� ; � )� l l0

2l + 1
;

where� is the anglebetween(� ; � ) and (� 0; � 0). Also, the sphericalharmonics
satisfy the orthonormality relation

Z
d� sin� d� Y �

lm(� ; � )Yl0m0(� ; � ) = � l l0� mm 0:

(b) The zero sound mode has m = 0. Can you �nd its dispersion relation from
your result, if you use the simple model of an angle-independent interaction
F (� ) = F0?

(c) Doesthe simple model whereF (� ) = F0 allow soundmodeswith m 6= 0?

(d) What is the simplest model for the interaction that allows for a mode with
m = 1? Such a mode is called a \transv erse" mode. Find its dispersion
relation. When do propagating modesexist? When are such modesstrongly
damped?

(e) Doesthe velocity of a transversemode depend on F0? Can you arguewhy?

Exercise 6.10: Damped zero soundsolutions

The dispersionrelation for zerosoundis

s
2

ln
�

s + 1
s � 1

�
� 1 =

1
F0

;

where s = ! =qvF is the zero sound speed in units of vF and F0 stands for X 0 or
Z0, depending on whether the mode is spin symmetric or spin antisymmetric. For
a repulsive interaction, F0 > 0, we found real solutions for s, corresponding to
propagating waves. For an attractiv e interaction, F0 < 0, zero sound is strongly
attenuated (� 1 < F0 < 0) or instable (F0 < � 1). We verify this statement in this
exercise.
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In order to �nd damped zerosoundsolutions, we have to extend the dispersion
relation to complexs. This requiresa prescription how to interpret the argument of
the logarithm at the negative real axis. Hereto, we assumethat the soundwave is
slowly turned on, i.e., the frequency! gets an in�nitesimal but positive imaginary
part i� .

(a) Show that for � 1 < F0 < 0 there exist damped solutionswith s = � is0 purely
imaginary.

(b) Show that for F0 < � 1 there exist a soundsolution with s = is0, s0 positive.
Such a solution grows in time, corresponding to an instabilit y of the system.
Compareyour results with exercise6.6.

Exercise 6.11: Damping of �rst sound

In a Galilean invariant Fermi Liquid like 3He the current density j and momentum
density g are related as

mj = g:

Usingparticle andmomentum conservation, derivethat a hydrodynamic(�rst sound)
wave satis�es the equation of motion

m
@2� �
@t2

� @i @j � ij = 0;

where� is the particle density, m is the baremass,and � ij is the momentum current
tensor (seeEx. 6.7).

In the hydrodynamic regime,the momentum current tensor� ij equals,to a good
approximation,

� ij = � P� ij � � (@j ui + @i uj �
2
3

r � u );

where P is the pressure,u is the (local) velocity of the Fermi liquid, and � is the
(�rst) viscosity. Usethe compressibility � (Ex. 6.3) to derive

� P =
1
3

m� v2
F (1 + X 0)� �:
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Then show that

m
@2� �
@t2

�
1
3

m� v2
F (1 + X 0)r 2� � =

4
3

�
�

@
@t

r 2� �: (8)

Finally, use Ex. 2.2 to �nd the velocity c1 and attenuation coe�cien t � 1 of �rst
soundin 3He. The attenuation coe�cien t � 1 is de�ned by

q =
!
c1

+ i� 1:

Exercise 6.12: Transition from �rst soundto zero sound

The collision-dominated regime of �rst sound and the collisionlessregime of zero
soundcan be studied in the samemodel, using a simpli�ed version of the collision
integral in the transport equation and a simple model for the quasiparticle interac-
tions.

The simplemodel for the quasiparticleinteractions is the sameaswe usedbefore
in the analysisof zerosound: assumethat the interaction f (p; p0) doesnot depend
on the anglebetweenp and p0 and not on spin. In other words, we only retain the
Landau parameterX 0. The simple model for the linearizedcollision integral is

I (� (p)) = �
� (p) � � 0 � � 1 cos�

�
;

where � is a quasiparticle lifetime (assumedto be equal for all quasiparticlespar-
ticipating in the soundwave), � the angle betweenp and the wavevector q, and �
is the deviation from local equilibrium,

� (p; � ) =  (p; � ) +
X

� 0

Z
dS0

v(2� ~)3
f (p; � ; p0; � 0) (p0; � 0):

Note that I contains � , not  . The terms � 0 and � 1 correspond to the ` = 0 and
` = 1 components of � (p; � ) and are subtracted to ensureparticle conservation
and momentum conservation in the direction of propagation of the wave. (For a
longitudinal soundmode, there is no transversemomentum.) You may assumethat
� (p) dependson the angle � betweenp and q only.
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With this model, �nd the dispersionrelation of a soundwave in a Fermi liquid,
and �nd asymptotic expressionsfor the velocity and attenuation for ! � � 1 and
! � � 1. Can you identify theseasymptotesas zerosoundand �rst sound?

Exercise 6.13: Plasmaoscillations

It is possibleto �nd the plasma frequency! p from simple classicalconsiderations.
Consider an electron gas in a rectangular box of length L x and crosssection A.
Sincethe massof the ions is much larger than the massof the electrons,the ions
can be treated asan inert positive background chargethat compensatesthe charge
of the electrons. The electron gascan be set in oscillating motion by translating it
a distance � x in the x-direction, leaving the ion background �xed. Show that the
frequencyof this oscillation is preciselythe plasmafrequency! p.

Exercise 6.14: Plasmaoscillations at �nite wavevector

Find the dispersionrelation of plasmaoscillations for wavevectors~q � pF .

Exercise 6.15: Plasmaoscillations in one and two dimensions

(a) What would change to the dispersion relation of plasma modes in a two-
dimensional electron gas that exists at a quantum well in a semiconductor
heterostructure?
Hint: reconsider the relation between the electric �eld in the kinetic equation
and the chargedensity in the two-dimensionalelectron gas.

(b) Repeat question(a) for the caseof a one-dimensionalwire.

Exercise 6.16: Landaudampingof plasmaoscillations

At su�cien tly high wavenumbers, plasmaoscillationsbecomestrongly damped. In
principle, you canverify this by solvingthe dispersionrelation for plasmaoscillations
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if the Fermi surfaceis spherical. Can you give a simpleestimateof the wavenumber
for which this dampingoccurs,basedon the possibility (or impossibility) of decay of
the collective plasmamode with wavevector k and frequency! into an electron-hole
pair with momenta p + ~k=2 and p � ~k=2?
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7 More in teraction e�ects

Exercise 7.1: Polarizability in a metal with impurity scattering

In lecture, you calculated the polarizability � 0R
e (q; ! ) for non-interacting electrons

neglectingthe collision integral in the Boltzmann equation. How do collisionsa�ect
the polarizability? In order to answer this question, you use the relaxation time
approximation for the collision integral,

I = �
1
�

[np (r ; t) � np (r ; t)];

where� � � denotesan averageover all directionsof p. The external perturbation Vext

has the functional form

Vext (r ; t) = Vext (q; ! )ei q�r � i! t :

(a) Calculate the changeof the distribution function np = n0
p + n1

p , to linear order
in Vext . Expressyour answer in terms of the angular averagen1

p .

(b) Simplify your expressionin the limit of long wavelengthsand low frequencies,
ql � 1 and ! � � 1, wherel = vF � is the meanfree path.

(c) Show that the polarizability function reads

� 0R
e (q; ! ) =

� e2� ("F )Dq2

Dq2 � i!
;

where� (" ) is the density of statesand D = v2
F � =3 is the di�usion constant.

(d) The limits q ! 0 and ! ! 0 do not commute for the polarizability � 0R
e . Can

you explain this?

(e) Calculate the density responseto a suddenincreaseVext (r ; t) = V0� (r � r 0)� (t)
of the external potential, where � (t) = 1 for t > 0 and � (t) = 0 otherwise.
How do you interpret your answer?

(f ) What is the corresponding polarizability for an interacting electron liquid?
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Exercise 7.2: Friedel oscillations

Consider non-interacting electrons in one dimension in the presenceof an impu-
rit y with a delta-function potential V (x) = v� (x). In Ex. 5.2 you calculated the
scattering matrix of such an impurit y.

(a) What are wavefunctionscorresponding to the scattering states?

(b) What is the electron density that correspondsto each wavefunction? How do
you explain the oscillations in the electron density of onewavefunction?

(c) Find the total electrondensity at temperature T asa function of the distance
jxj from the impurit y.

(d) Can you answer the samequestionsfor the electron density at a distance r
from a delta-function impurit y in two and three dimensions? It is su�cien t
to consider the scattering potential V (r ) = v� (r ) to �rst order. Hint: you
can �rst try to reproduce your answersto (a), (b), and (c) using perturbation
theory in v.
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8 Kondo Problem

Exercise 8.1: Kondo Hamiltonian from AndersonHamiltonian

Considerthe AndersonHamiltonian

H =
X

p �

"p cy
p � cp � +

X

�

" imp cy
i� ci � + Ucy

i" ci" c
y
i#ci# +

X

p �

�
Vp cy

p � ci � + V �
p cy

i� cp �

�
:

(a) Write the total wavefunction  as the sum of terms  0,  1, and  2, where j

is the projection onto the subspacein which the impurit y level is occupiedby
j electrons.What are the corresponding projection operatorsP1, P2, and P3?

(b) The Schr•odinger equation H = E can be expressedin the form
0

@
H00 H01 H02

H10 H11 H12

H20 H21 H22

1

A

0

@
 0

 1

 2

1

A = E

0

@
 0

 1

 2

1

A : (1)

Argue that H02 = H20 = 0, and �nd second-quantization expressionsfor the
other operators H ij .

(c) UseEq. (1) to express 0 and  2 in terms of E and  1.

(d) Show that substitution of the result of (c) yieldsan e�ective Schr•odingerequa-
tion for  1,

�
H11 + H12(E � H22)� 1H21 + H10(E � H00)� 1H01

�
 1 = E 1: (2)

(e) Show that the secondterm of the LHS of Eq. (2) can be written in the form

H12(E � H22)� 1H21 =
X

pp 0� � 0

� V �
p0Vp

U + " imp � "p

�
1 �

E � " imp � H0

U + " imp � "p

� � 1

� cy
p � cp0� 0ci ;� cy

i;� 0ni ;� � 0; (3)

whereH0 =
P

p � "p cy
p � cp � is the conduction electronHamiltonian, and where

ni ;� is the number of impurit y electronsof spin � . Derive an analogousexpres-
sion for H10(E � H00)� 1H01.
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(f ) Sofar we have not made an approximation. Since the states with 0 and 2
electrons in the impurit y level are highly unfavorable, we may neglect the
secondterm betweenbrackets in Eq. (3) in �rst order perturbation theory. In
order to eliminate the annihilation and creation operators cy

i;� 0 and ci ;� from
Eq. (3), we need to relate their product to the spin operator S. Therefore,
show that for a state in which the impurit y level is singly occupied

cy
i;" ci ;# = S+ ; cy

i;#ci ;" = S� ; cy
i;" ci ;" =

1
2

+ Sz; cy
i;#ci ;# =

1
2

� Sz: (4)

(g) Substitute Eq. (3) into the e�ective Schr•odingerequation (2) with the help of
Eq. (4). Show that, if " imp � "F � U + " imp , the AndersonHamiltonian can
be replacedby the Kondo Hamiltonian

H =
X

p �

"p cy
p � cp � +

X

pp 0;� � 0

Jpp 0S � (cy
p � � � � 0cp0� 0); (5)

where� = (� x ; � y; � z) is the vector of Pauli matrices,1 and Jpp 0 is an e�ective
exchangecoupling, which has the value

Jpp 0 = V �
p0Vp

�
1

U + " imp � "p
+

1
"p � " imp

�
: (6)

In addition, there is a potential scattering term
P

pp 0� K pp 0cy
p � cp0� , with

K pp 0 =
V �

p0Vp

2

�
1

"p � " imp
�

1
U + " imp � "p

�
: (7)

This latter term is independent of the impurit y spin, and thus plays no role in
the Kondo problem. We will therefore ignore it henceforth.

Sincewe are interested in the e�ective Hamiltonian near the Fermi level, we
can replace" p by "F .

1Note that spin operator for the electrons is of the form (1=2)
P

� � 0 cy
� � � � 0c� 0.
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Exercise 8.2: T-matrix and Green function

In this exercisewe review someitems from quantum scattering theory. It builds on
Ex. 3.1. You can �nd the samematerial in any advancedquantum mechanicsbook
(e.g., Schi� ).

We considernon-interacting electronswith the Hamiltonian H. For this Hamil-
tonian, the retarded Greenfunction G+ is de�ned as

(" � H )G+ (r ; r 0; " ) = � (r � r 0); (8)

with outgoing wave boundary conditions as jr � r 0j ! 1 . Similarly, the advanced
Greenfunction G� is the solution of Eq. (8) with ingoing wave boundary conditions.

(a) Show that the Greenfunction satis�es the relation

tr G(") = �
@
@"

ln detG("): (9)

We write H = H 0 + V, where V represents the potential for scattering from an
impurit y and H 0 is the Hamiltonian for free electronswithout impurities (but with
the periodic potential from the ion lattice). The eigenstatesof H 0 are plane-waves
(or Bloch waves)jpi ; the eigenvalues" p . The retardedandadvancedGreenfunctions
for this Hamiltonian are denotedG�

0 .
As in Ex. 3.1, we seeka solution j p i of the total Hamiltonian H = H 0 + V with

incoming boundary condition corresponding to the unperturbed eigenstatejpi . In
Ex. 3.1, we saw that this solution can be represented using the T-matrix,

T = V + VG+
0 V + : : : = V(1 � G+

0 V)� 1;

as

j p i = jki +
X

p0

Tp0p

" � "p0 + i�
jk0i ; (10)

with Tp0p = hp0jT jpi .

(b) Verify that the Greenfunction G is related to the T-matrix as

G+ = G+
0 + G+

0 T G+
0 : (11)
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The density of states� (" ) is expressedin terms of the Greenfunction as

� (" ) = �
1
�

Im tr G� (" ): (12)

The impurity densityof states� imp (" ) is de�ned asthe di�erence betweenthe density
of stateswith and without impurit y.

(c) Show that

� imp (" ) =
1
�

@� (")
@�

; (13)

where� (" ) = arg detT (") is the so-called\total scatteringphaseshift". Note:
Zero eigenvaluesof T , which correspond to states that do not scatter at all,
should be left out from the calculation of the total scattering phaseshift.
Hence� is the sum of the arguments of all nonzero eigenvaluesof T .

Equation (13) is known as the \F riedel sum rule". As a result of the introduction
of the impurit y, the number of electronsis changedby the amount

nimp =
Z " F

�1
� imp (" )d" =

� ("F )
�

;

wherewe took � (�1 ) = 0.

Exercise 8.3: Andersonmodel at U = 0

In this exercisewe considerthe Anderson model without the repulsive interaction
U for electronsat the impurit y site. The basisstates of this model are the states
jpi of the conduction electronsand the state jimpi for an electron in the impurit y
site. (All statesare spin-degenerate.)Hence,the Greenfunction haselements Gp0;p ,
Gi ;p , Gp0;i , and Gi ;i. For this model, we calculatethe retardedGreenfunction G+ , the
T-matrix, and the impurit y density of states.

(a) In matrix notation, the de�nition (8) of the Green function can be rewritten
as

(" + i� � H )G+ (" ) = 1̂; (14)
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where� is a positive in�nitesimal. Show that for the U = 0 AndersonHamil-
tonian, Eq. (14) can be rewritten as

1 = (" + i� � " imp )G+
i;i �

X

p0

V �
p0G+

p0;i;

0 = (" + i� � " p0)G+
p0;i � Vp0G+

i;i ;

0 = (" + i� � " imp )G+
i;p �

X

p0

V �
p0G+

p0;p ;

� p0p = (" + i� � " p0)G+
p0;p � Vp0G+

i;p :

Solve theseequationsto �nd the retarded Greenfunction G+ .

(b) Using Eq. (11) from Ex. 8.2, show that the T-matrix is given by

Tp0p (" ) = hp0jT (" )jpi = Vp0G+
i;i (" )V �

p :

Calculate the total scattering phase� (" ), and the impurit y density of states
� imp (" ).

(c) Evaluate your expressionsfor the special caseof a \
at conduction band":
the conductionelectronstateshave a constant density of states� 0 for energies
� D < " < D, where D is the bandwidth. You may set jVp j2 = V 2=Ns for
the hybridization couplings Vp , where Ns is the total number of sites in the
sample. (The conduction electron density of states � 0 is de�ned as density of
statesper site.)

(d) What is the impurit y contribution to the speci�c heat and the spin suscepti-
bilit y? What is their ratio? What doesit depend on?

(e) How would you generalizeyour answers to (d) for a metal with a small but
�nite concentration cimp of such impurities?

Exercise 8.4: Friedel Sum Rule

The Friedel sum rule relatesthe change� N in the total number of particles as the
result of the presenceof an impurit y to the phaseshifts that particles experience
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while scattering o� the impurit y. In terms of the T-matrix, the Friedel sum-rule
reads

� N =
� tot ("F )

�
; (15)

wherethe total phaseshift � tot is de�ned as2

� tot = arg detT(" + i0):

You have seena formal derivation of the Friedel sumrule in Ex. 8.2. In this exercise,
we will considera more elementary derivation of the Friedel sum rule for the case
of a spherically symmetric scatterer.

If a 
ux of noninteracting particles is elastically scatteredon a spherically sym-
metric potential at r = 0, the wave function at large values of r will be of the
form

	 � eipz =~ + f (� )
eipr =~

r
; (16)

wherez is the direction of the incoming 
ux. The �rst term represents the incoming

ux (with wavenumber k), the secondone the scattered wave. The T-matrix is
related to the function f (� ) as f (� ) = � (m=2� ~2)Tpp 0, where jpj = jp0j = k and �
is the anglebetweenp and p0.

Sincethe scatteredwave in Eq. (16) hasaxial symmetry about the z-axis, it may
be expandedin Legendrepolynomials,

	 =
1X

`=0

a`P` (cos� )Rp` (r ) (17)

The constants a` are just expansioncoe�cien ts, and the radial functions Rp` satisfy
the \radial Schr•odinger equation"

~2r � 2 @
@r

r 2 @Rp`

@r
+

�
p2 �

~2`(` + 1)
r 2

� 2mU(r )
�

Rp` = 0;

wherethe energyeigenvaluesare written asp2=2m, the energyof a freeparticle, and
U(r ) is the scattering potential.

2Strictly speaking, Eq. (15) and the derivation given below apply to potential scattering only.
One may, however, extend the Friedel sum rule to the caseof scattering from a dynamical impurit y.
See,e.g., Hewson,Ch. 5.
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At distancessu�cien tly large that U(r ) � 0, the radial functions Rp` will ap-
proach the asymptotic expansion

Rp` �
2
r

sin(pr=~ � `� =2 + � ` ) (18)

Both the factor of 2 and the factor `� =2 are introduced for convenience,so that
the asymptotic behavior of Rk` reducesto the solutions for Rp` when U(r ) vanishes
identically, by putting � ` = 0. The � ` are the so-calledscattering phases. They
depend on the scattering potential U(r ) and approach zerowhen U(r ) vanishes.

The change in the number of states near the Fermi surfaceas a result of the
scattering potential generallydependson the � ` 's. To seethis, we �rst have to con-
nect the general� ` 's in the expression(18) for the radial functions in the expansion
of the total wavefunction (17) to the function f (� ) de�ned in (16). Apart from an
overall normalization, the coe�cien ts a` in (17) are �xed by the requirement that
the function 	 � eipz =~ is of the form f (� )eipr =~=r, i.e. hasonly terms of the form of
an outgoing wave, eipr =~=r. This requirement leadsto the identi�cation

f (� ) =
~

2ip

1X

`=0

(2` + 1)
�
e2i� ` � 1

�
P`(cos� ): (19)

You may derive Eq. (19) using the fact that for large r the plane wave eipz =~ can be
expandedin terms of Legendrepolynomials as

eipz =~ = ei (pr =~) cos� =
~

2ipr

1X

`=0

(2` + 1)P`(cos� )
�
(� 1)`+1 e� ipr =~ + eipr =~

�
:

Let us now considerthe changein the number of states in the presenceof the
impurit y. Heretowe imaginea largesphereof radius L about the origin, and impose
that the wavefunction vanisheson this sphere. In the absenceof the potential
(� ` = 0), Eq. (18) then yields

pL �
~`�
2

= n� ~ =) pn` =
~`�
2L

+
~n�
L

(20)

In the presenceof the scatteringpotential, the momenta p0
n` satisfyp0

n` = ~`� =(2L)+
n� ~=L � ~� `=L, so we get for the changein momentum

p0
n` � pn` = �

~� `

L
(21)
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Let us �rst consider the special casein which only � 0 is nonzero. The spacingof
successive valuesof pn0 is ~� =L [seeEq. (20)]; if we now considera given value of p,
say p = pF , and imagine turning on the potential, then each allowed p value shifts,
accordingto Eq. (21), by an amount � ~� 0(pF )=L. Then the number of states j p i
with p < pF increasesby an amount

� N =
� 0

L
�

L
�

=
� 0

�
:

Now you are invited to prove the generalFriedel sumrule (15), which reads,in terms
of the phaseshifts � ` ,

� N = � � 1
X

`

(2` + 1)� ` (pF ):

Exercise 8.5: Friedel oscillations

Using Ex. 8.4, show that the ground state density of electrons far from a small
spherically symmetric impurit y shows oscillations

� � (r ) � �
1

2� 2r 3
cos[2pF r =~ + � 0(pF )] sin[� 0(pF )];

where � 0 is a scattering phaseshift evaluated at the Fermi energy. (Compareyour
answer to Ex. 7.2.)

Exercise 8.6: The caseJ = 0

For the Kondo Hamiltonian (5), discussthe impurit y contribution to the Freeenergy,
to the magnetic susceptibility, and to the resistivity for the caseJ = 0 when the
impurit y spin is decoupledfrom the spin of the conduction electrons.
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Exercise 8.7: Perturbation theory

In the lecture we calculated the transition probability Wp0" ;p " to third order in the
coupling strength J for the Kondo Hamiltonian

H =
X

p �

"p cy
p � cp �

+
X

pp 0

Jp0p

�
S+ cy

p0#cp" + S� cy
p0" cp# + Sz(cy

p0" cp" � cy
p0#cp#)

�

� H 0 + V: (22)

We found the result

Wp0" ;p " =
2� cimp J 2

~Ns

�
1 + 2J

Z
dp1

(2� )3

(Sz)2(2f ("p ) � 1) + S(S + 1)Sz

" � "p1

�
:

In this exercise,we repeat the samesteps for the remaining probabilities Wp0" ;p#,
Wp0#;p" , and Wp0#;p#.

We �rst calculate Wp0#;p" . Hereto we need the scattering amplitude Tp0#;p" to
secondorder in perturbation theory, since

Wp0#;p" =
2�
~

N imp jTp0#;p" j2: (23)

The scattering amplitude Tp0#;p" is a matrix element of the T-matrix T ,

Tp0#;p" = hp0 # jT ("p )jp "i : (24)

The perturbation expansionfor the T-matrix reads

T (") = V + V(" + i0 � H 0)� 1V + : : : ; (25)

where the unperturbed Hamiltonian H 0 and the perturbation V are de�ned in Eq.
(22). To �rst order in perturbation theory, T is just equal to V, and hencewe �nd
that 3

Tp0#;p" = hp0 # jT ("p )jp "i = Jp0p S+ : (26)

(a) Can you draw a �gure (\diagram") representing the �rst order perturbation
theory for Tp0#;p" ?

3Note that Tp 0#;p " is an operator for the impurit y spin. Therefore, the absolute value jTp 0#;p " j2

in Eq. (23) should be interpreted as Tp 0#;p " (Tp 0#;p " )y.
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(b) The secondorder correction to Tp0#;p" now follows from substitution of the
Hamiltonian H 0 and the interaction V into Eq. (25). Sincethe perturbation
contains four di�erent terms, in principle there can be 16 contributions. How-
ever, sincewe know that the total spin must be conserved, only four of those
are relevant. Write thesedown and draw the corresponding diagrams(or vice
versa!).

(c) At the endof your calculation, substitute Jpp 0 = J=Ns, whereNs is the number
of sites (or volume). Further, set " p = "p0 = " (= "F ) in order to obtain the
scatteringamplitude Tp0#;p" and the transition probability Wp0#;p" , cf. Eq. (24).
Show that, to third order in J , the transition probability Wp0#;p" reads

Wp0#;p" =
2� cimp J 2

~Ns
S+ S�

�
1 + 2J

Z
dp1

(2� )3

2f ("p1 ) � 1
"p � "p1

�
:

(d) Now, can you guesswhat Wp0" ;p# and Wp0#;p# look like?

(e) The total transition probability Wp0p is now found by summing over all �nal
spin states jp0� i and averaging over the initial spin state jp� i with � = " or
� = #, i.e., Wp0p = (Wp0" ;p " + Wp0#;p" + Wp0" ;p# + Wp0#;p#)=2. Show that the
�nal result is

Wp0p =
2� cimp J 2S(S + 1)

~Ns

�
1 + 2J

Z
dp1

(2� )3

2f ("p1 ) � 1
"p � "p1

�
:

This concludesthe perturbation theory calculation of the transition probability
Wp0p .

Exercise 8.8: Poor man's scaling

The poor man's scalingcan alsobe derived along the lines of Ex. 8.1. We consider
the anisotropic Kondo Hamiltonian,

H =
X

p �

"p cy
p � cp � (27)

+
1

Ns

X

pp 0

�
J+ S+ cy

p0#cp" + J� S� cy
p0" cp# + JzSz(cy

p0" cp" � cy
p0#cp#)

�
;
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whereNs is the number of sitesin the system(the volume), and J+ = J� . As in Ex.
8.1, we write the wavefunction asthe sum of terms  0,  1, and  2, where 1 hasno
conductionelectronswith energiesj" j > D � � D ,  0 hasat least a holeat an energy
� D < " < � D + � D, and  2 hasat least an electronwith energyD � � D < " < D.
We also write the Hamiltonian H in blocks H ij , i; j = 0; 1; 2, as in Eq. (1) of Ex.
8.1.

(a) Argue that, to �rst order in � D, onecan put H 02 and H 20 to zero.4

(b) Explain what is the action of each of the remainingblocks of the Kondo Hamil-
tonian (i.e., of H 00, H 01, H 10, H 11, H 12, H 21, and H 22).

(c) As we have seenin Ex. 8.1, the wavefunction  1 obeysa Schr•odingerequation
H e�  1 = " 1, with e�ective \Hamiltonian"

H e� = H 11 + H 12(E � H 22)� 1H 21 + H 10(E � H 00)� 1H 01 (28)

Show that this is the sameasthe scalingequationweusedin the lecture, based
on the T-matrix.

(d) The secondtwo terms in Eq. (28) give the change to the Hamiltonian H
when the states with energiesD � � D < j" j < D are integrated out: one
just interprets H e� as the Hamiltonian of our system, with the new cuto�
D � � D instead of D. Within the spaceof states with no excitations with
D � � D < j" j < D (i.e., for the states described by the wavefunction  1), we
can write the change� H = H e� � H as

� H =
1

Ns

X

pp 0

�
� J+ ;pp 0S+ cy

p0#cp" + � J� ;pp 0S� cy
p0" cp#

+ � Jz;pp 0Sz(cy
p0" cp" � cy

p0#cp#) + � Vpp 0(cy
p0" cp" + cy

p0#cp#)
�

+ � EG ;

where� V is a potential term corresponding to scattering from a nonmagnetic
impurit y and � EG is a changein the ground state energy. The term � V was
not present in the original Hamiltonian, but is introduced upon integrating

4Note that the de�nition of  0 and  2 is ambiguous, becauseof the potential occurrenceof
states with both a hole at � D < " < � D + � D and an electron with energy D � � D < " < D.
However, this ambiguit y doesnot play a role to lowest order in � D as long as D � kT .
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out the energiesD � � D < " < D, as you can seebelow. In the lecture we
have calculated� Jz, and found

� Jz;pp 0 = 2� (0)J+ J�
� D
D

; (29)

where� (0) is the density of statesat the Fermi level, which we assumedto be
constant over the entire range � D < " < D. To arrive at Eq. (29), we used
that the energiesof all states involved are much smaller than D (measured
from the ground state energyEG), so that " � H 00, " � H 22, and the single-
particle excitations energies" k could be neglectedwith respect to D. It is
important (and convenient) that in this approximation � Jz doesnot depend
on p and p0. Show that the equivalent expressionfor � J+ = � J� reads

� J� ;pp 0 = 2� (0)J� Jz
� D
D

: (30)

(d) Derive the expressionfor � V. In view of the approximations made in the
calculation of � Jz, you can argue that we do not have to worry about � V,
as it is of order kT� D=D2. This con�rms our previous observation from the
perturbation analysis,that nonmagneticimpurit y scattering doesnot lead to
divergences,and can thus safelybe disregarded.

(e) What is � EG? Is it small? Wedo not have to worry about � EG, becausewecan
easily incorporate it by meansof a rede�nition of H 0. Addition of a constant
does not change the dynamics or the scaling of the coupling parametersJ �

and Jz.

(f ) Can you explain, in view of the calculations you did above, why one cannot
scaleto valuesof D smaller than kT?

Exercise 8.9: Scaling and Abrikosov'sresults

In the Poor man's scalingapproach, the Kondo Hamiltonian (with bandwidth D) is
mapped to a new Hamiltonian of the sameform, but with a reducedbandwidth ~D
and a rescaledcoupling constant ~J . The dependenceof the coupling constant ~J on
the bandwidth ~D is described by the di�erential equation

@~J

@~D
= �

2� (0) ~J 2

~D
: (31)
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The rescaledcoupling constant ~J can be used for a calculation of the resistivity.
Hereto we usethe fact that, to lowest order in J , the impurit y contribution to the
resistivity is given by

� imp =
3� J 2S(S + 1)

2e2~"F
: (32)

Higherorder termsin perturbation theory givecorrectionsof relativesizeJ � (0) ln D=kT
[or ~J � (0) ln ~D=kT for the rescaledHamiltonian].

(a) Argue that the resistanceat a temperature T may be obtained from Eq. (32)
by replacingJ by the scaledcouplingconstant ~J at bandwidth ~D � kT. When
are higher order correctionsin ~J important?

(b) Solve the scalingequation (31) to �nd ~J as a function of ~D.

(c) Show that the recipe (a) for the resistanceyields precisely the result that
Abrikosov found after summation of the most divergent terms to all ordersin
perturbation theory,

� imp =
3� mJ 2S(S + 1)

2e2~"F

�
1 � 2J � (0) ln

D
kB T

� � 2

;

where J and D are the coupling constant and the bandwidth in the original
(i.e., not rescaled)versionof the problem.

(d) To lowest order in perturbation theory, one �nds that the impurit y contri-
bution Cimp to the speci�c heat and the impurit y contribution � imp to the
magneticsusceptibility are given by

Cimp = kB � 2S(S + 1)(2J � (0))4;

� imp =
(g� B )2S(S + 1)

3kB T
(1 � 2J � (0)) :

Using the samemethod as in (c), �nd Cimp and � imp in the scalingapproach.
Again, this is preciselywhat Abrikosov found!

(e) For ferromagneticcoupling J < 0, we seethat � imp , Cimp , and � imp approach
a �nite value if we usethe scalingapproach, whereasthe straightforward per-
turbation theory divergesto any order. Can you trust the results obtained
within the scalingapproach?
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(f ) For antiferromagnetic coupling J > 0, the impurit y contributions to the resis-
tance,speci�c heat, and magneticsusceptibility divergeat the Kondo temper-
ature kB TK = De� 2J � (0) . What went wrong?

Exercise 8.10: Magnetic susceptibility

The impurit y contribution to the magnetization is de�ned as

M imp (H ) = g� B (hSz + Sc
z i � hSc

z i 0);

whereSz is the impurit y spin, Sc
z is the total spin of all conduction electrons,hSc

z i 0

is the averagespin of all conduction electronsin the absenceof the impurit y, � B is
the Bohr magneton,and g is the electrong-factor.

(a) Show that, to �rst order in the coupling constant J , the impurit y contribution
to the magnetization is

M imp (H ) =
(g� B )2S(S + 1)H

3kB T
(1 � 2J � 0) :

(b) Calculate the magneticsusceptibility � imp = dM=dH.

(c) The leadingcontributions in higher ordersin J can be found from the scaling
picture, by replacing the coupling J in the lowest order perturbation theory
by an e�ective coupling constant. What does this imply for your answers to
(a) and (b)?

Exercise 8.11: Higher orders in perturbation theory

In lecture, we have said that the poor man's scalingapproach is still perturbation
theory for small J . To seewhy, let us again look at the scalingequations.

Recall that we wrote the Kondo Hamiltonian as H 0 + V, and that, for this
notation, the T-matrix then obeysthe equation

T (") = V + V
1

" � H 0
T ("): (33)
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Then, using the projection operator P to project on statesthat have at least a hole
with energy" p < � D + � D or an electronwith energy" p > D � � D, we found that
Eq. (33) could be rewritten as

T =
�

V + VP
1

" � H 0
V

�
+

�
V + VP

1
" � H 0

V
�

(1 � P)
1

" � H 0
T

+ VP
1

" � H 0
VP

1
" � H 0

T : (34)

We then threw out the last term, and interpreted Eq. (34) in such a way, that it
lead to the de�nition of a \new" perturbation ~V, with bandwidth D � � D , rather
than D, where

~V = (1 � P)
�

V + VP
1

" � H 0
V

�
(1 � P): (35)

Let us now seewhat happensif we do not ignore the last term in Eq. (34).

(a) Use Eq. (33) repeatedly to show that, keeping the last term, one �nds thee
exactscalingequation

~V = (1� P)
�

V + VP
1

" � H 0
V + VP

1
" � H 0

VP
1

" � H 0
V + : : :

�
(1� P): (36)

(b) Now we can reinterpret ignoring the last term in Eq. (34) as ignoring the
higher order terms in Eq. (36). Can you draw a picture for a genericprocess
that contributes to the third term in Eq. (36)?

(c) Estimate (but do not calculate) the magnitude of the third term relative to
the secondterm. Hence,what is the condition for the validit y of the scaling
equationsthat we derived?

Exercise 8.12: Perturbation theory for strong coupling

We can get a qualitativ e estimate in the strong coupling limit J ! 1 from a
one-dimensionallattice versionof the Kondo Hamiltonian,

H =
1X

n=0

X

�

tn;n +1 (cy
n;� cn+1 ;� + cy

n+1 ;� cn;� ) + J
X

� ;� 0

S � cy
0;� � � ;� 0c0;� 0:
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whereall t ij are equal to t.
The site 0 canbeoccupiedby 0, 1, or 2 electrons. If it is occupiedby oneelectron

only, the electronspin and the impurit y spin may form a singlet or a triplet.

(a) What are the energiesof the four possiblecon�gurations?

If kB T � J only the singlet state will be allowed, sinceall other con�gurations have
an excitation energyof order J . Hencethe impurit y binds a conduction electron.
In the limit J ! 1 , the other conduction electronsare free to move at the sites
n = 1; 2; : : :, but cannot enter the site n = 0. This picture is similar in spirit to the
onewe encountered for the Andersonmodel in Ex. 8.1.

We subtract a constant (the energyof the singlet) from the Hamiltonian, sothat
the singlet energybecomeszero,and the energiesof the doublet and the triplet are
large and positive.

The e�ects of a �nite J shows up through virtual excitations. For J � t, these
can be treated in a way similar to what we did in Ex. 8.1. One can write the
wavefunction asa sumof three components,  =  0 +  1 +  2, where 0 denotesthe
component of  wheresite 0 is occupiedby oneelectronwhich forms a spin singlet
with the impurit y spin,  1 denotesthe component of  wheresite 0 is occupiedby
zero or two electrons,so that the impurit y spin is unscreened,and  2 denotesthe
component of  wheresite 0 is occupiedby oneelectron which forms a spin triplet
with the impurit y spin.

(b) Write down projection operatorsP0, P1, and P2 that project onto each of those
components.

The Hamiltonian H canbe split up in parts H ij = Pi HPj , such that the Schr•odinger
Equation reads

2X

j =0

H ij  j = " i :

Note that this is the sameequation as Eq. (1) from Ex. 8.1.

(c) Argue that H20 = P2HP0 = 0.

For energies" � J , onecan �nd an e�ective Schr•odingerequationfor  0, similar
to Eq. (2),

 

H00 + H01

�
" � H11 � H12

1
" � H22

H21

� � 1

H10

!

 0 = " 0: (37)
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(d) Derive Eq. (37).

We can �nd a perturbation seriesfor H00 by expansionof Eq. (37) in powersof t=J.
[Note that H11 and H22 contain a constant proportional to J that you calculated
under (a).]

(e) Show that there is no correction to H00 to �rst order in t=J, except for a
constant.

(f ) To secondorder in t=J, the only correction is a modi�cation of the hopping
integral t ij . Argue that t12 getsmodi�ed in a di�erent way than all the other
t ij . You do not have to show a detailed calculation. Sincethe changein all t ij

can be absorbed in a rescaledhopping amplitude, we can say that, to second
order in t=J, the hopping element t12 is modi�ed, whereasthe others aren't.

(g) In the sameway, argue without calculations that virtual excitations of the
triplet state give a repulsive interaction betweenspinsof opposite type at site
1 that is of order t4=J3.

The repulsive interaction at site 1 and the modi�ed hopping integral betweensites1
and 2 appear as\leading irrelevant operators" at the J = 1 �xed point in Wilson's
renormalization group analysis. This exerciseexplains how these operators arise.
They are irrelevant, becausethey tend to get smaller as J further approaches1 .
Nevertheless,they arecalled\leading irrelevant operators" becausethey arethe ones
that tend to zero slowest. As you have seenabove, you can understand Wilson's
statements from perturbation theory around the J = 1 �xed point.

Exercise 8.13: Scattering phaseshifts, relaxation time, and magnetoconductance

This exercisebuilds on what you have donein exercise8.4 on the Friedel Sum Rule.
Here, we derive a relation between the scattering phaseshifts and the relaxation
time � that enters the formula for the conductivity � .

First, let us return to Eq. (16), which givesthe wavefunction for a 
ux of nonin-
teracting particles scatteredelastically by a spherically symmetric potential at the
origin. The di�erential scattering crosssectiondQ=d
 is the probability that after
scattering a particle will be directed into an element of solid angle d
. From Eq.
(16), we derive

dQ = jf (� )j2d
 :
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The total scattering crosssection Q is the integral of dQ=d
 over the solid angle
d
.

(a) UseEq. (19) to show that

Q =
4�
k2

1X

l=0

(2l + 1) sin2 � l :

Here we are concernedwith a short range scatterer, for which we only have to
consider� 0. (All � l with l � 1 can be set equal to zero.)

(b) The scattering crosssection Q is related to the relaxation time � (k). Argue
that

1=� = vF cimp Q;

wherecimp is the concentration of impurities.

(c) At zerotemperature, the conductivity is given as

� =
ne2

2m
[� " (pF ) + � #(pF )];

wheren = p3
F =3� 2~3 is the density of electrons,and wherewe allowed di�erent

relaxation times for electronswith spin up and spin down. Usethis to verify
that the magnetoconductance,i.e. � asa function of the magnetic �eld H , at
zero temperature is given by

� (H ) = � (0)
�

1 +
� 2

4
H 2� 2

imp

�
;

where� imp is the magneticsusceptibility due to the presenceof a singleimpu-
rit y, and � (0) = � (0)e2vf p2

F =6� cimp ~2. Here you may usethat the scattering
phaseshift � 0 at the Fermi level and in the absenceof a magnetic �eld equals
� =2. This result is Eq. (21) from the paper by Nozi�eres[P. Nozi�eres,J. Low
Temp. Phys., 17, 31 (1974)].
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Exercise 8.14: Variational approach

Someinsight in how the impurit y spin is screenedby the conduction electronscan
be gained from a variational approach, see,e.g., K. Yosida, Phys. Rev. 147, 223
(1966). In this exercise,we follow a simple versionof the variational argument.

Considerthe Hamiltonian

H =
X

p �

"p cy
p � cp �

+
X

pp 0

Jp0p

�
S+ cy

p0#cp" + S� cy
p0" cp# + Sz(cy

p0" cp" � cy
p0#cp#)

�

� H 0 + V: (38)

for the Kondo Hamiltonian. We try to guessthe form of a wavefunction that will
minimize the energy. For an antiferromagnetic coupling (positive J ), we guessthat
the system wants to be in a singlet state. Let us consideran odd number N of
conduction electrons.The simplest way to construct a singlet state is the state

j� (p)i =
1

p
2

(cp;" jFS; "i N +1 + cp;#jFS; #iN +1 ) ; (39)

wherethe state jFS; "i consistsof a �lled Fermi seafor N + 1 conduction electrons,
with the impurit y spin pointing " , and jFS; #i refersto a �lled Fermi seafor N + 1
conduction electrons,with the impurit y spin pointing #.

(a) Verify that the state j� (p)i is a singlet state, i.e., that it hasspin zero.

(b) What is the energy gain for screeningthe impurit y spin in this way, e.g.,
comparedto just having N conductionelectrons�lling the Fermi sea?Is there
an energygain if the systemsizegoesto in�nit y? You may replacecoupling
Jpp 0 by a constant J=Ns, whereNs is the number of sites.

We can do better than Eq. (39) by consideringthe wavefunction

j i =
X

p

� (p)j� (p)i :

Here the sum over p is restricted to wavevectorsp with " F � D < "p < "F .
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(c) We'll now optimize the coe�cien ts � (p) to minimize the energyof the state
j i . Minimization of the energyis equivalent to equating

H j i = Ej i + terms orthogonal to all j� (p)i :

(You may want to read again the calculation of the ground state energy of
a BCS superconductor with one Cooper pair to seethis. The formal way
to �nd this is to calculate the expectation value of the energy in the state
j i , and then to minimize this with respect to the � (p) under the constraintP

p � (p)2 = 1.) Show that the above condition leadsto the equation

E� (p) = (EFS � "p )� (p) �
3J
2Ns

X

p0

� (p0); (40)

whereEFS is the energyof the �lled Fermi sea. We replaced,as before,Jpp 0

by J=Ns.

(d) Write Eq. (40) as

� (p) =
3J

2Ns(EFS � E � "p )

X

p0

� (p0);

and sum both sidesover p to �nd an equation for E. Then replacethe sum-
mation over p by an integration, and approximate the density of states by a
constant to show that the energygain � E = E � EFS � "F of the singlet state
j i is

� E = �
D

exp(2=3J � (0)) � 1
:

(e) What can you say about the spatial extent of the screeningcloud in the wave-
function j i ? Only give a rough estimate,not a detailed calculation.

(f ) You can considerthe wavefunction j i asa \b ound state" betweenthe impu-
rit y spin and the conduction electrons. Why? At what temperature doesthe
presenceof this bound state show up in physical observables?

The variational wavefunction j i givesan energygain that is exponentially small,
just like the Kondo temperature kB TK = exp(� 1=2J � (0)). However, the coe�cien t
in the exponent for the variational wavefunction is wrong by a factor 4=3. That
is, the true energy gain (which is of the order of kB TK ) is bigger. Such things
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occur in generalfor a variational estimateof the ground state energy: A variational
wavefunction always provides an upper bound for the ground state energy; it is
never givesa ground state energythat is too low. If one wants to, the variational
estimate can be improved by more sophisticatedvariational wavefunctions,but we
will not go into such detail here.

Exercise 8.15: Transport througha Kondo impurity

We have seenthat the Kondo e�ect leads to an increaseof the low temperature
resistivity of metals with magnetic impurities. In this exercisewe'll consider a
di�erent geometry, in which the Kondo e�ect will give rise to a decreaseof the
resistance.

Consider a small metal particle coupled to two electrodes via tunneling point
contacts, seeFig. 1 for a schematic drawing. If the temperature is low enough,only
one electron level " 0 in the metal particle (the level nearest to the Fermi energy)
will relevant for transport. In that casewe can describe the systemby meansof the
following AndersonHamiltonian:

H =
X

p;�

"p ĉy
1p � ĉ1p � +

X

p;�

"p ĉy
2p � ĉ2p � +

X

�

"0ĉ
y
0� ĉ0� + Uĉy

0" ĉy
0#ĉ0#ĉ0"

+
X

p;�

h
V1ĉ

y
1p � ĉ0� + V �

1 ĉy
0� ĉ1p �

i
+

X

p;�

h
V2ĉ

y
2p � ĉ0� + V �

2 ĉy
0� ĉ2p �

i
: (41)

Here the operators with labels 1 and 2 refer to electron states in the two elec-
trodes,whereasthe operators with index 0 are creation and annihilation operators
for electronsin the level " 0 in the metal particle. The Hamiltonian contains terms
representing the kinetic and potential energiesof the electrons,the electron-electron
interaction for electrons on the metal particle, and terms representing tunneling
between the metal particle and the electrodes. We'll assumethat the interaction
is repulsive, i.e., U is positive. Below we'll considerthe symmetric casein which
tunneling rates to the electrodes1 and 2 are equal, i.e., V1 = V2.

(a) Argue that transport through the metal nanoparticle is blocked in each of the
following three cases:(i) " 0 � "F , (ii) "0 � "F � "0 + U, or (iii) "0 + U � "F .
What is the number of electronsin the level " 0 in each of thesecases?

Below, we considercase(ii) in more detail.
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Figure 1: Schematic drawing of a metal particle (labeled 0) coupled to two electrodes
(labeled 1 and 2) through tunneling point contacts.

(b) Why do you expect the Kondo e�ect to be relevant for case(ii)?

(c) In order to solve the problem of transport through the metal particle, we shift
to a basisof symmetric (+) and antisymmetric (� ) states in the electrodes,

ĉ� ;p � =
1

p
2

�
ĉ1p � � ĉ2p �

�
: (42)

Rewrite the Hamiltonian (41) in terms of the operators (42) and show that
state in the nanoparticle couplesto the symmetric combination (+) only.

For the symmetric (+) states in the electrodes, we can de�ne a phase shift
� + : If a symmetric wave impinges on the impurit y, the re
ected wave is also a
symmetric wave, but with phaseshift 2� + . SeeFig. 2 for a schematic drawing. The
antisymmetric states in the electrodesare not coupled to the metal particle: their
phaseshift � � = 0.

(d) Show that the transmissionprobability T of the metal particle can be written
T = sin2(� + � � � ).

(e) What doesyour knowledgeabout scattering phaseshifts in the low tempera-
ture limit of the Kondo e�ect teach you about the transmissionprobability of
this metal nanoparticle for electronscoming in at the Fermi energy?And for
electronscoming in at energiesfar below or far above the Fermi energy?
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Figure 2: Schematic drawing of a \symmetric" state impinging on the metal particle (top
panel), together with the re
ected symmetric wave (bottom panel). The re
ected wave
has a phaseshift 2� s.

(f ) Can you estimate the Kondo temperature for this system?(In your estimate,
focuson the exponential dependenceon systemparameters.)

(g) Sketch the conductanceof such a metal particle asa function of gate voltage.
(Varying the voltage on a gate electrostatically coupledto the metal particle
givesrise to a uniform shift of the potential energyof all electronsin the par-
ticle. This leadsto a stepwise increaseor decreaseof the number of electrons
on the metal particle.)

This realization of the Kondo e�ect has�rst beenobserved in \quantum dots", small
islandsin a two-dimensionalelectrongas,by Goldhaber-Gordonet al., Nature 391,
156 (1998). The samee�ect has beenseenin transport through single molecules,
seeJ. Park et al., Nature 417, 722(2002).
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9 Superconductivit y

Exercise 9.1: Phonon-mediated electron-electron interaction

In this exercise,we review how the electron-phononinteraction,

H e;ph = W
X

p;�

X

q;�

cy
p+ q;� cp � (by

� q� + bq� ) (1)

givesrise to an attraction betweenelectronscloseto the Fermi level. Here q is the
momentum of the phonon and � denotesits polarization.

The Hamiltonian of the total system(ions and electrons)consistsof three parts,

H e =
X

p;�

"p cy
p+ q;� cp � ; H ph =

X

q;�

~! q;� by
q;� bq;� ;

and the electron-phononHamiltonian H e;ph introducedabove. We now focuson low
temperaturesT � TD , TD being the Debije temperature, where there will be only
very few thermally excited phononsin the system. We can write the wavefunction
as a sum of components j j i with j phononsin the system(j = 0; 1; 2; : : :). Then
the Hamiltonian H takesthe form

0

B
B
B
@

H00 H01 0 : : :
H10 H11 H12 : : :
0 H21 H22 : : :
...

...
...

1

C
C
C
A

:

(a) Why is there no term H02? Indicate what terms in the Hamiltonian contribute
to H00, to H01, and to H10.

We are interested in the part of the Hamiltonian that describes states with no
phonons. To zeroth order in the electron-phononcoupling that is just H 00. There
are corrections to higher order in perturbation theory, becauseof the presenceof
the terms H01 and H10 that couple to states with one phonon. How to deal with
such o�-diagonal perturbations is explainedin the following intermezzo.

Intermezzo: Consider a Hamiltonian of the form H = H 0 + � H 1, where � is a small
parameter. Assumethat H 0 has eigenstatesjni at eigenvalue En . We now assumethat
H 1 has no diagonal elements, i.e. hnjH 1jni = 0 for all n. Our goal is to transform to a
new basis,

~H = e� SHeS;
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such that ~H is diagonal. Here eS is a basis transformation, where S is an antihermitian
matrix (Sy = � S). We want to �nd S in a perturbation expansionin � .

For � = 0, H is already diagonal. Hencewe expect that S is of order � . Then we can
write

~H = H + [H ; S] +
1
2

[[H ; S]; S] + O(� )2

= H 0 + � H 1 + [H 0; S] + � [H 1; S] +
1
2

[[H 0; S]; S] + O(� )2: (2)

(b) Verify Eq. (2).

If we choose S such that [H 0; S] = � � H 1, then it is clear that ~H has no o�-diagonal
elements to �rst order in � .

(c) Show that the condition [H 0; S] = � � H 1 implies that the matrix elements of S in
the basis jni of eigenstatesof H 0 are given by

Snm = hnjSjmi = �
hnjH 1jmi
Em � En

:

With this choice of S, we �nd

~H = H 0 +
1
2

� (H 1S � SH 1) + O(� 3): (3)

We now apply this result to the Hamiltonian H = H e + H ph + H e;ph, wherewe
considerthe electron-phononHamiltonian H e;ph as the perturbation. To seethat
this makes sense,notice that the states in the Hilbert spacecan be denoted as
jni = jf nq� gijf np � gi , and that H 0 = H e + H ph is diagonal in this Hilbert space,
with eigenvalueEn beingthe sumover all the occupiedelectronand phononenergies
"p and ~! q;� . The perturbation H 1 connectsstates that di�er one phonon, and is
purely o�-diagonal.

We are interested in a Hamiltonian for the electrons only, in the absenceof
phonons.Problem hereis that the Hamiltonian H contains elements that coupleto
states with phonons. If that were not the case,we could just take H 00, which has
the sameform as H e. To solve this problem, we have to perform a slight changeof
basis,to a new Hamiltonian ~H, so that the new Hamiltonian is diagonal. Then we
can just take the part that connectsstates without phonons.1 Hereto we use Eq.

1Strictly speaking this is not true: after the basis transformation, the electronic states contain
a small phonon contribution. What we want to say, is that we are interested in the part of ~H that
connectsstatesthat arisefrom the stateswithout phononsafter the basistransformation described
by eS .
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(3), and apply it to the electron-phononHamiltonian. Hereto, we also write S in
terms of blocks that connectstateswith di�erent numbers of phonons,

S =

0

B
B
B
@

0 S01 0 : : :
S10 0 S12 : : :
0 S21 0 : : :
...

...
...

1

C
C
C
A

+ O(W 2):

(d) Verify that S has this form.

In this way, we �nd the e�ective Hamiltonian for the electrons in the absenceof
phonons

~H
�
�
�
no phonons

= H 00 +
1
2

(H01S10 � S01H10) :

Now, we calculateeach of the terms separately. First, we �nd

H00 =
X

p;�

"p cy
p � cp � :

The secondand third terms are

1
2

H01S10 =
W 2

2

X

q;�

X

p �

X

p0� 0

cy
p+ q;� cp � cy

p0� q;� 0cp0� 0

"p0 � "p0� q � ~! q�
; (4)

1
2

S01H10 =
W 2

2

X

q;�

X

p �

X

p0� 0

cy
p+ q;� cp � cy

p0� q;� 0cp0� 0

"p � "p+ q + ~! q�
: (5)

(e) Verify Eqs. (4) and (5).

Finally, adding Eqs. (4) and (5), we �nd for the phonon-mediatedelectron-
electron interaction

H =
X

p;�

"p cy
p � cp �

+ W 2
X

q�

X

p �

X

p0� 0

cy
p+ q;� cy

p0� q;� 0cp0� 0cp �
~! q�

("p � "p � q)2 � (~! q� )2
:

Here we changedthe order of the creation and annihilation operators with respect
to Eqs. (4) and (5). The anti-commutator of cy and c that appears here can in
principle be absorbed in the single-particleenergiesand wavefunctions.
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Ha +,+,+,+,+,+,+,+,+,+,+

+,+,+,+,+,+,+,+,+,+,+

+,+,+,+,+,+,+,+,+,+,+

+,+,+,+,+,+,+,+,+,+,+

+,+,+,+,+,+,+,+,+,+,+
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Figure 1: Superconducting sphereof radius R placed in an applied magnetic �eld H a.

Exercise 9.2: Occurrence of intermediate state for a superconducting sphere

According to the Meissnere�ect, the magnetic �eld B inside a superconductor is
zero. Let us considerwhat this implies for a superconductingsphereof radius R in
an external (applied) magnetic �eld H a.

(a) Show that the appropriate boundary condition at the the superconductor-
vacuum interface is B? = 0, whereB? is the component of the magnetic �eld
B perpendicular to the boundary.

(b) Show that the solution of the Maxwell equationsoutside the superconducting
samplereads

B = H a +
1
2

R3r
�

H a � r
r 3

�
;

where the origin for the coordinate vector r is taken at the center of the
superconductingsphere.

(c) What is the maximal applied �eld Ha for which the magnetic �eld at the
boundary of the superconductingspheredoesnot exceedthe critical �eld H c?
It is at �elds between this �eld and Hc that the \in termediate state" is ob-
served.

(d) Is there an intermediate state for a superconducting cylinder in a magnetic
�eld parallel to its axis? Why (not)?
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Exercise 9.3: Sizeof a Cooper pair

Argue that the size� of a Cooper pair is of the order

� �
TF

Tc
� F ;

where TF is the Fermi temperature, � F the Fermi wavelength, and Tc the critical
temperature for the superconductor.

Exercise 9.4: Wavefunction at a �xed number of particles

The BCS wavefunction is a trial wavefunction of the form

j BCS i =
Y

p

(up + vp cy
p" cy

� p#)j0i : (6)

It doesnot have a �xed number of particles.

(a) Show that the N -particle wavefunction j N i can be obtained from the BCS
wavefunction by the following projection,

j N i =
Z 2�

0
d�e � iN �= 2

Y

p

(up + vp ei� cy
p" cy

� p#)j0i :

In other words, we can obtain a wavefunction at a �xed number of particles
by \F ourier transform" with respect to the phaseof the order parameter� =
(V=
)

P
p up vp . (Note that the wavefunction j N i is not normalized.)

(b) If the total number of p-vectors involved in the product (6) is M , how many
terms will contribute to j N i ? The 
uctuations of the particle number are
small. Can you arguewhy?
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Exercise 9.5: Wavefunction at a �xed number of particles (2)

A di�erent trick to project out the N -particle component of the BCS trial wave-
function is described in the book by Rickayzen,Theory of superconductivity (Wiley,
New York, 1965). It starts by rewriting the BCS wavefunction as follows

j BCS i / exp

 
X

p

vp

up
cy

p" c
y
� p#

!

j0i : (7)

(a) Verify Eq. (7).

(b) Show that the N -particle component of the BCS wavefunction can be written
as

j N i /

 
X

p

vp

up
cy

p" c
y
� p#

! N=2

j0i : (8)

Eq. (8) has the interpretation of a condensate: The N -particle ground state is ob-
tained by building the system from N=2 Cooper pairs in precisely the samestateP

p (vp =up )jp " ; � p #i . In particular, the (N + 2)-particle ground state is obtained
from the N -particle ground state by addition of onemore Cooper pair of the same
kind.2

Exercise 9.6: Bound statesin a potential

We found that the non-interacting ground state is unstable to the formation of
Cooper pairs for arbitrary small interaction constant V. The existenceof a �lled
Fermi seais crucial for this result.

Show that, in three dimensions,there are no bound statesfor a su�cien tly weak
attractiv e interaction if there is no �lled Fermi sea. (A bound state is a state with
negative energy.)

2It would be tempting to make the analogy of the wavefunction (8) to a Bose condensate.
However, the Cooper pairs are not bosons,so one should be extremely careful by drawing such
analogies!
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Exercise 9.7: Ground state energy in BCS wavefunction

The expectation value of the ground state energyin the BCS wavefunction

j BCS i =
Y

p

(up + vp cy
p" cy

� p#)j0i :

is given by

E0(V ) = 2
X

p

� p v2
p �

V



 
X

p

up vp

! 2

; (9)

where
 is the systemvolumeand � V=
 is the strength of the attractiv e interaction
in the BCS Hamiltonian. We have written E0(V) to indicate that this is the ground
state energy in the presenceof the attractiv e interaction. We will compareE0(V)
to the ground state energyE0(0) without interaction term.

(a) Verify Eq. (9).

Substitution of

v2
p = 1 � u2

p =
1
2

�
1 �

� p

"p

�
; "p =

q
� 2 + � 2

p ;

together with

� =
V



X

p

up vp

yields

E0 =
X

p

� p

�
1 �

� p

"p

�
� 


� 2

V
:

(b) Now replace the summation over the wavevectors p by an integration over
energyto arguethat

E0(V) � E0(0)



= 2� (0)
Z ~! D

0
d�

 

� �
� 2

p
� 2 + � 2

!

�
� 2

V
:

(c) Perform the integration over energyto show that

E0(V ) � E0(0)



= �
1
2

� (0)� 2

if the interaction is weak, � (0)V � 1.
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Exercise 9.8: Energy gap | simple considerations

The BCS ground state wave function reads

j BCS i =
Y

p

(up + vp cy
p" cy

� p#)j0i : (10)

Consider an excitation where the state jp0; "i is occupied, but j � p0; #i is not.
Formally, this meansthat the factor

(up0 + vp0 cy
p0 " c

y
� p 0#)

in Eq. (10) is replacedby the singlecreation operator cy
p0 " .

Show by explicit calculation that the excitation energyfor this state is � if p0

is chosenat the Fermi level. What happensto the excitation energyif p0 is not at
the Fermi level? How is this simpleexcitation related to the \Bogoliub ons" that we
encountered in the mean-�eld treatment of the BCS Hamiltonian?

Exercise 9.9: Excitation spectrum for spatial ly varying order parameter

Wehave calculatedthe excitation spectrum of a uniform BCS superconductorwhere
the order parameter � was spatially independent. The result was

"0
p =

q
� 2

p + j� j2:

We now considerthe casewhen � hasa spatial dependence,

�( r ) = j� je2iq�r : (11)

(a) Show that the form of the eigenfunctionsu(r ) and v(r ) of the Bogoliubov-de
GennesHamiltonian compatible with Eq. (11) is

u(r ) = upei (p+ q)�r ; v(r ) = vp ei (p � q)�r :

(b) With this, �nd the excitation energies" p .
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(c) Expand your answer for the " p to linear order in q to �nd

"p = "0
p +

p
m

� q + O(q2):

(d) For what value of q doesthe gap in the spectrum go to zero? How doesthis
value compareto the sizeof a Cooper pair? Doesyour answer make sense?

(e) Show that the quantities jvp j2 and jup j2 do not depend on q to �rst order in
q.

(f ) Calculate the ground state current density

j (r ) =
2~e
m

Im
X

p

vp (r )r v�
p (r ):

and show that it obeysthe Josephsonrelation

j =
~en
2m

r �;

where� is the phaseof the order parameter� and n is the density of electrons.

(g) Based on your answer to part (d), what is the maximum current that the
superconductingground state can support?

Note: The quantit y vS = 2q=m is known as the super
uid velocity. The crite-
rion when the gap in the excitation spectrum goes to zero can be rewritten as
vS = 2j� j=pF . It is important to realize that the value of j� j itself depends self-
consistently on the super
uid velocity vS.

Exercise 9.10: Gap closeto Tc

Verify that, closeto Tc, the superconductinggap behavesas

�( T)
�(0)

= 1:74
�

1 �
T
Tc

� 1=2

:
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Exercise 9.11: Mean-�eld treatment of BCS Hamiltonian

In lecture, we have seenthat in a mean-�eld approximation, the BCS Hamiltonian
of a cleansuperconductorcan be rewritten as

H =
X

p

(� p � "p + � hc� p#cp" i ) +
X

p

"p

�

 y

p � 
 p � + 
 y
p+ 
 p+

�
; (12)

where "p = (� 2 + � 2
p )1=2, and 
 y and 
 are creation and annihilation operators for

the Bogoliubons,


 p+ = up cp" � vp cy
� p#; 
 y

p � = u�
p cy

� p# + v�
p cp" :

One has the self-consistencycondition

� = V
X

j � p < ~! D

hc� p#cp" i ;

whereV is the strength of the attractiv e interaction and ! D the Debije frequency.
The �rst term is a constant term, which represents the shift in the ground state
energybetween the BCS ground state and the non-interacting ground state. The
three terms appear when one derives the mean-�eld Hamiltonian (12) from the
underlying Hamiltonian for interacting electrons.

(a) Verify that the 
 operatorsobey Fermion anticommutation relations if jup j2 +
jvp j2 = 1, i.e., that

f 
 p � ; 
 p0� 0g = 0; f 
 p � ; 
 y
p0� 0g = � pp 0� � � 0;

for � ; � 0 = � .

(b) The ground state energyis given by the �rst term in Eq. (12). Show that it is
equal to the ground state energy

E0(�) � E0(� = 0) = �
1
2


 � (0)� 2

that we found from the variational BCS wavefunction. (Here 
 is the volume
of the system and � (0) is the electronic density of states per spin direction,
which you may assumeto be constant over the entire range of energiesof
interest. You may alsoassumethat the interaction is weak, i.e., � (0)V � 1.)
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Exercise 9.12: Are Cooper pairs Bosons?

Calculate the commutation relations of \Co oper pair creation and annihilation op-
erators"

Cy
p = cy

p" cy
� p#; Cp = c� p#cp" :

Are they the sameasBosoncommutation relations? Why (not)?

Exercise 9.13: Gaugetransformations

Show that onecanalways choosethe vector potential A such, that the pair potential
� is real and positive. (You may assumethat � is nonzero everywhere in the
superconductor.)

Exercise 9.14: Josephsone�ect

In the book \Superconductivity of Metals and Alloys" by P. G. deGennes,a di�erent
and very insightful explanationof the Josephsone�ect is found. We will look at this
explanation in this exercise.

Considertwo superconductors,labeled1 and 2, that are coupledvia a weak link
(a tunnel barrier). The Hamiltonian of the two superconductorscan be written as

H = H 1 + H 2 + H T ;

where H 1 and H 2 are the Hamiltonians for the isolated superconductors1 and 2,
respectively, and H T is a Hamiltonian that describestunneling from 1 to 2 and vice
versa. One may write H T as

H T =
X

pp 0

X

�

�
cy

p � ;1cp0� ;2Tpp 0 + cy
p0� ;2cp � ;1T �

pp 0

�
:

Herethe cp � ;j , cy
p � ;j are annihilation and creation operatorsfor an electronin a state

with wavevector p and spin � in superconductor j (j = 1; 2). The matrix elements
Tpp 0 depend on the barrier.

93



An eigenstateof H 1 + H 2 will be built from a product of eigenstatesof H 1 and
H 2. If the total number of electronsin the superconductors1 and 2 is 2N , such a
product can be represented as

 � = � N � �; 2� �; 1; (H 1 + H 2) � = E �  �

where2� is the number of electronsin superconductor1. The wavefunctions� N � �; 1

and � �; 2 describe states with 2(N � � ) and 2� electronsin the superconductors1
and 2, respectively.

If the superconductorsare isolated from the outside world, the total number of
electrons,2N is �xed, but � is not. If � is increasedby 1, two electronsare created
in superconductor2, at the expenseof superconductor1.

(a) Argue that
E � +1 � E � = 2(EF;1 � EF;2);

whereE � is the energyof  � and EF;j is the Fermi level in superconductor j
(j = 1; 2).

First, weassumethat there is no voltageappliedbetweenthe superconductors.Then
EF;1 = EF;2, and all E � are equal. This degeneracyis removed by the inclusion of
the tunneling Hamiltonian H T .

(b) Show that there is no correctionto the energiesE � to �rst order in perturbation
theory.

To secondorder in perturbation theory, the inclusion of H T gives rise to a matrix
element couplingthe states � and  � +1 . Denoting this matrix element asJ0, second
order perturbation theory yields3

J0 =
X

p;p 0;l ;l 0;�

X

i

Tpp 0Tll 0h� + 1jcy
p � ;1cp0� ;2ji i

1
E � E i

hi jcy
l � � ;1cl 0� � ;2j� i ;

whereji i is an intermediate state with 2� + 1 electronsin superconductor1 and E
is the energyof  � . (We omitted the index � , becausethis energy is the samefor
all � .)

3Secondorder perturbation theory also gives rise to a shift of E � . However, this shift is the
samefor all � , and therefore it doesnot remove the degeneracy.
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(c) Using the symmetry relation T� p ;� p 0 = T �
p ;p 0, show that, if both superconduc-

tors 1 and 2 are in the ground state,

J0 = � 2
X

pp 0

jTpp 0j2
up vp up0vp0

"p + "p0
:

Hence,to secondorder in the tunneling Hamiltonian and within the spacespanned
by the di�erent  � , onecan write the Hamiltonian H as

H � = E � + J0( � +1 +  � � 1):

This Hamiltonian hasthe sameform asthat of a particle hoppingona one-dimensional
chain.

(d) What are the eigenstatesof this Hamiltonian?

(e) Using Fourier transform to � , show that the corresponding energylevels are

H k = E(k) k ; E(k) = E + 2J0 cosk:

What is the physical interpretation of the \w avevector" k in this case?

(f ) Supposethat we construct a wavepacket of the  k 's, with wavevectors in an
interval of width � k aroundk. Argue that onecanchoose� k such that both � k
and the uncertainty � � in � are small. Hence,both k and � are well de�ned.
(Hint: the typical � is of order 1023.)

(g) Such a wavepacket moveswith group velocity

~d�
dt

=
@E(k)

@k
= � 2J0 sink:

Show that this corresponds to a current passingfrom 1 to 2, with

I = (4eJ0=~) sink:

This result says that, for two coupled superconductors, a current of magnitude
� 4eJ0=~ can 
o w at zero voltage.

Let us now apply a voltage between1 and 2. Then onehas

E � +1 � E � = 2eV:

95



(h) Argue that this energy di�erence between E � +1 and E � corresponds to a
uniform applied electric �eld of magnitude 2V on the chain. Hence, our
wavepacket movesaccordingto the force equation

d
dt

~k = 2eV:

(i) Explain that this constitutes the AC Josephsone�ect.

Exercise 9.15: Little-Parks e�ect

A uniform supercurrent is described by a spatially varying order parameter

�( r ) = j� je2iq�r :

(a) In the presenceof such a uniform supercurrent the critical temperature is
reduced. Calculate the relative reduction � Tc=Tc and expressyour answer
in terms of jqj and the zero-temperature superconducting coherencelength
� 0 = ~vF =� �(0). Hint: useEx. 9.9.

(b) What is the suppressionof Tc in the presenceof a spatially constant vector
potential A (but with a spatially uniform order parameter �)?

This result is important for the \Little-P arks e�ect". Consider a thin supercon-
ducting cylinder of radius R. If the thicknessd of the cylinder is much lessthan
the penetration depth � , the magnetic 
ux � due to a magnetic �eld along the axis
of the cylinder is no longer quantized. (The cylinder doesnot support a su�cien t
supercurrent to screenthe magnetic 
ux.)

(c) For such a cylinder, show that Tc is a periodic function of �,

� Tc

Tc
= � 0:55

� 2
0

R2

�
n �

2e�
hc

� 2

;

wheren is the closestinteger to 2e� =hc.

(d) What happens if the radius of the cylinder becomessmaller than � 0? This
questionwasinvestigatedexperimentally in the group of Liu (PennState), see
Y. Liu et al., Science294, 2332(2001).
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Exercise 9.16: Nonlocal electromagneticresponse

In the presenceof a spatially constant order parameter� and in the London Gauge
for the vector potential A (i.e., r A = 0 in the interior of the superconductorand
A normal to any surfaceof the superconductorat its boundaries),we found that at
zero temperature the current density is given by the London equation

j (r ) = �
ne2A (r )

mc
: (13)

In the derivation of Eq. (13) we assumedthat the vector potential A was the same
everywhere. This cannot be correct: the magnetic �eld will be screenedat a pen-
etration depth � , so that A must, at least, vary on length scalesof order � . In
this exercise,you will calculate the current density for a spatially varying vector
potential A .

(a) Show that the order parameter � doesnot changeto �rst order in A in the
London gauge.

In order to �nd the current density, we start from the zero-temperature current
density

j (r ) =
2~e
m

Im
X

p

vp (r )r v�
p (r ):

To zerothorder in the vectorpotential A , the eigenfunctionsvp (r ) of the Bogoliubov-
de Gennesequation are plane waves,vp (r ) = vp ei p �r .

(b) Show that, to �rst order in A , they acquirea correction � vp (r ) given by

� vp (r ) = �
e

2mc

Z
dp0

(2� ~)3
A p0� p � (p + p0)ei p 0�r

�
�

(up u�
p0 + vp v�

p0)

"p � "p0
vp0 �

(up v� p0 � vp u� p 0)
"p + " � p 0

u�
� p 0

�
;

whereA q is a Fourier component of the vector potential A .
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(c) Then show that the Fourier component j q of the current density canbewritten
as

j q = �
ne2

mc
A q +

2e2

m2c

Z
dp

(2� ~)3

jup v� p � ~q � vp u� p � ~q j2

"p + " � p � ~q
(p � A q )p:

Using the penetration depth � 2 = mc2=4� ne2 and changing variables from the
wavevector p to the single-particleenergy� , this can be rewritten as

j q = �
c

4�
K (q)A q ;

K (q) =
1
� 2

�
1 �

Z 1

�1
d�

�
3
2

(1 � jk̂ � q̂j2)
jupv� p � ~q � vp u� p � ~q j2

"p + " � p � ~q

��
;

where the brackets h: : :i denote an angular averageover all directions of p at the
energy� and k̂ and q̂ are unit vectorspointing in the direction of k and q, respec-
tively.

All information on the locality (or non-locality) of the electromagneticresponseof
a superconductoris contained in the kernel K (q). For q ! 0, onehasK (0) = 1=� 2,
in agreement with our previousderivation of the London equation.

(d) Show that for small q,

K (q) =
1
� 2

�
1 �

� 2

12
(q� 0)2 + : : :

�
;

where� 0 = ~vF =� � 0 is the BCS coherencelength.

For large q � 1=�0, you can verify that K (q) becomesvery small,

K (q) =
1
� 2

3�
4q� 0

+ : : : :

With theseresults,we concludethat the spatial rangeof K (q) is of order � 0. To
make this moreprecise,onemay Fourier transform the kernel K to obtain a current
formula in real space,

j (r ) = �
3c

16� 2� 0� 2

Z
dr

R [R � A (r � R )]
R4

J (R); (14)

for which one �nds

J (R) =
2
�

Z 1

1
dx

e� (2R=� � 0 ) coshx

coshx
:
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In the so-called\Pippard approximation", one approximates this integral by sets
J (R) = e� R=� 0 .

We thus seethat the non-locality of the electromagneticresponseextendsover
length scalesup to � 0. If the vector potential A is constant over such length scales,
the London equation is valid. (This implies the condition � � � 0 for validit y of the
London equation.)

Exercise 9.17: Dirty superconductors

Sofar we have talked about a \clean" superconductor, without impurities. If the
superconductor is \dirt y", i.e., when it contains many (non-magnetic) scattering
centers, so that there is a meanfreepath `, the resultsof the previousexercisehave
to be modi�ed. As long as` � � 0, the modi�cations are small. The main e�ect of a
small ` � � 0 is to multiply the kernelJ (R) of Eq. (14) by exp(� R=`), i.e., to shorten
the rangeof non-locality to distancesof order `. Hence,in a dirt y superconductor,
the response to an electromagnetic�eld is local if ` � � , which is a much less
strict condition than the condition � 0 � � we found for clean superconductors.
However, the shorter range of the kernel J also implies a smaller current j : In a
dirt y superconductor

j (r ) = �
ne2`
cm� 0

A (r ):

Derive this result from Eq. (14) using J (R) = exp(� R=`). Writing the current
density as

j (r ) = �
c

4� � 2
A (r );

what is the e�ective penetration depth � in a dirt y superconductor?How doesthis
compareto a cleansuperconductor?

Exercise 9.18: Energy cost of a domain wall

In an applied magnetic �eld Hc, both a (uniform) superconductor and a normal
metal have the same(Gibbs) free energy. So the systemcan go either way. Or it
may go both ways. That is, one half of a superconductorwill go superconducting,
one half will remain normal. In that casethere will be a domain wall between
the normal and superconductingregions. In this exercisewe will calculate the free
energycost (or gain) of such a domain wall.
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Consideran in�nite superconductorwith an applied magnetic �eld H c in the z-
direction. For x ! �1 the superconductorremainsnormal, and the magnetic�eld
can penetrate the superconductor. For x ! 1 the systemturns superconducting,
and the magnetic�eld is excludedby the Meissnere�ect. Wewill assumetranslation
invariancein the y and z directions, so that the order parameter� (or the Landau-
Ginzburg wavefunction  ) and the total magnetic �eld h are functions of x only.

(a) Show that, with these assumptions, can be chosenreal and the Landau-
Ginzburg equationscan be written as

�  + �  3 �
~2

2m
r 2

x  +
4e2

2mc2
a2

y = 0; (15)

j y = �
4e2

mc
 2ay = �

c
4�

@h
@x

; (16)

whereay is the y-component of the vector potential. Wewill be looking for a solution
of the Landau-Ginzburg equations with  = 0 and h = H c for x ! �1 , and
 =  1 =

p
� � =� , h = 0 for x ! 1 . The parameters� , � , and the wavefunction

 are related to the (temperature dependent) penetration depth � and the critical
�eld Hc as4

 2
1 =

mc2

16� e2� 2
; � =

� 4e2

mc2
H 2

c � 2; � =
64� e4

m2c4
H 2

c � 4:

The Landau-Ginzburg temperature-dependent coherencelength � , which governs
the scaleof spatial variations of  is de�ned as

� 2 =
~2

� 2m�
=

~2c2

8e2H 2
c � 2

:

Sincethe external �eld Hc is imposed,the energycost 
 per unit areaassociated
with the domain wall hasto be calculatedasa di�erence of Gibbs freeenergies.The
Gibbs free energydensity is de�ned as g = f � hH c=4� , wheref is the free energy
density. Hence,


 =
Z 1

�1
dx

�
f (x) �

h(x)Hc

4�
� f s0

�
;

wheref s0 is the free energydensity of the bulk superconductingphase.The energy
cost 
 is often written as


 =
H 2

c

8�
� ;

4I am following the convention of de Gennesto set the massm in the Landau-Ginzburg equation
equal to the electron massm. Tinkham replacesm by 2m.
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where � has the dimensionof length. Positive � corresponds to a free energycost
for a domain wall: domain walls are unfavorable; negative � points to an instabilit y
of the uniform state, wherethe formation of domain walls is favorable.

(b) Show that the length � can be expressedin terms of the magnetic �eld h and
the Landau-Ginzburgwavefunction  as

� =
Z 1

�1
dx

" �
1 �

h
Hc

� 2

�
�

 
 1

� 4
#

: (17)

In order to �nd � one has to solve the Landau-Ginzburg equations (15) with the
appropriate boundary conditions. In general,this problem is too di�cult, and can
only be donenumerically. However, it is possibleto �nd a solution in two limiting
cases.

(c) If � � � , the suppressionof the magnetic �eld happenson the scale� � � ,
while it takesa length of order � for the superconductingorder parameter  
to reach its bulk value  1 . Hencewe expect that � is positive, of order � . For
a quantitativ e calculation, we solve the Landau-Ginzburg equation (15) with
h = ay = 0 and with the boundary condition  = 0 at x = 0. Show that one
then �nds

� =
4
3

�
p

2:

(d) In the oppositecase� � � , the order parameteradjustsquasi-instantaneously
to its local equilibrium value on the scale� � � . However,  remainssmaller
than  1 as long as there is a magnetic �eld. You can calculate from the
Landau-Ginzburgequation (15) that

 2 =
� �
�

�
2e2a2

y

mc2�
:

Substituting  into the London/Maxwell equation(16), you canthen solve for
ay and h. Derive the appropriate boundary conditions for ay at x = 0 and
show that one thus �nds

� =
8(1 �

p
2)

3
�:

What is the length scaleat which  reaches its bulk value  1 ? Is this what
you expect? Why (not)?
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Exercise 9.19: Upper critical �eld H c2

Let us consider a superconductor in a magnetic �eld. If we lower the magnetic
�eld, there are two possiblescenarios: (i) the magnetic �eld is excludedonce the
�eld drops below a certain value or (ii) �rst a small part of the samplewill become
superconducting,while a magnetic �eld remainspresent. To seewhat happens,we
�rst investigatescenario(ii). If superconductivity only developsin a small part of
the sample,we can usethe Landau-Ginzburg equation without the j j4 term (the
linearizedLandau-Ginzburgequation),

�  +
1

2m

�
� i~r �

2eA
c

� 2

 = 0:

Sincecurrents are proportional to j j2, we may set r � A = H , where H is the
applied magnetic �eld.

(a) Show that the linearizedLandau-Ginzburgequation hasa nontrivial solution
if H � (� � )mc=e~. (Note that � is negative for a superconductorat T < Tc.)
This critical �eld is called Hc2 and can be rewritten as

Hc2 = �
p

2Hc =
hc

4� e� (T)2
;

where Hc is the thermodynamic critical �eld and � (T) is the temperature-
dependent coherencelength.

(b) With this information, arguewheneach of the scenariosaboveapply, and what
the critical �eld is in each case.

Note: the scenariosabove do not take the boundariesof the superconductor into
account. Closeto the boundary of a superconductor, superconducting regionscan
nucleatealreadyfor magnetic�elds aboveH c2. The upper critical �eld for nucleation
of superconductingpockets closeto the surfaceof a superconductor is called H c3.
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Exercise 9.20: Andreev re
ection and the proximity e�ect

In this exercisewe look at a thin clean normal metal �lm (thicknessw) deposited
on top of a superconductor,see�gure.

L

z

y

x

N S

The quasiparticlestatescanbe found aseigenstatesof the Bogoliubov-deGennes
Hamiltonian,

�
� ~2

2m r 2 � � �( r )
� � (r ) ~2

2m r 2 � �

� �
u
v

�
= "

�
u
v

�
:

This calculation is a \to y" calculation in which we don't worry about the self-
consistencycondition for the order parameter: We set �( r ) = � for r in the super-
conductor and � = 0 otherwise.

Instead of solving the Bogoliubov-de GennesHamiltonian for the full normal-
metal{superconductorhybrid structure, for energiesj" j < � it is su�cien t to solve
the Bogoliubov-de GennesHamiltonian in the normal metal only, with the appro-
priate boundary conditions at the normal-metal{superconductor interface. These
are the boundary conditions corresponding to \Andreev re
ection": Close to the
interfaceat x = L, the wavefunctionsmust have the form, for " � � ; � ,

�
u(r )
v(r )

�
/ eik y y+ ik z z

�
eik e

x x

� ieik h
x x

�
or

�
u(r )
v(r )

�
/ eik y y+ ik z z

�
e� ik e

x x

ie� ik h
x x

�
;

whereke
x = [(2m=~2)(" + � ) � k2

y � k2
z ]1=2 is the x-component of the wavevector that

solvesthe Schr•odinger equation at energy� + " and kh
x = [(2m=~2)( � " + � ) � k2

y �
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k2
z ]1=2 is the x-component of the wavevector that solvesthe Schr•odingerequationat

energy� � " .
Below we look at the eigenfunctionsof the Bogoliubov-de Gennesequationwith

energy " � � ; � and for a normal metal �lm that is much wider than the Fermi
wavelength, pF L � 1.

(a) Show that the eigenfunctionsof the metal �lm are
�

u(r )
v(r )

�
= eik y y+ ik z z

�
u sin(ke

xx)
v sin(kh

x x)

�
;

where

eik e
x L u = � ieik h

x L v;

e� ik e
x L u = ie� ik h

x L v;

and ju2j + jv2j = 1=(4� 2L).

(b) Using (a), show that the eigenvalues" of the Bogoliubov-de Gennesequation
are labeledby the wavevectors ky and kz and an integer n � 0,and that they
can be written as

"n;k y ;kz =
� (2n + 1)~vF x

4L
;

wheremvF x = [p2
F � p2

y � p2
z]1=2 and pF is the Fermi momentum, p2

F =2m = � .

We now derive an expressionfor the local density of states

� ("; r ) =
1

2� ~

X

�

Z
dte� i"t= ~h � (r ; t) y

� (r ; 0)i ;

wherethe expectation value h: : :i is taken in the ground state.

(c) Expressingthe electron operators  in terms of the Bogoliubov quasiparticle
operators 
 , show that onecan write

� ("; r ) = 2
Z

dkydkz

X

n

jun;k z ;ky (r )j2� (" � "n;k y ;kz ):

(d) Derive an expressionfor � ("; r ). Discussthe two regimes" � ~vF =L and
~vF =L � " � � separately.
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(e) Derive an expressionfor the quantit y

f ("; r ) =
1

2� ~

Z
dte� i"t= ~h " (r ; t) #(r ; 0)i ;

which measures\superconductingcorrelations" in the normal metal. In your
discussion,expressf as a function of the distancex0 from the normal-metal{
superconductorinterfaceand focuson the energyregimes" � ~vF =L, ~vF =L �
" � ~vF =x0 and ~vF =x0 � " � �.
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