1 Quasiparticles *

Exercise 1.1: Relation between density of states (0), Fermi momentum pgs, and
e ective massm .

Consider quasiparticleswith spin , momerium p, and energy" (p). The zero
temperature occupation of a quasiparticleis n°(p) = (" " (p)), where"¢ is the
Fermi energy Shaw that the quasiparticle density of states at the Fermi level can
be written as X

"y @ o/

("r) = @Tn (p);

b p

and shaw that, for zeromagnetic eld and a sphericalFermi surface,the density of
states (0) at the Fermi surface(per unit volume) is given by

m
0= T,

Exercise 1.2: Wavefunction renormalization constant

In a Green function derivation of Fermi Liquid Theory, one starts from the exci-
tations of the ground state that consistof \bare" particles, not quasiparticles. In
other words, the building blocks of the theory are excited states of the form

Cp. i0i;

were jOi is the ground state of the non-interacting systemand c|yo; is the creation
operator for a true particle (3He atom, electron) in a state with momertum p and
spin

Adiabatically switching on of the interaction mapsthe particles, whosecreation
and annihilation operator are denotedwith c‘l/g; and Cp, onto guasiparticles,whose

creation and annihilation operatorswe'll denoteby ayp; and ap, - Onecan descrike
the switching procedureby a unitary transformation U, that operateson the spaceof
mary-body states. (Recallthat an operator U is calledunitary if U 1 = UY. Unitary
transformations presene the normalization and scalar products of wavefunctions.)
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In particular, the ground state jGi of the interacting systemis obtained by operating
U on the ground state jOi of the interacting system,

jGi = Uj0i:
Similarly, the quasiparticlecreation/annihilation operatorsalyo; and ap. arerelated

to ¢y, andcp. by
ap. = Ucy, U, ap. = Ucp, U”:

Explicitly, one can write a’b; as
p_
ap. = Zcp, +O(do+ (1)

The number Z is called the \w avefunction renormalization constart". It indicates
how much weight of the original \bare" patrticle is still presen in the quasiparticle.
The higher order terms shov how the quasiparticle is built: It consistsof the bare
particle, dressedwith a cloud of particle-hole excitations.

(a) For the casethat a quasiparticle hasa well-de ned momertum and spin, can
you give an example of a third order term in Eqg. (1) could look like? Pay
attention to the valuesthe momertum and spin indicesof the particle creation
and annihilation operators can take.

(b) What is the inverseof Eq. (1)? It is sucient to write down the rst term of
the expansion.

(c) At zerotemperatures,the occupationofn, = ha} a, i of quasiparticlestates
is one for p < pr and zero otherwise. It is jumps by unity at the Fermi
momertum. Sketch an examplehow the occupationhcy ¢, i of bare particle
statescould look like. How doesit behare at the Fermi momertum?

Exercise 1.3: Collision integral

In this exerciseyou nd an expressionfor the collision integral for the caseof a
spherical Fermi surface.

We considera binary collision where a quasiparticle with initial momenium p
and spin  collideswith a quasiparticle with momertum p, and spin ,, see gure
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Figure 1: Diagram represening a binary collision in which a quasiparticle with initial
momertum p and spin  collides with a quasiparticle with momertum p, and spin .
The two quasiparticles emerging from the collision have momerta p9 and p9 and spin ¢

and §.

1. Quasiparticleswith momena p? and p3 and spin  and 9 emergefrom the
collision. The collision integral I, which courts the net change of the population
n = n (p) resulting from this processfollows from Fermi's Golden Rule,

J 2 4 00
I = W(P1 15575P2 2) 1+ 2 9 9 pitp2ipd+pd
nal states

"+ Y YN ) nd) @ M nndndl: @

Herewe abbreviated" = " (p), "2 =" ,(p2), N2 = n ,(p>2), etc. The collision inte-

gral of Eq. (2) cortains both processesn which the population n = n (p) decreases
becausea quasiparticlewith spin  and momertum p collideswith anotherquasipar-
ticle and getsa di erent momertum or spin (\scattering out of the state ( ;p)") and
processesn which the population n = n (p) increasesbecausequasiparticleswith

spin and momenum p are createdin collisionsof other quasiparticles(\scattering

into the state ( ;p)").

(a) Canyou indicate which parts in Eq. (2) correspnd to scattering\out of" and
\into" the state ( ;p)?

(b) Equation (2) cortains a summation over nal states. In that equation, we
useda convertion that the momerta can take discretevaluesonly. Moreover,
becausethe quasiparticlesare indistinguishable, only (anti)symmetrized nal
statesare includedin the summation. Show that, if onerewrites Eq. (2) asan
unrestricted integration over momerta, i.e., using a corvertion that momena
are cortinuous and without (anti)symmetrization constrairt, one nds

..... 00 e
W(P1 155715 P2 2) 1+ 2 0+ Q prepapf+pd it
nal states



Figure 2: De nition of the angles and usedto parameterizethe transition probability
W.

Z
1 1
L e dpodpidp3 W (Pa; P2; P1; P3) + W (Pa; P2; P1; P2)
(P1+ P2 PY P2t
wherethe dots indicate the remaining terms in Eq. (2).

Next, we'll deal with the delta function for momerium consenration. Let denote
the anglebetweenthe plane spannedby p; and p, and the plane spannedby p? and
pJ, andlet bethe anglebetweenp and p», see gure 2. Sinceall momerta are of
order pg, the transition probabilities W (p1; p2; p9; p9) and Wey (p1; p2; p2; p9) will
not depend on the magnitudesof the momena involved. Moreover, asa result of the
fact that all momerta are nearly equal, the trianglesin gure 2 are nearly isosceles.
Hencethe anglep? and p9 is (almost) equalto , the anglebetweenp and p,. We
thus nd that the transition probabilities W (p1; p2; p$; p9) and Wey (p1; p2; pS; p9)
depend on the angles and only, and that we have a decouplingof angular and
energyvariablesin tge expressionfor the collision integral,

1 1
= (@ e Opedpidpz SWe (i )+ Wel(;) (P+p2 PY PY)
"t " " n nd)@ nd) @ n)(@  np)ndng;

where we usedthe sameshort-hand notation asin Eq. (2). Now you can perform
the remaining integrals over the momerta p-, p?, and pJ.

(c) Introducepolar coordinates( ; ») for p,, choosingthe z-axis alongp to show

that
dp,=m pgd';sin d d »:

(d) Introducepolar coordinates( ?; ) for p?, choosingthe z-axis alongp + p2, to
shaw that
dpd = m ped"9sin % %d:
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e) Onecaneliminate 9 in favor of "2 as
1 2

m n0.

df= . ;
YoopEsin 2

Hint: rst draw the triangle formed by p¢, p9, and p? + p9 to show

@i _ ;o
—= = sin :
Finally, one may put ewerything togetherto nd
3 Z Z
m

_ v 1m0 n0 sin 1
| = 22 5 d',d"jd"; ddd 2cos(2) 2

2 Y PN ) n) @ m@a n)ndndls @)

W (5 )+ Weg (5 )

Now, the only thing left is the integration over energy This is donein the next
exercise.

Exercise 1.4: Lifetime of a quasifarticle

Supposewe introduce at time t = 0 an extra quasiparticle with momertum p into
the Fermi Liquid, which is in equilibrium at temperature T. The quasiparticle
distribution at t = O is then

o
G R @)

We expect that the addedquasiparticlewill decay asa result of scattering with the
other quasiparticles. In terms of the occupationn(p), this implies that n(p) decgs
to its equilibrium value ny accordingto

@n(p) _ n(p).
@ ()

This de nes the quasiparticle lifetime (p).




We can compute (p) by noting that at time t = 0, = |; wherel is the
collision integral for a quasiparticle with momenium p (seethe previous exercise).
Usingn(p) = 1, we thus nd

3 VA ; I\N o
(p) 1 = ((2m3)6 sin d dd zdnzd"3d"4 %
n2(L n3)( ng) ("i+ "2 "z Ma) (5)

Below we'll seethat the energy-irtegrations can be done explicitly, with the result

(m)®  W(;) (keT)?+("(P) ) .
16 4~6 2cos(=2) 1+ exp ("(p) )=ks T]
Hereh ::i denotesan averageover the angular variables,

Z
= — dd d ,sin

(p) *=

(a) Show that the energyintegrationsin (5) can be written in the form

Z
e e e
2
(eT) dededa oo o371 ewr1

(X X2 Xz Xa);
wherex = (" )=ks T.

R .
(b) Write (x) = zi dte ™ to write the energyintegral as

Z Z i 4y 2o 3
(kBT)2 dte it + x=2 dX étX] Xj =2 .
2 e+ 1
Usecortour integration to show that
Z eith+Xj =2
dx = :
Ve +1  cosh t)

(c) Now the t-integral canbe doneusingthe result of (b). Notethat in the complex
t-plane the integrand hastriple polesatt, = in+i=2(n= 1;2;:::). Show
that contour integration givesfor this energy-irtegral

X
( 1)n( 2+ XZ)e nx+x:2:

n=1



(d) Sumthe seriesin (c) to get for the energyintegral

(kBT)Z 2+ X2_
2 l+ex

This yields the desiredresult for (p).

Exercise 1.5: Lifetime of a quasi-antiparticle

In exercisel.4 you calculatedthe lifetime of a quasiparticlewith momerium p. The
result was

_m)® o W( ) (ke (") )%
16 4~6 2cos(=2) 1+exg ("(p) )=keT]

(p) *

Can you write down a similar expressionfor the lifetime of a quasi-aniparticle?
That is, if at time t = 0 we remove a quasiparticle from the system,

0 ifp=p°

Npo = : ; 6
p° n% if p & p° 6)
we expect that the \antiparticle" that is created will be annihilated as a result
of scattering among the other quasiparticles. In terms of the occupation np, this

implies that the quasi-artiparticle hasa lifetime de ned as

% = ﬁ; att=0:
@ p
You may guessthe ansver.
In Ex. 1.4 you saw that quasiparticleswith energy are very long lived. At
the sametime, we know that all excitations far away from the Fermi level should
have a short lifetime. How can you reconcilethosetwo statemeris?



2 Kinetic equation

Exercise 2.1: Temperature dependene of chemial potential

At zerotemperature, the chemical potertial is equalto the Fermi energy = "g.
The Fermi energyis a function of the density of electrons. At a nite temperature,
howewer, the chemical potential neednot be equalto the Fermi energy

(a) Calculate the chemical potertial (T) up to secondorder in the temperature.
You may expressyour answer in terms of the Fermi energy"s and the deriva-
tive @ (")=@ of the density of states.

The thermal conductivity descrikesthe responseof a systemto a temperature gra-
dient. If the temperature gradiert is set up in a samplethat is held at constart
chemical potential, it will drive both an energycurrent and a charge currert. How-
ewer, in a samplethat is in thermal, but not electrical, cortact to a hot and a cold
resenoir, the only possibleresponseis an energycurrent. This meansthat the tem-
perature gradiert must be linked to a chemical potertial gradiert in orderto ensure
the absenceof a charge curren.

(b) For a sphericalFermi surface,calculatethe chemical potential gradiert neces-
sary to adhiewve this. Do you nd that we should changethe result

l n
=9 T ("p)V

that we obtained for the energycurrernt at constart chemical potential?

(c) Compareyour answersto (a) and (b).

Exercise 2.2: Viscosity

Viscosity relatesthe o w of momertum to a gradiert in the velocity. In particular, if
the velocity vy in the y-direction variesalong the z-direction, there will bea ow of
y-componert of momenium in the z-direction, see gure 1. The momertum currert
measuresthe force density that parallel layers of the liquid exert on ead other.



y

Figure 1: For aliquid owing in the y direction, the ow velocity vy hasa gradiert in the
z direction. As a result, momertum py is transported in the z direction.

Denoting the relevant momertum currert densiy by j,,, the viscosiy is de ned

as
dvy(2) .
dz -

Calculate the viscosity  of the electron liquid using the Boltzmann equation and
the relaxation time approximation.

Jzy =

Exercise 2.3: Low-enepgy excitationsin graphene

In this exerciseyou derive an e ective Hamiltonian for conduction electronsin
graphene, a single sheet of graphite. The rst half of this exerciseis basedon
Ex. 9.3 of P635, of taught by Prof. Ralph.

The electronicstateswhich cortribute to the band structure nearthe Fermi sur-
face are the p,-orbitals of the carbon atoms, which have the form (r) = zf (r),
wherez is the coordinate perpendicular to the graphenesheetand f (r) is a spher-
ically symmetric function of the electron coordinate r = jrj at ead atom. The
p,-orbitals have weak coupling, sothe band structure may be obtained from a tight-
binding approad. The other atomic orbitals (s, px, and p,) have much stronger
coupling. They cortribute to bandslying far above and far below the Fermi energy

The lattice of graphenehasa honeyconb structure, seeFig. 2. It hasatwo-atom
basis,with eat atom cortributing one electronto a tight-binding band. The two
basisatoms are labeled\+" and\ " in the gure. The primitiv e vectors of the
direct lattice are vectorsa; and a, of Fig. 2. Their length is denoteda.

(@) The rst Brillouin zonefor a hexagonallattice is also hexagonal. It is shavn
in the right panelof Fig. 2. Determinethe vectorscorrespnding to the points
K and K%in the gure.
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Figure 2: Left: Honeyconb lattice, with basisatoms labeled\+" and\ ". Right: First
Brillouin zonewith the location of the two Fermi points of graphene.

We look for Bloch wave solutions of the form

X X
k(= +  éXKta(r ra)+é eks (r rg): (1)
A B

where  are constarts that we will determineby requiring that  be a normalized
eigenstateof the Hamiltonian, is a phasethat we will specify later, and is the
electron spin and k = (ky;Kky) is a two-dimensionalwavewvector. For simplicity we
will alsoassumethat the orbitals certered at di erent sites are orthogonal, and
that it is su cient to consideronly nearest-neighor overlapsin the tight-binding
Hamiltonian.

(b) Show that the Sdredinger equation

Hie  (r) ="(k) « (r) (2)
can be castin the form
"o f(K) . .
f (k) "0 - (k) ’ (3)
where X
f (k) = te gk re 1), 4)

nn

the summation being restricted to nearestneighbor lattice sites. Find expres-
sionsfor the \hopping amplitude” t and for the \band certer" "y in terms of
matrix elemerns of the Hamiltonian H.
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(c) Find an expressionfor " (k) in terms of ", t, and k. Show that there are two
energies'(k), eat with its own solution for , at eat wavewector k.

(d) Shaw that the band structure is symmetric around " = ".

Every lattice atom cortributes one electron the the tight-binding band you calcu-
lated. Becauseof spin degeneracyand becauseof the symmetry of the tight-binding
band around " = ", the Fermi energyis preciselyat " = "o. Hence,in order to
descrike low-energy states we should investigate the band structure in the vicinity
of "(k) = "o.

(e) Shaw that "(k) = "¢ only at the six cornersof the rst Brillouin zone,seeFig.
2.

Only two of the cornersofthe rst Brillouin zonecorrespndto independern wavevec-
tors | the othersdier by vectorsof the reciprocal lattice. Thesespecial wavevec-
tors are called\F ermi points". They are labeledK and K% The fact that graphene
has Fermi points, and not a \F ermi circle", as onewould expect for a generictwo-
dimensionalconductor, is responsiblefor its very special electrical properties.

(f) Sincewe are interestedin eigenstatesand energiescloseto the Fermi energy
we write k = K + g or k = K%+ q, for the casethat k is closeto K or K?
respectively. In orderto derive an e ective Hamiltonian for energiescloseto
"£, we expand " (k) up to linear order in g around ead Fermi point. Show
that, with a suitable choicefor and for k near K, the matrix equation (3)
can be written as

("o+~veq ) T = @@ ®)

where Vg is the \F ermi velocity"” and = ( «; y), x and  being the Pauli
matrices. Find an expressionfor the \F ermi velocity” vg.

(g) Shaw that onecan arrive at the samee ective low-energy Hamiltonian for k
near K but with the rolesof . and interchanged,

"ot ~VeQ ) = "(q) ; (6)
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Equations (5) and (6) provide an e ectiv e low-energyHamiltonian for graphene.

It is possibleto rewrite Egs. (5) and (6) with respect to the coordinate r, not
the wavewector . Hereto, we note that a general wavefunction can be speci ed
in terms of its expansioncoe cients  (g) and  (q)° for Bloch waves near the
Fermi points K and K respectively. We arrange these expansioncoe cien ts into
a four-componert vector

@=C-«@; (@ @% +@9: @)

From Egs. (5) and (6) we concludethat the e ective Hamiltonian for this four-
componert wavefunction reads

"o+ ~VEQ 0

He (o) = 0 kg () (8)

Fourier transforming to space,we then nd

_ 0 %@ 0
e ()7 0 % iv@

This is the sameHamiltonian asthe Hamitolnian describingDirac particlesein two
dimensions. It is the standard form of the low-energy Hamiltonian for graphene
usedin most of the theoretical literature.

(a): (9)

Exercise 2.4: Conductivity of graphene

Grapheneis a single layer of graphite. In Ex. 2.3 you saw that, for low excitation
energiesgraphenecan be descrited by the two-dimensionalDirac Hamiltonian,

He (@) = "o+ ~VeQq (10)

Here ", is the band certer, vg is the Fermi energy = ( x; y), x and y being
the Pauli matrices, and the wavefunction is represeted by a two-componen vector,
wherethe two componerts referto the two basisatomsin the Honeyconb lattice. All
statesare fourfold degeneratefor spin and for the two Fermi points of the graphene
band structure.

(a) Show that the density of states(per unit volume) (") is proportional to j* "gj,

and calculate the proportionality constart.
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Figure 3: Schematic drawing of a graphenesheet(top), separatedfrom a metal capacitor
plate (gate, bottom) by an insulating substrate.

Becausethe density of statesvanishesat " = ", grapheneis sometimescalled
a \zero band gap semiconductor"! In the remainder of this exercise,we neglect
the Dirac structure of the low-energy Hamiltonian (10), and considergrapheneas
a corvertional zero-bandsemiconductorwith density of states (") given by your
answer to part (a).

(b) For neutral graphene the chemicalpotential = "¢. It is possibleto adjust the
electrondensity (and, hence the chemicalpotertial ) by placingthe graphene
sheetnear a charged capacitor plate (called \gate™) with charge density o,
seeFig. 3. Calculate the chemical potential asa function of .

In practice, the graphenesheetis electrically isolated from the metal gate by an
insulating substrate. Becauseany substrate has chargedimpurities, the electronsin
the graphenesheetexperiencea spatially varying potertial V (r), in addition to the
spatially constart (chemical) potential shift you calculatedin part (b). The electrons
scatter o the potertial V(r), which is the main reasonwhy the conductivity of
grapheneis nite.

(c) UseFermi's goldenrule to estimatethe elastic scattering rate asa function of
the chargedensity o onthe capacitorplace(i.e., at a nite chemicalpotential
). For V(r) you may take a sum of of short-range scatterersat randomly
chosenpositions, X
V(r) = uf (r ry); (12)
J
wherer; is the position of the j th scatterer,u is a parametersetting the typical
strength of the gotertial of oneimpurity, and f (r) is a function pealed near
r = Oandwith drf (r) = 1. Write your answer in terms of the Fermi velocity

INote that grapheneis neither a true semiconductor nor a true metal. A true semiconductor
hasa nite band gap, and a metal hasa nite density of statesfor all energies.
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Vg, the parameteru, the impurity concettration nin,, and the charge density
o on the gate. You do not needto specify numerical prefactors.

(d) Show that your answer implies that the conductivity of grapheneis indepen-
dent of .

Experimenrtally, one nds that is proportional to j oj. A simple way to un-
derstand this is to considerhow the electronsscreenthe the chargedimpurities in
the substrate. According to the Thomas-Fermi theory of screening,the electrons
respond to an external chargedensity (r) by adjusting their density in sud a way
that the chargeis optimally screened. This adjustmert of the electron density is
achieved by meansof an induced potential Ve (r), which is chosensud that the
density of electronsin the presenceof that potential correspndsto the density of
electronsnecessaryto screenthe external charge? i.e.,

Z
(ry=-e d" ("): (12)

Ve (1)

One can now descrile the conmbined e ect of the charged capacitor plate and
the chargedimpurities as follows: The capacitor plate and the impurities impose
a chargedensity (r) = o+ (r) on the graphenesheet. The rst term g is
a uniform charge density determined solely by the charge on the capacitor plate.
The secondterm is a spatially varying charge density determined by the charged
impurities in the substrate. We take

X
(N=e f@ 1) (13)
J

with g the position of the jth impurity and f (r) a function pealed nearr = 0 and
with  drf (r) = 1.

(e) Repeatyour analysisof parts (c) and (d) aboveto re-calculatethe (-dependence
of the conductivity of graphenein the presenceof screening.You may assume
thatj ] ] oj. Doesyour answer agreewith the experimertal obsenations?
What was missingin your analysisof parts (c) and (d) above?

2For the Thomas-Fermi theory to be valid, the potential Vg (r) must vary slowly with respect
to the electronic wavelength.
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Exercise 2.5: One-dimensionalconductor

It is possibleto fabricate sampleghat behare asdefect-freeone-dimensionatonduc-
tors. Examplesare \quantum wires" in semiconductorheterostructures,or carbon
nanotubes. At very low temperatures, interactions lead to a strongly correlated
electronic ground state (the so-called\Luttinger Liquid"). Howewer, at not too
low temperatures, a description in terms of the Boltzmann equation may still be
appropriate.

In a one-dimensionalconductor, the relevant momerta p are in the vicinity of
either pr or pg, see gure 4. One usually refersto the two types of excitations
as\right movers" and \left movers". As a result, in onedimensionthe distribution
function f can be represeted by two functions ng and n,_ that ead depend on the
kinetic energy" of the electronsonly. In the absenceof collisions, the Boltzmann
equationthen reads

@r @r @r

@ + VE @ + eEVF @ = 0 (14)
% Ve % eEvr % = 0 (15)

where Ve is the Fermi velocity.

(&) Shaw that in one dimension, the Fermi velocity is related to the density of
statesat the Fermi level ("g).

Consider a one dimensional conductor in which the electric eld exists only
within a segmehn of length L. Assumethat all electronsertering that segmen are
in thermal equilibrium, i.e., their distribution function f (") is the Fermi function.
Also assumethat the one dimensional conductor is perfect, i.e., that there are no
collisionsbetweenthe electronsor betweenelectronsand impurities or defects.

(b) Solwe the Boltzmann equationto nd the electrical currert in the conductor.

(c) What doesyour answer to (b) imply if expressedn terms of a \conductivit y"?
Doesyour answer make sense?

(d) One can also expressthe answer to (b) in terms of the \conductance" G,
de ned as the quotient of the currernt | and the voltageV = EL over the
conductor. What conductancedo you nd? What physical properties doesit
depend on?

15
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Figure 4: Dispersionrelation of a one dimensional metal. All relevant momerta are close
to pr and pg.

Exercise 2.6: Electrical conduction

In this exercisewe cortinue to considerthe electrical resistanceof a perfect one-
dimensionalconductor. A possiblemeasuremensetupis shown in Fig. 5: The wire
is connectedto sourceand drain reserwirs. There exists a voltage di erence V
betweenthe electrostatic potertials in the two reserwirs, and the currert through
the wire is measured.Tednically, suc a measuremenof the resistances referredto
as a \t wo-terminal measuremeti, becausethe voltagesand currerts are measured
with respect to the sameresernwirs. The Boltzmann equationyou solved in Ex. 2.5
is for this measuremen setup.

In Ex. 2.5you saw that, in a one-dimensionakonductor, one can usethe energy
" to label an electronicstate, instead of the momenium p, togetherwith a label that
speci es whether the electron movesto the right or to the left. Here, the energy”
is the kinetic energyof the electrons. The Boltzmann equation [Egs. (14) and (15)
of EX. 2.5] expresseghe fact that the kinetic energyof a moving electron changes
becauseof the presenceof the electric eld. Howewer, the electron's total energy
"ot = "+ e, which is the sum of potertial energye and kinetic energy", does
not. We can usethe fact that the total energyis consered to write down a simpler
version of the Boltzmann equation.

(a) Argue that, if we descrike the state of an electronin a one-dimensionalcon-
ductor by specifying its total energy": instead of its kinetic energy"”, the
Boltzmann equation readssimply

—+Ve— = 0 (16)
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Figure 5: Setup for the two-terminal measuremen of the electrical resistanceof a metal.
@ Vg @ = 0O (17)
@ @
Here0 < x < L is the coordinate along the conductor.

(b) What are the appropriate boundary conditions for the distribution functions
n.andng at x=0andx = L?
Hint: both source and drain reservoirshavethe sameelectron density.

(c) Solwe the Boltzmann equation, calculate the current | as a function of the
applied voltage V, and compareyour answer with Ex. 2.5.

Exercise 2.7: Di usion
Considera certain perturbation n(r; 0) = ng+ n(r;0) of the electrondensity at time

t = 0, where ng is the equilibrium electron density. In linear response,a density
gradiert givesriseto a particle current

whereD is the di usion constart.
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(a) Using the Boltzmann equation and the relaxation time approximation shov
that

— 2.
D=2 Vg

Wl

(b) Assuming that the initial density perturbation can be treated in linear re-
sponse,how doesthe density change n(r;t) ewlve in time?

(c) Specializeyour answer to the case n(r;0)) = (r rg) that the initial pertur-
bation consistsof oneelectronlocalizedat position r.

(d) At time t, calculatethe averagedisplacemen and the averageof the squareof
the displacemen of the electronyou consideredin (c).

Exercise 2.8: Diusion and randomwalk

The relation D = (1=3) vZ betweenthe Fermi velocity vg, the di usion constart
D, and the meanfreetime is of very generalvalidity. Derive the samerelation
by consideringa classicalparticle that movesat velocity ve and performsa random
walk: at random points in time, the particle randomly changesthe direction of its
velocity. For this processthe meanfreetime is de ned by specifyingthat in a time
interval dt, the probability that sud a random changeof velocity happensis dt= .
Hint: Calculatethe averageof the squake of the displa@mentof sucha particle in a
time interval of lengtht and compare your answerto whatyou nd from Ex. 2.7c.

Exercise 2.9: Einstein relation

If a metal sampleis placedin an electric eld, an electric current will start to
ow. The currert will exist only for a limited time, howewer, unlessthe sampleis
connectedto sourceand drain electrodes. After all, oncethe normal-metal sample
hasreaded equilibrium in the presenceof the applied electric eld no currents can
ow inside the sample(in the absenceof a magnetic eld).

(&) Onemedanismby which the electrical currert is halted is that the initial ow
of electronsleadsto an accunulation of charge at both ends of the sample.
Show that the accunulated charge createsan electric eld that courteracts
the applied eld and thus stopsthe current ow.
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(b)

(©)

Even if one can neglectthe e ect mertioned above | which canbe achieved,
e.g, by anearby capacitorthat screenghe accunulated charge| the electric
current will cometo a halt becauseit generatesa density gradiert. Showv
that the density gradiert causedby the applied electrical eld is sud that the
correspnding di usion currert is directed opposite to the drift current E
causedby the electric eld.

The fact that the di usion and drift currents cancelin equilibrium canbe used
to derive a relation between the electrical conductivity  and the di usion
constart D. Show that

= &D ("¢); (18)
where (") is the density of states. Equation (18) is known as an "Einstein
relation'.
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3 Scattering mechanisms

Exercise 3.1: Beyondthe Born approximation

In this exerciseyou are guided through a review of someitems from quartum scat-
tering theory. The goal of the exerciseis to introducethe T matrix for scattering
o an impurity. The T matrix replacesthe matrix elemens of the scattering po-
tential V in the expressionfor the transition rate if one wants to go beyond the
Born appraximation. It will play an important role in our discussionof the Kondo
e ect later in the course.Although this exerciseusesa “Greenfunction’, no formal
knowledgeof Greenfunction is assumed.

We considernon-interacting electronsin a periodic potertial with the Hamilto-
nian Hy. The plane-wave (or Bloch wave) eigenstatesH, are denotedjpi and the
correspnding eigervalue is "(p). We considera nite volumeV. Hence,the eigen-
states of Hy have Kroneder-delta normalization and the momena p take discreet
valueswith a density V=(2 ~)3 in momenum space.

For the Hamiltonian Hy, the retarded Green function G; (r;r%") is de ned as
the solution of

(" Ho)G(r;r%M = (r r9; 1)
with outgoing wave boundary conditionsasjr r§! 1 . Similarly, the advanced
Greenfunction G is the solution of Eq. (1) with ingoing wave boundary conditions.

(&) Shaw that

G (rirS") =yt jpy =" MMIRIpIrA,
I Ho | K
p
where is a positive in nitesimal.

(b) If the eigenstatef Hy are planewaves,verify that the retarded Greenfunction
G reads

m gpir r9=-

2 ~2ir rg -

Go(r;r%"y) = 2)

(c) Let us now add impurities to the system. The impurities are descrited by a
potertial V. We want to write a solutionj ,i of the total Hamiltonian H =
Ho + V with incoming boundary condition correspnding to the unperturbed
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state jpi. Shaw that
jpi = jki+ &G ")V pi
= jki + G ("p)Vipi + G ("p)VG ("p)Vipi + i1t (3)
satis es theserequiremerts.

(d) In order to formalize what we learned under (c), we de ne the so-called\ T-

matrix" as
T=V+VEV+::=VQ1 GV) .
In terms of the T matrix, onecan rewrite Eq. (3) as
o X T .
] pt =PI+ %qu; (4)
po p0

with Tpe, = hpYT jpi. Using Eq. (2) shov that one then nds that, if the
eigenstatesof H, are plane waves,the asymptotic form of the wavefunction of
the scatteredwave (4) is
. ip°r
& + 1 (ptp) S
wherethe wavewector p®is de ned aspf,  beingthe unit vectorin the direction
of r.

With this result we can now write expressionsfor two useful quartities from
collision theory. First, the di erential crosssectiondQ=d, whered denotesan
elemen of solid angle,is

dQ ., m2V?

d = jf (p%p)i* = ijpO;pjzi

where, as before, p®is a vector of length p and pointing in the direction , and the
total crosssectionQ is de ned asthe integral of the di erential crosssectiondQ=d
over all scattering angles. Second,the transition rate is

2 V. P "
Wpop = — iTowi® ("po "p): %)

The transition rate givesthe probability per unit time that a particle is scattered
out of plane wave state p into plane wave state p° To lowest order in the impurity
potertial V, Eg. (5) is nothing but the Born appraximation.
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Exercise 3.2: Delta-function impurities

(a) Calculatethe total scatteringcrosssectionQ of oneimpurity for the casethat
the impurity potential v(r) = u (r). You may usethe Born approximation.
For the electronsyou may assumea sphericalFermi surface.

(b) Calculatethe the meantime for scatteringfrom the impurities you considered
under (a) in the casethat they arerandomly locatedwith volume density Ny, .

Exercise 3.3: Carbon nanotule!

Carbon nanotubes are tiny rolls of graphene. Their diameter is only a few lattice
spacings,whereasthey can be up to mm long. Carbon nanotubes comein two
varieties: metallic and semiconductornanotubes. Semiconductornanotubes have
zerodensity of statesat the Fermi level. They will not conducta current if a small
voltage is applied. Metallic nanotubes, on the other hand, have a nite density
of states at the Fermi level. Belov we look at the main sourceof resistivity in a
metallic nanotube, scattering from phonons.

Becausea nanotube is, in principle, one dimensional, the electronic states are
labeled by a one-dimensionalmomertum p. Near the Fermi energy the electronic
structure of a metallic carbon nanotube consiststhe following bands, seeFig. 1,

"rR+(P) = VE(P Po)

"L+ = VE(p Ppo)

"R (P) = Ve(p+ po)

", (A = Ve(p+ po): (6)

wherethe momenum py is located at the boundary of the rst Brillouin zone. Each
of the energieslisted above is twofold degeneratebecauseof spin. The momena

po are referredto asthe two \F ermi points". The dispersionrelation (6) for " is
valid aslongasjp po  po- The Fermi energy"r is (closeto) zero.

(a) For eat of the bandslisted in Eq. (6) calculate the magnitude and direction
of the correspnding group velocity. Which of theseare \right movers" and
which of theseare\left movers"?

11 would like to thank Stephan Braig for help in preparing this exercise.
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e(p)

p

Figure 1: Band structure of a metallic carbon nanotube. Closeto the \Fermi points"
Po, the energy dependslinearly on momertum.

Figure 2: diagrams represeting the emissionof a phonon with momertum q (left) and
absorption of a phonon with momertum g (right).

(b) Using the Boltzmann equation without collisions, nd the (two-terminal) re-
sistanceof a carbon nanotube of length L.

The resistanceof the carbon nanotube is determined by contact e ects (seeEx.
2.5) and by scattering from phonons. Scattering from phononsonly cortributes to
the resistanceif right movers are scatteredto left movers or vice versa. Diagrams
represeting the emissionand absorption of a phonon are shovn in Fig. 2. In the
emissionor absorptionof a phononof momertum gandenergy~! , the total (crystal)
momertum p and the total energyis consened.

(c) For scattering of a right moving electron with momerium p and energy"(p)
to a left moving electron by emissionor absorption of a phonon, write down
the constrairts on the nal and initial electron momerta imposedby energy
and momentum consenration.

For an initial analysisof the problem, we ignore emissionor absorption of \zone
boundary" phononswith momenum in the vicinity of 2py, which scatter electrons
betweenthe two Fermi points. Hence,we only considerscattering of electronswithin
the vicinity of one Fermi point. Sud scattering occurs by emissionor absorption
of phononswith low crystal momerium. Recall that there are two types of low-
momenrum phonons: acousticphononsand optical phonons. Acoustic phononshave
low energy~! o / ¢, whereasoptical phononshave a high excitation energy~! oy
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that is asgood as independert of the phonon momertum. For the experimertally
relevant temperatures,onehas~! ;c T ~! .

The scattering rates for phonon emissionand absorption depend on matrix el-
emerns of the electron-phononHamiltonian, on the phonon distribution function,
and on the electrondistribution function. We will not gointo the issueof the matrix
elemetts, asit requiresknowledgeof ab-initio calculation techniques. The phonon
distribution function ernters becausethe emissionrate of phononsat frequency! is
proportional to (1+ npn(0)), whereng,(q) is the number of phononsof momertum q
presen in the system,whereasthe phononabsorptionrate is proportional to nyn(0).

(d) Argue that, for scattering from acoustic phonons, emissionand absorption
cortribute equally to the nanotube's resistance.

(e) Arguethat the e ective acousticphononscatteringrate 1= .. (which descrikes
both emissionand absorption) will be proportional to temperature.

(f) How do the statemeris under (d) and (e) changefor scattering from optical
phonons?

In order to write down the collision term in the Boltzmann equation, we label
the electronstatesby the index R and L (for left moversand right movers) and the
energy" (seeEx. 2.50r 2.6; you can choosewhether" represets the kinetic energy
alone or the sum of kinetic and potential energy). In principle, you may include
extra labelsfor the Fermi point and for the electronspin, but there is no scattering
betweenFermi points or scattering betweendi erent spin states, sothat sud extra
labels are largely irrelevant.

(g) Using~! 5 T, shav that onecanwrite the collisionterm for scattering from

acousticphononsas
MO o e
dt coll; ac ac
MO e T me0e: )
dt coll; ac ac

Herex is the coordinate along the nanotube.

(h) Now solwe the Boltzmann equationif there is scattering from acousticphonons
only. Considera nanotube of length L attachedto sourceand drain resenoirs
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(i)

)

()

asin Fig. 5 of Ex. 2.6, with a voltageV applied over the nanotube. Shaow that
the nanotube's resistancecan be written as

h h L
R= —+ ————;
462 462 VF ac
i.e., asthe sum of a \contact" term and an \in trinsic" term.

For the scattering from optical phonons,considerthe casethat there is a net
electron o w to the right only. Argue that, in that casethere are no scattering
ewverts in which a left-moving electronis scatteredinto a right-moving state,
and that the scattering events in which a right-moving electron is scattered
into a left-moving state are descriked by the collision term

M inR(x; ")[1 nL(X; " ] opt)];
dt coll; opt opt
LLS? ) inR(x; " o[ nL(x M)l (8)

coll; opt opt

Solwe the Boltzmann equationwith the collision term for the optical phonons,
but without the collision term for the acoustic phonons. (Recall that T

~! opt, SOthat, e ectively, you canconsiderthe electronsto be at zerotemper-
ature.)

Hint: First, showthat ngr oleysthe di er ential equation

VE opt 7@“?((;(; )

whee g(") = 1+ ng(") nu(" !opt) is independentof the coordinate X.

nr(X;")?+ g(")Nr(X;") = 0;

A solution of the Boltzmann equationwith scattering from both acousticand
optical phononsis a little bit too much to askfor, let aloneinclusion of scatter-
ing from phononsthat scatter electronsbetweenthe two Fermi points. How-
ewver, one can make qualitativ e statemeris. Ab-initio calculations show that,
at low temperatures, o ac- Then, at what voltagesV would you ex-
pectto seethe in uence of the optical phononsand how should they manifest
themsehes in the |-V curve? What would you expect if oy ac? For
more information, you may want to read the article \Electron-Phonon Scat-
tering in Metallic Single-Walled Carbon Nanotubes”, by J.-Y. Park et al.,
http://arxiv.org/abs/cond-mat/0309641.
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Exercise 3.4: Jellium maodel for phonons

Sometimes,one wants a simpli ed description of phononswithout referenceto the
lattice. This may bethe casee.g.,if oneis interestedin long-wavelengthphenomena
only, or if oneonly needsan order-of-magnitudeestimate of the phononcortribution
to a certain physical obsenable. Sud \structureless" models that do not refer to
the underlying crystal lattice are called\jellium models".
We start with a description of lattice ions by meansof their charge density

ion(r), which is taken to be a cortinuous function of the coordinate r. We rst
treat the electrongasasa negatively chargedstatic badkground that neutralizesthe
positive charge of the ions. Then any deviation from equilibrium  ion = ion o
is asseiated with an electric eld

r E=

1o )
0

where g is the electric permittivit y of vacuum. The electric eld, in turn exertsa
force eld on the ions,

f=0FE: (10)
(a) Show that the ion chargedensity satis es the equation
Ze?
M % ion T Olon ion = 0; (11)

whereM is the ionic massand Z e is the charge on oneion.

(b) Descrike the possibleexcitations of the ion \jellium”. Theseare not phonons.
Why not?

The physical causethat the jellium excitations we found are not phononsis
the long range of the Coulonmb interaction. In fact, those excitations are known as
\plasmon" excitations. They do not exist for a real ion lattice, but they are relevant
for electrons.

In a real material, the long range Coulonb interaction between the ions is
screenedby the electrons. Sinceelectronsare much lighter than the phonons,they
react quickly to any changein the ion density. In fact, to a good approximation we
can assumethat the electronsfollow the ion density instantaneously maintaining
charge neutrality throughout the material at all times.

As a consequencethe energy price for a perturbation o, of the ion density
is not the Coulomb energy but the kinetic energy cost of increasingor decreasing
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the electrondensity: If the ionic chargedensity is changedby an amourt i, the
electronicchargedensity needsto be changedby ion IN orderto maintain charge
neutrality. The energycost assaiated with the changeof electron density leadsto
a restoring force for the ions.

(c) The easiestway to estimate that restoring force, is to view it asan \electron
pressure”. Shav that, for a free electron gas, the ground state energyfor N
electronscon ned to a volumeV is

_ 2B N7
Ee= 10 omve=s (12)
(d) Useyour answer to (c) to arguethat the electronic pressureequals
2
~ 5=3
Pe= 550 3 2o (13)

(e) The ionic motion is driven by the gradiert of p.. Show that the change o,
obeysthe wave equation
@ 2 n
M @ ion éz Fr 2 ion = O: (14)
(f) From here, derive the dispersion relation for phononsin the jellium model.
What is the phonon velocity? This expressionfor the phonon dispersion is
known asthe \Bohm-Staver law".

(g) In the jellium model, you nd only one phonon mode per wavewector. For a
real lattice, there are three phonon modes per wavevector: one longitudinal
mode and two transversemodes. Is the single mode you nd in the jellium
model a longitudinal mode or a transversemode? What happenedto the other
two modesof the lattice model?

Exercise 3.5: Linearizing the collision integral

In this exerciseand the following you shaw that the resistivity of a metal without
impurities is zerounless umklapp scattering' is taken into accoun. Umklapp scat-
tering refersto those scattering processesn which the total momertum changesby
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~K , where K is a vector of the reciprocal lattice. Umklapp scattering can refer
to electron-electronscattering as well as electron-phononscattering. (It doesnot
make senseo talk about umklapp scattering for impurity scattering sinceimpurity
scattering doesnot consene momertum.) Without umklapp scatteringand without
impurity scattering the resistivity of a metal is zero. In the next exerciseyou'll use
the kinetic equationto prove this. In this exerciseyou rst derive simpli ed expres-
sionsfor the collisionintegralsthat are valid if the deviation from equilibrium needs
to be consideredto linear order in the applied electric eld only (linear response).

Linear responseis studied by writing the distribution function asn = n°+ n?,
wheren! is (at least) linear in the applied electric eld. Without electric eld, i.e.,
if n = nY the collisionintegral | vanishes.Sincewe look at linear response,we only
needto know | to rst orderin n!. The collision integral for impurity scattering is
already linear in the distribution function, sothat it is trivially linear in n. Below
we considerthe implications of the substitution n = n°+ n? for the collisionintegrals
for electron-electronscattering and for electron-phononscattering. We will neglect
the spin index.

The collision integral for electron-electroninteractions reads

Z
dp2dp$
G SEW(E%ppip) (15)

[N(P)n(P2)X  n(PD)L  n(p2) n(EHN(PE  nE)HE  nE))];

wherethe momertum p$ is determinedby momertum conseration,

pS+pl=p+p2+ ~K; (16)

whereK is a vector of the reciprocal lattice. Collision processesn which K 6 0
are called ‘umklapp processes'. The transition rate W cortains a delta function
"(p)+ "(p2) "(PY) "(pY)) that ensuresenergyconseration.

(a) In equilibrium onehasn = n°. Prove the identity
n’(p)n°(p2)(1 n°(PD(L n°(p2)) = n°(PDN°(P2)(X n°(P)(L n°(p)) (17)

for all momenta p, p», pY, and p3 for which the transition rate W (p?; p3; p; p2)
is nonzero,and show that Eq. (17) impliesthat | = 0in equilibrium.?

°Note that this implies \detailed balance": equilibrium is establishedfor ead scattering med-
anism separately
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(b) Becausen?! is nonzeroonly closeto the Fermi surface,we parameterizen® as

n°(p)(X  n°%(p))
T

0
n'(p) = % (p) = (18)

Use equation (17) to shaw that, to linear order in n?, the collision integral

reads
z
17 dp,dp?

=T o Wlpgipip) (19)
[P+ (P2  (PD)  (PAIN(P)N(P2)(X  n(PD(Q  n(p2):

This is the linearizedform of the collision integral that we looked for.

In order to descrike electron-phononscattering, we needtwo collision integrals:
A collision integral 1, to descrilke the e ect of electron-phononscattering on the
electron distribution function n and a collision integral | 5, to descrike the e ect
of electron-phononscattering on the phonon distribution function ny,. The two
collision integrals read
Z
— dq abs .
le = @ W=(p + g;p)n(p)(1  n(p + g))npa(Q)

+W(p  a;p)n(p)X n(p a))(npn(q) + 1)
W2(p;p g)(X  n(E)Hn(p  d)npn(q)

7 WT(pip+a)(X  n(p)n(p + a)(npn(a) + 1)1 (20)
= s WEEEGRNEL N+ )N
W=(p;p + a)n(p + a)1  n(p))(npn(a) + 1)]: (21)

Sincethey involve the samematrix elemeits, the rates for absorption and emission
of phononsare equal,

W2(p + g;p) = W™ (p;p + q): (22)

The rate W2(p + q; p) cortains a delta function ("(p+q) "(p) ~! (q)to ensure
energyconsenration.

Again we expandaround equilibrium, writing n = n®+ n! and ny, = ngh + néh.
Here n, is the Bose-Einsteindistribution function and n' and nj, are (at least)
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linear in the electric eld. As before,we parameterize

0 0
ni(p) = TRE_NIRD () (29

e = M@EETD 24)

(c) Prove the idertity
n°(p)(X  n°(p+ a))ng(@) = n°(p + @)@ n°(p))(ngn(a) + 1);  (25)

for all momena p and q for which the transition rate W is nhonzero,and shov
that it impliesle = Iy, = O in equilibrium.

(d) Expand | and |y, to linear order in the electric eld and show that the nal

result reads
Z

P oo WEEEapl )+ @ (p+a)
n°(P)(L  n°%p + q))n3,(a)
W®pip @) (p @)+ (a)  (p)]

n°(p a)@  n(p))ngu(a) ;

I oW ARl )+ @ ()

n°(p)(L  n%p + g))ng,(a):

le

Z

Exercise 3.6: Current without electric eld?

Considera deviation from equilibrium that is described by the following distribution
function f for electronsand n for phonons:

0 0
n°(p) + 1 (|o)(1T P, b

@ = o)+ P D, (26)

n(p)

where n® and ngh are the equilibrium distribution functions and a is an arbitrary
vector.
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(a) Shaw that n and np, satisfy the kinetic equationsfor the electrondistribution
function and for the phonon distribution function without electric eld and
without collision term.

(b) Shaw that the distributions of Eq. (26) correspnd to a nite current density
j.

(c) In the absenceof umklapp processesshown that the collision term vanishes
for the distributions of Eq. (26), to linear order in a. (Use the results of Ex.
3.5 for the collision integral.) What doesthat imply for the resistivity of the
metal?

(d) What changesif umklapp processesre taken into accoun?
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4 Non-uniform and time-dep endent electromag-
netic elds

Exercise 4.1: Conductivity

For a uniform and time independen electric eld, we sav that the linear response
relation betweencurrent density and eld is given by

j = E;

where is the conductivity. If the electric eld dependson time and position, the
linear responserelation becomesonlocal,
Z

j(r:t)y= dr%t® (r r%t t9E(r%t9: (1)

Note that, in writing down Eg. (1) we assumedtranslation invariance. Fourier
transforming Eq. (1) one has

jkit) = (k1)E(K!): 2)

(a) Calculate the conductivity (k;!) using the relaxation time approximation.
You canwrite your answer as an integral over the Fermi surface.

(b) If the position and time dependen external electric eld leadsto the accunu-
lation of charges,internal \screening” elds will be generatedin the sample.
The conductivity you calculated under (a) givesthe currert responseto the
total electric eld in the sample,i.e., to the sumof internal and external elds.
Argue that the internal electric elds will be absen if E and k are perpendic-
ular. Hence,if E k = 0 your answer under (a) givesthe current responseto
the external electric eld.

(c) For the special casek = 0 write (k;!) in terms of the dc conductivity
Doesone have to worry about internal elds if k = 0Oand! 6 0?

32



Exercise 4.2: Energy lossin normal skin e ect

Calculatethe absorked power per unit surfaceareap for the normal skin e ect. How
is p related to the surfaceimpedanceZ ?

Exercise 4.3: Skin e ect and magnetic eld

Both the calculation of the normal skin e ect and the calculation of the anomalous
skin e ect ignorethe e ect of the oscillating magnetic eld on the electron motion.
Why is this justi ed?

Exercise 4.4: Boltzmann equation approach to the skin e ect

In this exerciseyou'll calculate the penetration depth of electromagneticradiation
in a normal metal using the Boltzmann equation. It is a good demonstration of the
type of phenomenathat can be descrited using the Boltzmann equation.

In the exerciseyou may assumethat the metal is isotropic. This is an important
simpli cation that allows you to obtain compact nal expressions.You should be
aware, howewer, that in realistic metalsthe Fermi surfaceis often far from spherical.
Although this complicatesthe calculationsit alsomakesthe skin e ect a much more
interesting physical phenomenon.

We choosecoordinatessud that the metal interfaceis the yz plane. The electric
eld hasno component perpendicularto the metal interface, E, = 0. The metal is
at x > 0; there is a vacuum at x < 0, seethe left panel of Fig. 1. At the metal{
vacuuminterfacewe assumespecularre ection. (This requiresan atomically smaoth
interface, which is not ertirely realistic. Howewer, this assumption considerable
simpli es the calculation, and nal solution turns out to depend only weakly on the
choice of the boundary conditions.)

Specular re ection correspndsto the boundary condition

Npopyipes (X) =N popyipe: ( X); for x #0. (3)

In order to implemert this boundary condition in our calculation, we use a math-
ematical trick: We formally replacethe vacuumat x < 0 by a mirror copy of the
metal at x > 0, seethe right panel of Fig. 1. We also take the electric eld to be
mirror symmetric,

E(x) = E( X):
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Figure 1: Left: The metal{vacuum interface is the yz plane, the metal being at x > 0
and the vacuum being at x < 0. Right: In order to model specular re ection of electrons
at the metal{vacuum interface, we add a mirror copy of the metal. With the mirror copy,
the distribution functions at the interface can be taken to be cortinuous.

(a) Shaw that the distribution function n,(r) for this mirror symmetric system
taken for x < 0 givesthe desiredsolution. [That is, show that it satis es the
Boltzmann equation in the region x > 0 only, together with the boundary
condition (3).]

Since the electrical eld E is neither static nor uniform, we cannot take the
standard local currert- eld relation j(r;t) = E(r;t). Instead we have to nd the
relation betweenj and E from the Boltzmann equation.

(b) Solving the Boltzmann equation, we look for a distribution function of the

form @
o) =g+ 22,

where n° is the equilibrium distribution function. Write an equation for
using the relaxation time approximation.

(c) The Boltzmann equation can be solved by Fourier transform to t. Shaw that
the solution reads

Z X
p(X) = dXOVE[Ey(X“)Vy + E(xYv,]e* ) if vy > 0;
1- X
Z 1
b(X) = dXOVE[Ey(xO)vy + E,(x9v,]e* X7 if v, < 0
X X
wherel, = jv,j =1 i1 ).
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(d) Use(c) to write the relation betweenthe currert density j and the electrical
eld E as Z,
i (x)= dxX (x  xYE (x9; (4)
1
with = y;z. Find an expressionfor K (x).

Now that we know the current density in the normal metal, we can calculatethe
electric eld from the Maxwell equations,which give
@ = 2 Jy;z- (5)
The addition of the mirror copy causesan arti cial discontinuity of the eld deriva-
tive @ =@ at x = 0. This discortinuity shouldn't concernus, becausdat appearsat
x = 0, whereaswe needto sole Eqg. (5) for x > 0 only. Howewer, mathematically it
is easierto solve the di erential equationsfor all x. In orderto do this, we subtract
the discortinuity at x = 0 and rewrite Eq. (5) as

i - 4
%ﬁ: 2 @g' o) = L. 6)

C2
Now, the left hand side of this equationis cortinuousfor all x.

(e) The Fourier transform of Eq. (4) is
j (k)= K(KE (k): (7)
Fourier transform your answer to (d) to obtain an expressionfor K (k).
Substitution of Eq. (7) into the modi ed Maxwell equation (6) gives

) @ 4 il
KE 2 “2-(0) + =5

From here, we can express (k) in terms of the derivative @& (X)=@ at x = 0.
The surfaceimpedanceZ is
_pE0O _41 E (0
s I (0) & (@& (0)=@)

(f) ExpressZ in terms of (an integral of) the responsefunction K (k).

K(KE =0 =vy;z

(g) Shaw that your calculation reproducesthe normal and anomalousskin e ect.
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5 Quantum interference

Exercise 5.1: Combining sattering matrices

Considertwo quartum coheren samplesplacedin seriesasin Figure 1. The samples
are connectedby an ideal leadthat is su cien tly longthat only propagating modes
in that lead needto be considered.The samplesare connectedto sourceand drain
resenoirs by ideal leads. All leadshave N propagating channelsat the Fermi level.
The scattering matrices of the two samplesare denoted S; and S,. These are
2N 2N matrices. They canbe decommsedinto N N re ection and transmission

matrices as

0
r2 t2
[ rg

] tg

Sl: 1 r?

, S = 1)
Onecanview the two samplesplus the leadthat connectsthem asoneconbined
sample. Transmissionand re ection from this combined sampleis descriked by a

2N 2N scattering matrix S,
S= | o (2)

Find expressiondor the re ection and transmissionmatricesfor the combined sam-
plein termsof the re ection and transmissionmatricesof the two individual samples.

S S
1 2

Figure 1. Two samplesin series. The samplesare connectedby an ideal lead, so that a
scattering approad is appropriate. The left sample has scattering matrix Si, the right
sample has scattering matrix S.
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Exercise 5.2: Sattering matrix of a delta function potential

Considerthe scatteringmatrix a one-dimensionalivire of length L with oneimpurity.
The impurity potertial is modeledby a delta function,

V(X)=vVv (X Xg); 0<Xxo<L: 3)

(a) Show that the re ection and transmissionamplitudes are

imy g2kxo
~2k + imv '

~2ke“‘L
~2Kk + imv’

~2keikL
~2k + imv '

imv e2k (L xo)

~2k + imv

(b) Verify that the scattering matrix S is unitary.

(c) Calculate the conductanceG of this wire. Doesyour answer depend on the
position xq of the impurity?

(d) Now considera wire with two delta function impurities,
V(X) =vi (X X))+ V2 (X Xp): (4)

Calculate the conductanceG. Doesyour answer depend on the impurity po-
sitions x; and x,? Can you explain why (not)?

Exercise 5.3: Persistent current

Considera perfect one-dimensionakonducting ring of circumferencel, seeFig. 2.

(a) Find the single-electroneigenstates and energylevels" in the casethat a
magnetic ux  penetratesthe ring.

(b) Shaw that eat eigenstatecarriesa current | = @=@.
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Figure 2: One dimensionalring threaded by a magnetic ux

(c) The ring cortains N electrons. Calculate the total currernt (i.e., the current
carried by all electronstogether) at zero temperature, as a function of the
magnetic ux

(d) Explain why quartum interferenceis crucial here.

The phenomenoryou discoreredhereis referredto asa \p ersistert current™: a nite
current carried in the ground state of a \mesoscopic"sample. Persistert currens
were rst obsened by Levy et al., Phys. Rev. Lett. 64,2074(1990).

Exercise 5.4: Spatial symmetries

Constructive interferencefrom time-reversedtrajectoriesleadsto a small decrease
of the (ensenble averaged)conductanceof a phasecoheren sample, provided the

systemis invariant under time reversal. When a magnetic eld is presen, time-

reversedtrajectoriesacquiredi erent phaseshifts, and the interferenceis no longer
constructive. Howewer, even in the presenceof a magnetic eld, constructive inter-

ferenceis possibleif the samplehas other symmetries. As an example,we consider
sampleswith re ection symmetry.

(a) Consider a samplethat is attached to two leadsas in Fig. 3. Shaw that
constructive interferenceis possibleif the sample has \up-down" re ection
symmetry, asin Fig. 3b, even in the presenceof a time-reversal symmetry
breaking magnetic eld. What is the sign of the correspnding correction to
the conductance?

(b) Repeat question(a) for a samplewith \left-righ t" re ection symmetry, asin
Fig. 3c.
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Figure 3: Ballistic mesoscopicsample without spatial symmetries (a), with \up-down"
re ection symmetry (b), and with \left-righ t* re ection symmetry (c).

Exercise 5.5: Weak antilocalization

Weak localization is a small negative correction to the conductivity causedby con-
structive interferenceof time-reversedpaths. In the presenceof spin-orbit scattering,
the interferencebecomesdestructive. Hence,with spin-orbit scattering, quarntum
interferencecausesa small positive correction to the conductivity, which is called
“weak antilo calization'.

In order to understandthe origin of weak artilo calization, we write the quantum
medanical probability P, g to gofrom A to B as

1X X
PA!BZE.O A, o
whereA. | oisthe amplitude of a path , for an electronstarting at A with spin

and arriving at B with spin % The factor 1=2 has beenaddedto averageover
the initial spin . Without spin-orbit scattering,A. o= A o, and onerecovers
the standard weak localization e ect.
Weaklocalization and weakartilo calization arisefrom the interferencecorrection
to the return probability, Pa1 a. The interferencecorrection Pa, A t0 Pay A iS
1X X

PA!AZE A; 1 O(A; | 0)

Y
where refersto the time-reversedof

(&) Usingmatrix notation for the amplitude A , shav that onecanrewrite Pa; a
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Figure 4: The path is broken up in small segmets, labeled1, 2, ..., N.

as
1 X
Par a = > trA (A ) (5)

wherethe trace is taken in spin space.

(b) Shawv that Par Ao = Par a if thereis no spin-orbit scattering.

The amplitude A, | oisthe pregduct of two cortributions: the orbital evolution
A°® with a phasefactor / exp{i kdl], and a cortribution AS°® from spin-orbit
scattering. The spin independen orbital cortribution is the samefor and . Its
phasecancelsfrom Eq. (5). The cortribution AS° from spin-orbit scattering can be
calculatedby breakingup the path in N small segmets, seeFig. 4. Denoting the
time the electronspendsin the jth segmeh ast; and the 2 2 spin Hamiltonian
for that segmeh as Hgo( ; j), onethen has the following expressionfor the 2 2
matrix A®S°

ASC = e iHS°(GN )t =@ iHS°(N - Dty 1=~ e iH so((; 2)t2=~e Hso((; ta=~. (6)
The generalHamiltonian for spin-orbit scattering is of the form
Hso = Vso(r; p) ;

where is the vector of Pauli matrices and the “spin-orbit potential' V is an odd
function of the momertum p.

(c) Shaw that Hg, is invariant under time-reversal.
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(d) Rewriting the matrix amplitudesA in Eq. (5) using (6), onecan expressthe
spin-orbit cortribution to Pa, A in terms of a singleamplitude for a particle
with two spinindices and © Writing a Pauli matrix acting onthe rst spin
index as 2 and a Pauli matrix acting on the secondspin index as P°, show
that Pa A becomes

1X X
Paoa = 3 jAorbjz (7)
2 .0

h & je VONPN( 3 Dty eeg V(P (2 Dtj - G

(e) A particle with two spin indices has either spin zero or spin one. Shaw that
the operator 2+ P appearingin the exponerts in Eq. (7) is nothing but the
“total spin'.

(f) Rewrite Eq. (7) in the singlet{triplet basis. Is the singlet cortribution a ected
by spin-orbit scattering? And is the triplet cortribution a ected by spin-orbit
scattering? Can you estimate how strong spin-orbit scattering must be in
orderto have ane ect on Pp; A?

(g) How do the sign and magnitude of the interferencecorrection to the conduc-
tivit y depend on the presenceor absenceof spin-orbit scattering?

Exercise 5.6: Andersonlocalization in one dimension

It is possibleto do a relatively simple calculation of Anderson localization in one
dimension. We consider a statistical ensembleof one-dimensionalwires that all
have impurities at slightly di erent random locations. The goal of this exerciseis to
calculate the probability distribution of scattering matrices S for sud a wire with
randomly placedimpurities.

Think of the wire as being built of piecesof \ideal lead" and segmeis that
cortain one impurity, seeFig. 5. The segmets are labeled by the integer m =
1,2;:::. For ead segmeh we can calculate its scattering matrix. In our simple
model, eat \impurit y segmetl’ m cortains one delta-function impurity potertial
(seeEx. 5.2)

Vin(X) = Vm (X Xm);
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ideal Iead\

| | | | | |
= =

segment with one impurity

Figure 5: Simple model of a one-dimensionaldisordered wire: We think of the wire as
consisting of disorderedsegmetts (labeled by the integerm = 1;2;:::) connectedby ideal

leads.

wherethe impurity position is randomly choseninside the mth segmeh In Ex. 5.2
you calculatedthe re ection and transmissionamplitudes of one segmen

(@) Let r) bethe re ection matrix of a wire with M impurity elemets, for elec-

(b)

trons comingin from the right (cf. Fig. 5). Expressthe re ection matrix rf .,
of the samewire, but with one segmeh addedon the right end of the wire, in
terms of r, and the re ection and transmissionamplitudes of the (M + 1)st
segmeh (Useyour answver to Ex. 5.1.)

We are interestedin the wire's conductanceG, which is related to the wire's
transmissionprobability. Using the relationship
2¢? 0
Gy = TTM; T =1 jri% (8)

the conductancecan be related to the transmission probability Ty and to
the re ection amplitude r% . Shaow that the transmissionprobability Ty ., of
a wire with M + 1 segmets can be expressedn terms of the transmission
probability Ty of a wire with M segmets and an auxiliary variable ry +1
that dependson the re ection amplitude ry .+, of the addedsegmeh and the
re ection phaseof the rst M segmets of the wire,

(1 jrvaj?)’@ Tu)
1 a1 Tw

Ty = 1 J-|“M+1J.2

. P
1 71 T
+2ReFM+l( J'“MJ,;,J;LJ) M; ©)
r‘]‘\/I+1 1 TM
where

_I'm+1lwm |
+1 — N N .
Jrm)
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(€)

(d)

(e)

(f)

(@)

Hint: Usethe relationsr ity = tha e andjrd 1% = jrm+1j?, which
follow from unitarity.

We now take into accoun the fact that the impurities are placedat random
positions along the wire. Argue that, if ead impurity is found at a random
position inside its segmen and if eath segmen hasa length much longerthan
the Fermi wavelength, (i) all variables iy .1 have statistically independert
distributions and (ii) the distribution of r,.; is the sameasthat of ry ;.
What is the meanhry .11 ? What is the meansquarehijey +1j2i ?

In orderto simplify Eq. (9) weassumehat ead impurity is a weakscatterer,so
that its re ection probability jry +1j2 = jru+1j2 is small. Hence,it is su cien t
to expandEq. (9) to secondorderin ry+1 . What is the resulting equation for
TM +1 7

Your ansver to (d) describesa \random walk" for the transmissionprobabil-
ity Ty, upon step-by-step increasingthe length of the wire. The boundary
condition at M = 0is To = 1. The step sizein the random walk equation
you found under (d) dependsnot only on the impurity potertial strength v,
but also on the actual value of Ty, which makes this random walk hard to
analyze. In order to simplify the analysis,we parameterize

1 .
costf Xy

ExpressX v+ intermsof X, andry +1 . Canyou seewhy this variable change
is useful?

TM:

Now userandom walk theory to nd the probability distribution of X, for
largeM. (It issucient to nd the averagehXy i andthe uctuations around
the average.)

What doesyour answer to (f) imply for the wire's conductanceG? Commen
on your result. Would you have found the sameresult from a solution of the
Boltzmann equation for a one-dimensionalwire with impurities?

The approad described herewas rst takenby Melnikov [Sov. Phys. Solid State 23,
444 (1981)]. It was generalizedto wires with more than one propagating channel
by Dorokhov [JETP Lett. 36, 318 (1982) and, independerily, by Mello, Pereyra,
and Kumar [Ann. Phys. (N.Y.) 181, 290(1988)]. The result of this generalization
is an ewlution equation for the joint probability distribution of all N transmission
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Mello-Pereyra-Kumar (DMPK) equation, forms the basisfor our understanding of
Andersonlocalizationin quarntum wires. It hasbeenshovn that the DMPK equation
is equivalent to eld theoretical approadesto localization in quartum wires [Efetov
and Larkin, Sov. Phys. JETP 58, 444(1983)], seeBrouwer and Frahm, Phys. Reuv.
B 53, 1490(1996).

Exercise 5.7: Andersonmadel

A very simple model to study localization is the \Anderson model”. In this exercise
we study a one-dimensionalersion of the Andersonmodel.
Considera one-dimensionalight-binding model, in which the electronscan be

randompotertial V (n) at eat site n. The kinetic energyis modeledby an amplitude
t to hop betweensites. For this system,the Sdiredinger equation then reads

()=t (n 1)+ (n+ 1]+ V(n) (n): (10)
We'll useperiodic boundary conditions (i.e.,, weidertify sitesn =L+ l1andn = 1).

(a) Describethe spectrum and the eigenfunctionsof the Screodingerequation(10)
if there are no impurities, i.e., if V(n) = Ofor all n

(b) Now consider Eg. (10) with the V(n) randomly chosenfrom the interval
W < V(n) < W. Although it is not possibleto nd the eigenfunctionsand
eigervaluesexplicitly in this case,you can nd them by numerical solution of
the eigervalue problem (10), e.g, using Mathematica, Maple, or Matlab. Use
L = 50and W = t and focuson eigervaluesaround zero. Note that for those
eigervalues,the potertial energyis always smallerthan the Fermi energy(the
distance from the bottom of the conductionband at * =  2t), sothat there

is no \classical" localization medanism. Describe what you nd. !

YIn Mathematica, the function Random[Real,2 W]-Wgives you a random number uniformly
distributed between W and W. You'll generatea 50 50 matrix corresponding to the r.h.s. of
Eq. (10) with t = 1 and W = t using the command

H = Table[IffAbs[m-n]==1,1 ,Iff m=#n,Random[Rel, 2]-1 ,If [Abs[m-n]==49,1,0] J], fn,1,509g,fml, 500q] :

You can nd the mth eigervector of this matrix using the command Eigenvectors[H][[ m], and
the corresponding eigervalue using Eigenvalues[H][[m 1]] .
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tunnel barriel

metal metal

Figure 6: Sdcematic drawing of two metal blocks without impurities, separated by a
tunnel barrier.

Exercise 5.8: Thoulessconductan@

In order to determine whether wavefunctionsin a metal with static impurities are
\lo calized" or \extended", Thoulessproposedto divide the metal in blocks of size
L and, for eat block, look at the dimensionlesshumber

g= ; (11)

esc

where = 1=L3 isthe meanspacingbetweenenergylevelsin a block and and .
is the typical time until an electron hasleft the block for a di erent block.

Let us now compareelectronlevelsin a closedblock with those of a block em-
beddedin the metal. Embeddingthe block in the metal will shift or broadenthe
energylevels. The typical level broadeningor level shift is ~= ¢ If g 1, thisis
small in comparisonto the level spacing . Then wavefunctionsare hardly a ected
by the couplingto the neighboring blocks; Whatever e ects there are can be treated
in perturbation theory. On the other hand, if g 1 the level broadeningor level
shift is large in comparisonto : Wavefunctions are signi cantly changedbecause
of the coupling to the neighboring blocks.

We seethat the number g describesto what extert wavefunctions are sensitive
to a changein the boundary conditions. Localized wavefunctions, which are not
sensitive to a changein boundary conditions,haveg 1. Extended wavefunctions,
which are very sensitive to a changein the boundary conditions,haveg 1.

The number g is referredto as\Thouless conductance". That nameis no coin-
cidence.In fact, onecanshow that g is closelyrelated to the electrical conductance
G (divided by €=h, to make it dimensionless).

(a) For two metal blocks without impurities, separatedby a tunnel barrier, shav
that G = ge?=h, whereg is the Thoulessconductanceof one of the two pieces.
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(SeeFig. 6 for a schematic drawing of the system.)
Hint: Expresshboth G and g in terms of the density of statesin each black and
the typical tunneling matrix element.

(b) Do the samefor a metal block in which the electron motion is describted by
classicaldi usion.

Now considerhow the (Thouless) conductancedependson L. Sincethe con-
ductancedescritesto what extert wavefunctions are sensitive to a changein their
boundary conditions, it is natural to assumethat the scalingof g (or G) only de-
pendson g (or G) itself. This is the basicansatzof the scalingtheory of localization.
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6 Fermi Liquid E ects

Exercise 6.1: Finite temperature equilibrium distribution function n, .

One nds n, requiring that at equilibrium, the total freeenergyF is at a minimum.
Hence,for asmalldeviation n, from equiliborium, onehas F= E T S N =
0, or, equivalertly,

E=T S+ N;

to rst orderin n, .
The total particle number N doesnot changein the adiabatic switching proce-
dure. Hence X X
N = np; N= Np : (1)

The ertropy S is a purely combinatorial quartity, S = kg In W, whereW is the
number of ways the individual quasiparticlescan be distributed over the individual
quasiparticle states, in keepingwith the coarsegrained distribution function n; .

(&) Shaw that
X
S= kg [np Inn, + (1 np )IN(2 np )]: (2)
p

This is the same expressionas for the noninteracting Fermi gas! That is
no surprise, since, as we noted above, S follows ertirely from combinatorial
considerations.

(b) Write an expressionfor the changein ertropy S in terms of the n, .

(c) Now wecan nd F intermsofthe n, . Usethe fact that F = O for eah
possible(in nitesimal) changein the quasiparticledistribution to nd that in
equilibrium

1
T 1+ el )T (3)

Np
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Exercise 6.2: Inverse relations with Legende polynomials.

The Legendrepolynomials P,(x) are orthogonal polynomialsthat satisfy
yA 1

1de| (X)Pjo(x) = ¥ 1

20

The rst three are Po(xX) = 1; Pi(X) = x; Pa(x) = %(3x2 1): In general,they
obey the recursionrelation

P41 (X) = xP(x) + ﬁ(xﬁ(x) P 1(X)):

Shaw that the relation ©

f(p;p) = fiP(cos );
1=0
where is the anglebetweenp and p°can be inverted as
Z

20+1° 1
fi=— dPi()f (p;p9;
1
where = cos . This relation holds both for the spin symmetric interaction con-

stants (p;pY and for the spin antisymmetric interaction constarts (p;p9.

Exercise 6.3: Compressibility

The compressibiliy is de ned as

1o,
Vo'
where V and p are volume and pressure,respectively. The derivative @Q/=@ is

taken at constart particle number N. Verify that, using thermodynamic relations,
onemay write as




The compressibiliy is related to the speeds of sound,s= (m ) 2. (If you have
forgotten why, see,e.g.,the Feynmanlectureson Physics, Sec.47-5.)

Exercise 6.4: Temperature dependene of N and

The nite temperature correction to the chemical potertial at xed parti-
cle number N is of order T2. In this exercise,we'll take a look what the nite-
temperature correction of  looks like.

(a) Calculatethe freeenergyF = E TS up to order T2.

(b) What doesthis imply for the temperature-dependenceof the chemical poten-
tial = dF=dN for low T? Is the nite- T correctionto aected by the
guasiparticleinteractions?

(c) At what temperature doesthe temperature dependenceof becomeapprecia-
ble? Is it justied to neglectthe temperature dependenceof in Fermi-liquid
theory?

(d) Similarly, correctionsto the particle number N at xed are of order T2,
What is N(T) up to order T2?

(e) Explain that the speci ¢ heat at constart chemical potential is equalto the
speci ¢ heat at constart particle number, to leading order in temperature.

In a similar way, one may arguethat, for low T, there is no di erence between
the isothermal compressibiliy and adiabatic compressibiliy, or betweenthe speci c
heat at constant pressurep or constart volume V. If you want to verify this, you
canusethat the pressurep= n + Ts u, wheren = N=V,s= S=V,andu= U=V
are the densitiesof particles, ertropy, and energy)

Exercise 6.5: Relation between m, m and X;.

In a uniform and Galilean invariant system, the bare quasiparticle massm, the
e ective quasiparticle massm and the Landau parameter X ; are related as

m =m+ %mxl: 4)
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To derive Eg. (4), we considerthe sameFermi liquid in two referenceframes: The
laboratory frame, and a frame moving at a speedu with respect to the laboratory
frame. We denote quartities in the latter frame with a prime.

In the moving frame, the quasiparticlesseemto be out of equilibrium: the dis-
tribution is shifted in the direction of u. Verify that, to rst orderin u, onehas

0 .

— 0
=n, +mu rpng;

0
np p

Whereng is the equilibrium distribution. Shaw that this impliesthat the quasiparti-
cle energy"g (i.e., the changein the total energyif a quasiparticlewith momerntum
p and spin is added)is changedas

mn mn X m .
0 =0 2—p u; (5)

Where"g is the quasiparticleenergyin the equilibrium distribution. [To verify Eq.
(5) you needthe addition theorem for sphericalharmonics. If you are not familiar
with that, it is su cient to verify Eq. (5) for p parallel and antiparallel to u.]

We can nd another relation between 8 and g as follows: Sincethe total
momertum P is consered, the Hamiltonians H and H®in the two referenceframes
arerelated as

1
HO=H P u+ MU

where M is the total mass. Consideringhow the total energychangesif we add a
guasiparticle of momenium p to the system,both for the laboratory frame and for
the moving frame, one nds

n n 1 .
g - 8+mu pu émuzl (6)

wherem is the bare massof the added quasiparticle. Verify Eq. (6).
Now compareEgs. (5) and (6) and derive Eq. (4).
Exercise 6.6: Stability against uctuations of the Fermi surface.
In Exercise6.1we derivedthe quasiparticledistribution function at equilibrium from
the starting point that, in equilibrium, the freeenergyF = E N is minimum.

Howeer, in that exercisewe only usedand veri ed the fact that F was stationary.
We did not actually verify that it wasat a minimum. That is to be done now.
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Analyze the changeof F (at constart ) if the Fermi momertum ps undergaes
a direction-dependen change

Pe! pet+ pPe( s );

where prg dependson an angle with respect to somearbitrary (but xed) axis,
and on spin . Show that the Fermi Liquid is stable only if

Xi1> (2+1); zZ> (2+1):

Hint: exmand pe in Legende polynomials,

DS
Pe(; )= [ pel Pi(cos ):

=0

In order to perform the necessaryangular integrations you should usesthe addition
theoremfor sphericalharmonics,seeEx. 6.9.
The instability of the Fermi surfacethat resultsif X, < (21 + 1) or Z, <
(21 + 1) is known as a Pomerandwk instability. The Stoner instability towards
Ferromagnetism,which occursasZ, < 1 is an example of sudh a Pomeranduk
instability.

Exercise 6.7: Current densities

(a) Useconsenration laws obtained from the kinetic equationto derive a formula
for the current density in a Fermi liquid without using linearized expressions,
i.e., starting from the full kinetic equation

@ n "

(b) Do the samefor the energycurrent Q. [Hint: What energyis consened in a
collision, ", (r) (the energyof a quasiparticlein its ervironmert), or g (the
bare quasiparticle energy)? Why?] What is the linearized energy curren?
Write the result in the form

X
Q= Qp Np

to nd the energycurrent carried by a single quasiparticle.
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(c) Repeat this analysisfor the momentum currert tensor . (you may restrict
yourselfto the linearized version of the theory.)

Exercise 6.8: Localized quasiprticle excitations

A localized quasiparticle with momenium pgo correspnds to an excitation of the
form

Np(a;!) = ppot p!
The transport equation givesus, for ! 1=, where is the quasiparticle collision
time,
@° X @°
(g v 1) g Vp—— 0p0=Qq Vp— :
P p p@p g ppO p p@p PP o

Solwe this equation for |, for arbitrary q and !, using the simple model that f 50
does not depend on the angle betweenp and p? i.e., that thereisonlya”™ = 0
componert to the interaction. First considerthe casewhenthe interaction doesnot
depend on spin, then what is the e ect of spin.

Exercise 6.9: Spheri@al harmonics and transversemodes

If the Fermi surfaceis spherical,a position on the Fermi surfacecanbe parameterized
by two polar angles and . Usingthe angles and ascoordinateson the Fermi
surface,collective modesare described by the equation

Z

(cos s) (: )+4icos d%in 9 F() (% 9; (7)
wheres = | g=v, isthe anglebetween( ; )and( ¢ 9, andF standsfor X or Z,
depending on whether the collective mode is spin symmetric or spin antisymmetric.

(&) Rewrite Eqg. (7), using an expansionin sphericalharmonics,

X X
(;)= imYim( 5 ):

I=0 m= |
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Try to minimize the number of integrations over angles. Howewer, you cannot
remove them all. You can usethe addition theoremfor sphericalharmonics,
Z
Yim( 5 ) o,

1 Ocin 04 O 0 =
7 d7sin °d %in( 5 9Pi(cos ) = —o

where is the anglebetween( ; ) and( % 9. Also, the sphericalharmonics
satisfy the orthonormality relation
Z

d sin d Ylm(; )Y|0mo(; ): 110 mm oO-

(b) The zerosoundmode hasm = 0. Can you nd its dispersionrelation from
your result, if you usethe simple model of an angle-indegnden interaction
F( ) = Fo’)

(c) Doesthe simple model whereF( ) = Fq allow soundmodeswith m 6 0?

(d) What is the simplest model for the interaction that allows for a mode with
m = 1? Sud a mode is called a \transverse" mode. Find its dispersion
relation. When do propagating modesexist? When are sudy modes strongly
damped?

(e) Doesthe velocity of a transversemode depend on Fy? Can you argue why?

Exercise 6.10: Damped zeo soundsolutions

The dispersionrelation for zerosoundis

S s+ 1 1
—1In = —;
s 1 Fo
wheres = ! =qvr is the zero sound speedin units of vg and Fy standsfor X, or

Zo, depending on whether the mode is spin symmetric or spin antisymmetric. For
a repulsive interaction, F; > 0, we found real solutions for s, correspnding to
propagating waves. For an attractiv e interaction, Fo < 0, zero sound is strongly
attenuated ( 1< Fg < 0) or instable (Fo < 1). We verify this statemert in this
exercise.
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In orderto nd damped zerosoundsolutions, we have to extend the dispersion
relation to complexs. This requiresa prescription how to interpret the argumert of
the logarithm at the negative real axis. Hereto, we assumethat the soundwave is
slowly turned on, i.e., the frequency! getsan in nitesimal but positive imaginary
part i .

(@) Shaw that for 1< Fy < 0there exist damped solutionswith s = is®purely
imaginary.

(b) Shaw that for Fo < 1 there exist a sound solution with s = is® s° positive.
Sud a solution grows in time, correspnding to an instability of the system.
Compareyour results with exercise6.6.

Exercise 6.11: Damping of rst sound

In a Galilean invariant Fermi Liquid like He the current density j and momentum
density g arerelated as

mj = g:
Using particle and momertum consenration, derivethat a hydrodynamic ( rst sound)
wave satis es the equation of motion

@ :
m—@2 @@ ; =0
where is the particle density, m is the baremass,and j is the momertum current

tensor (seeEx. 6.7).
In the hydrodynamic regime,the momertum currert tensor j equals,to a good

approximation, 5
i = P i (@Ui + @Jj ér U);

where P is the pressure,u is the (local) velocity of the Fermi liquid, and is the
(rst) viscosily. Usethe compressibiliy (Ex. 6.3) to derive

1
P= 3m VE(1+ Xo) :
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Then show that

@ 1 2 2 4 @ 2
Mm—-— —m VE(1l+ Xo)r = ———Tr : 8
Finally, use Ex. 2.2to nd the velocity c; and attenuation coe cient ; of rst
soundin 3He. The attenuation coe cient ; is de ned by

|
= 4+ 1.
C1

Exercise 6.12: Transition from rst soundto zem sound

The collision-dominatedregime of rst sound and the collisionlessregime of zero
sound can be studied in the samemodel, using a simpli ed version of the collision
integral in the transport equation and a simple model for the quasiparticle interac-
tions.

The simplemodel for the quasiparticleinteractionsis the sameaswe usedbefore
in the analysisof zerosound: assumethat the interaction f (p; p9% doesnot depend
on the angle betweenp and p®and not on spin. In other words, we only retain the
Landau parameter X . The simple model for the linearized collision integral is

(p) o 1cCOS

1( (p)) = :

where is a quasiparticle lifetime (assumedto be equal for all quasiparticlespar-
ticipating in the soundwave), the anglebetweenp and the wavewvector g, and
is the deviation from local equilibrium,
Z
X ds®
;)= (P )+ ——f(p; ;pS 59
()= (p;) 0 vz o (PP % ®% 9
Note that | cortains , not . The terms , and ; correspnd to the " = 0 and
" = 1 componerts of (p; ) and are subtracted to ensure particle conseration
and momerntum consenration in the direction of propagation of the wave. (For a
longitudinal soundmode, there is no transversemomenum.) You may assumethat
(p) dependson the angle betweenp and g only.
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With this model, nd the dispersionrelation of a soundwave in a Fermi liquid,
and nd asymptotic expressiondor the velocity and attenuation for ! 1 and
! 1. Canyou identify theseasymptotesaszerosoundand rst sound?

Exercise 6.13: Plasmaoscillations

It is possibleto nd the plasmafrequency! , from simple classicalconsiderations.
Consider an electron gasin a rectangular box of length Ly and crosssection A.

Sincethe massof the ions is much larger than the massof the electrons,the ions
can be treated asan inert positive badkground chargethat compensatesthe charge
of the electrons. The electron gascan be set in oscillating motion by translating it

a distance x in the x-direction, leaving the ion badkground xed. Show that the

frequencyof this oscillation is preciselythe plasmafrequency! .

Exercise 6.14: Plasmaoscillations at nite wavevetor

Find the dispersionrelation of plasmaoscillationsfor wavewectors~q  pg.

Exercise 6.15: Plasmaoscillations in one and two dimensions

(a) What would change to the dispersion relation of plasma modesin a two-
dimensional electron gas that exists at a quartum well in a semiconductor
heterostructure?

Hint: reconsider the relation between the electric eld in the kinetic equation
and the charge density in the two-dimensionalelectron gas.

(b) Repeat question(a) for the caseof a one-dimensionalwire.

Exercise 6.16: Landaudampingof plasmaoscillations

At su cien tly high waverumbers, plasmaoscillations becomestrongly damped. In
principle, you canverify this by solvingthe dispersionrelation for plasmaoscillations
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if the Fermi surfaceis spherical. Can you give a simple estimate of the waverumber
for which this damping occurs,basedon the possibility (or impossibility) of decgy of
the collective plasmamode with wavewector k and frequency! into an electron-hole
pair with momerta p + ~k=2andp ~k=2?
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7 More Interaction e ects

Exercise 7.1: Polarizability in a metal with impurity sattering

In lecture, you calculated the polarizability 9%(q;!) for non-interacting electrons
neglectingthe collision integral in the Boltzmann equation. How do collisionsa ect

the polarizability? In order to answer this question, you use the relaxation time

approximation for the collision integral,

1= Yt ol

where™ denotesan averageover all directionsof p. The external perturbation Vey
hasthe functional form

Vext (r; 1) = Vext(Q;! )eiqr it

(a) Calculate the changeof the distribution function n, = ng + ng, to linear order
in Veyt. EXpressyour answer in terms of the angular average@.

(b) Simplify your expressionin the limit of long wavelengthsand low frequencies,
g 2land! 1, wherel = vg is the meanfree path.

(c) Show that the polarizability function reads

& ("e)DF
OR . — F .
where (") is the density of statesand D = vZ =3is the di usion constart.

(d) Thelimits q! Oand! ! 0do not commnute for the polarizability 9R. Can
you explain this?

(e) Calculatethe density responseto a suddenincreaseVey(r;t) = Vo (r  r9 (1)
of the external potertial, where (t) = 1fort > 0 and (t) = O otherwise.
How do you interpret your answer?

(f) What is the correspnding polarizability for an interacting electron liquid?
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Exercise 7.2: Friedel oscillations

Consider non-interacting electronsin one dimensionin the presenceof an impu-
rity with a delta-function potential V(x) = v (x). In Ex. 5.2 you calculated the
scattering matrix of sud an impurity.

(&) What are wavefunctions correspnding to the scattering states?

(b) What is the electrondensity that correspndsto eat wavefunction? How do
you explain the oscillationsin the electrondensity of one wavefunction?

(c) Find the total electrondensity at temperature T asa function of the distance
jXj from the impurity.

(d) Can you answver the samequestionsfor the electron density at a distancer
from a delta-function impurity in two and three dimensions? It is su cient
to considerthe scattering potential V(r) = v (r) to rst order. Hint: you
can rst try to reproduce your answersto (a), (b), and (c) using perturbation
theory in v.
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8 Kondo Problem

Exercise 8.1: Kondo Hamiltonian from AndersonHamiltonian

Considerthe AndersonHamiltonian
X X X
H = 0 G + mpG G + UCLCu Gy + Vog 6 +V,d g

p p

(a) Write the total wavefunction asthe sumofterms o, i, and ;, where |
is the projection onto the subspacan which the impurity level is occupiedby
j electrons. What are the correspnding projection operators P,, P,, and P3?

(b) The SdredingerequationH = E canbe expressedn the form

0 10 1 0 1
Hoo Ho1 Ho2 0 0

@Hlo Hip leA@ 1A:E@ 1A3 (1)
Hoo H21 Ho2 2 2

Argue that Hp, = Hy = 0, and nd second-quatization expressiondor the
other operatorsHj; .

(c) UseEq. (1) to express g and ,intermsof E and ;.

(d) Shaw that substitution of the result of (c) yields an e ective Scredingerequa-
tion for 4,

Hi+ Hio(E  Hz) *Hor+ Hio(E Heo) *Hoa 1= E 1 (2)

(e) Show that the secondterm of the LHS of Eg. (2) can be written in the form

X V..V E " H 1
Hi2(E Hz) 'Hy = % 1 mp__0
op O Ut imp T U+t "imp  "p
C)F/J Cpo oG C,y oNj: o (3)

P
whereHg = 0 "p@ ¢, isthe conduction electron Hamiltonian, and where
n;. is the number of impurity electronsof spin . Derive an analogousexpres-
sionfor Hio(E  Hgg) Hos.
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(f)

(@)

Sofar we have not made an appraximation. Since the states with 0 and 2
electronsin the impurity level are highly unfavorable, we may neglect the
secondterm betweenbradketsin Eqg. (3) in rst order perturbation theory. In
order to eliminate the annihilation and creation operators cy. o and ¢. from
Eq. (3), we needto relate their product to the spin operator S. Therefore,
show that for a state in which the impurity level is singly occupied

+ 1 1
Gy= S e =S 1o = sHSi G,y S @)

Substitute Eq. (3) into the e ective Sdredingerequation (2) with the help of
Eq. (4). Shaw that, if "inp = U+ "imp, the AndersonHamiltonian can
be replacedby the Kondo Hamiltonian
X X
H = "pC% Cp + Jppos (C)F; OCpo 0); (5)

p ppf O

where = ( «; y; ;) isthe vector of Pauli matrices; and Jp,0 is an e ective
excangecoupling, which hasthe value

1 1
JppO - Vpovp U + "imp up + ||p "imp " (6)

. : : . P :
In addition, there is a potential scatteringterm o KppoQ) o , With

VY, 1 1 -

2 IIp "imp U + "imp b

Kpp(J:

This latter term is independen of the impurity spin, and thus plays no role in
the Kondo problem. We will thereforeignoreit henceforth.

Sincewe are interestedin the e ective Hamiltonian near the Fermi level, we
canreplace", by "¢

P
INote that spin operator for the electronsis of the form (1=2) e oC o.
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Exercise 8.2: T-matrix and Green function

In this exercisewe review someitems from quantum scattering theory. It builds on
Ex. 3.1. You can nd the samematerial in any advancedquarntum medanicsbook
(e.g., Sahi ).

We considernon-interacting electronswith the Hamiltonian H. For this Hamil-
tonian, the retarded Greenfunction G" is de ned as

" H)G(r;r%") = (r r9; (8)

with outgoing wave boundary conditionsasjr r§! 1 . Similarly, the advanced
Greenfunction G is the solution of Eq. (8) with ingoing wave boundary conditions.

(a) Show that the Greenfunction satis es the relation

tr (") = gln detG("): (9)

We write H = Ho + V, whereV represets the potential for scattering from an
impurity and Hq is the Hamiltonian for free electronswithout impurities (but with
the periodic potertial from the ion lattice). The eigenstatesof H, are plane-waves
(or Bloch waves)jpi; the eigervalues",. The retardedand advancedGreenfunctions
for this Hamiltonian are denotedG, .

Asin Ex. 3.1, we seeka solutionj ,i of the total Hamiltonian H = Hq+ V with
incoming boundary condition correspnding to the unperturbed eigenstatejpi. In
Ex. 3.1, we saw that this solution can be represeted using the T-matrix,

T=V+VGV+::=V(1l GV) 1}
as
X
i pi = jki+ ,,T"i“".jk% (10)
po P0+|

with Tpo, = YT jpi.
(b) Verify that the Greenfunction Gis related to the T-matrix as

G=G+GTG: (11)
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The density of states (") is expressedn terms of the Greenfunction as
1
")= =ImtrG ("): (12)

The impurity density of states i, (") is de ned asthe di erence betweenthe density
of stateswith and without impurity.

(c) Show that
- 1e0),
imp - —@ )
where (") = argdetT (") isthe so-called\total scatteringphaseshift’. Note:
Zero eigervaluesof T, which correspnd to statesthat do not scatter at all,
should be left out from the calculation of the total scattering phase shift.
Hence is the sum of the argumerts of all nonze eigervaluesof T.

(13)

Equation (13) is known asthe \Friedel sumrule”. As a result of the introduction
of the impurity, the number of electronsis changedby the amourt

z. ..
o = ("= L2

wherewetook (1 )=0.

Exercise 8.3: Andersonmodelat U = 0

In this exercisewe considerthe Anderson model without the repulsive interaction
U for electronsat the impurity site. The basis states of this model are the states
jpi of the conduction electronsand the state jimpi for an electronin the impurity
site. (All statesare spin-degenerate.)Hence,the Greenfunction haselemetts G,o,,,
G.p, Gyoi, and G;;. For this model, we calculatethe retarded Greenfunction G', the
T-matrix, and the impurity density of states.

(&) In matrix notation, the de nition (8) of the Greenfunction can be rewritten
as
("+i HG (=1 (14)
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(b)

(©)

(d)

where is a positive in nitesimal. Shaw that for the U = 0 AndersonHamil-
tonian, Eq. (14) can be rewritten as

_ X
L= ("+i "mp)G; VooGo;
pO
0= (i "G Y
0= ("+i  "mp)Gp VooGhop;

p
pop - (u + | upo)c-:go;p VpoGﬁpZ
Solwe theseequationsto nd the retarded Greenfunction G'.

Using Eqg. (11) from EX. 8.2, shav that the T-matrix is given by
Toop (") = MPIT (ipi = VoG5V, :

Calculate the total scattering phase ("), and the impurity density of states

imp (")-

Evaluate your expressionsfor the special caseof a \at conduction band™:
the conduction electronstateshave a constart density of states q for energies
D < " < D, whereD is the bandwidth. You may setjV,j? = V2N for
the hybridization couplingsV,, where N; is the total number of sitesin the
sample. (The conduction electron density of states , is de ned asdensity of

statesper site.)

What is the impurity cortribution to the speci c heat and the spin suscepti-
bility? What is their ratio? What doesit depend on?

(e) How would you generalizeyour answersto (d) for a metal with a small but

nite concertration C, of sud impurities?

Exercise 8.4: Friedel Sum Rule

The Friedel sumrule relatesthe change N in the total number of particles asthe
result of the presenceof an impurity to the phaseshifts that particles experience
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while scattering o the impurity. In terms of the T-matrix, the Friedel sum-rule
reads .
tot( F)

N =

; (15)
wherethe total phaseshift . is de ned as’
tot = argdetT(" + i0):

You have seena formal derivation of the Friedel sumrule in Ex. 8.2. In this exercise,
we will considera more elemetary derivation of the Friedel sum rule for the case
of a spherically symmetric scatterer.

If a ux of noninteracting particles is elastically scatteredon a spherically sym-
metric potential at r = 0, the wave function at large valuesof r will be of the
form :
ePr="

T
wherez is the direction of the incoming ux. The rst term represeis the incoming
ux (with waverumber k), the secondone the scattered wave. The T-matrix is
related to the function f () asf () = (m=2 ~?)T,po, Wherejpj = jpJ = k and
is the angle betweenp and p°.

Sincethe scatteredwave in Eq. (16) hasaxial symmetry about the z-axis, it may
be expandedin Legendrepolynomials,

X
= a P-(cos )Rp(r) a7)
=0

P+ () (16)

The constarts a are just expansioncoe cien ts, and the radial functions Ry satisfy
the \radial Sdredinger equation”

. 2
2_@r2@Rp v (+1)
@ o rz
wherethe energyeigervaluesare written asp?=2m, the energyof a free particle, and
U(r) is the scattering potertial.

2

r 2mU(r) Ry =0;

2Strictly speaking, Eq. (15) and the derivation given below apply to potential scattering only.
One may, however, extend the Friedel sumrule to the caseof scattering from a dynamical impurit y.
See,e.g., Hewson, Ch. 5.
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At distancessu ciently large that U(r) 0, the radial functions Ry will ap-
proad the asymptotic expansion

Ry rgsin(pr:~ =2+ ) (18)

Both the factor of 2 and the factor = =2 are introduced for corvenience,so that
the asymptotic behavior of Ry reducesto the solutionsfor R, whenU(r) vanishes
identically, by putting - = 0. The - are the so-calledscattering phases. They
depend on the scattering potential U(r) and approat zerowhen U(r) vanishes.
The changein the number of states near the Fermi surfaceas a result of the
scattering potential generallydependson the -'s. To seethis, we rst have to con-
nect the general -'s in the expression(18) for the radial functions in the expansion
of the total wavefunction (17) to the function f ( ) de ned in (16). Apart from an
overall normalization, the coe cients a- in (17) are xed by the requiremen that

the function €Pz=" is of the form f ( )€P" = =r, i.e. hasonly terms of the form of
an outgoing wave, €°" ="=r. This requiremen leadsto the identi cation
- X _
f()= b (2°+1) € 1 P(cos): (19)
'=0

You may derive Eq. (19) using the fact that for larger the plane wave €P?= canbe
expandedin terms of Legendrepolynomials as

. . ~ X o .
e|pz:~ — a(pr=-)cos — m (2‘ + 1)P‘(COS ) ( 1) +1e ipr=~ 4 e|pr =
"=0

Let us now considerthe changein the number of statesin the presenceof the
impurity. Heretowe imaginea large sphereof radius L about the origin, and impose
that the wavefunction vanisheson this sphere. In the absenceof the potential
( -~ = 0), Eq. (18) then yields

B B -n
— = ~ = =t —
L =N =~3) pp= 5+ (20)
In the presenceof the scattering potertial, the momerta p®. satisfyp?. = ~° =(2L)+
n ~=L ~ -=L, sowe get for the changein momertum
o= (21)
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Let us rst considerthe special casein which only o is nonzero. The spacingof
successig valuesof pyo is ~ =L [seeEq. (20)]; if we now considera given value of p,
sa&y p = pr, and imagineturning on the potential, then ead allowed p value shifts,
accordingto Eq. (21), by an amourt ~ o(pe)=L. Then the number of statesj ,i
with p < pg increaseshy an amourt

L

N = 2.

0 ==
L
Now you areinvited to prove the generalFriedel sumrule (15), which reads,in terms

of the phaseshifts -, X
N= 1 (2+1) (pe):

Exercise 8.5: Friedel oscillations

Using Ex. 8.4, showv that the ground state density of electronsfar from a small
spherically symmetric impurity shows oscillations

() 5aaCOf2per=—= o(pe)]Sinl ofpe)];

where g is a scattering phaseshift evaluated at the Fermi energy (Compare your
ansver to Ex. 7.2.)

Exercise 8.6: The caseJ = 0

For the Kondo Hamiltonian (5), discussthe impurity cortribution to the Freeenergy

to the magnetic susceptibility, and to the resistivity for the caseJ = 0 when the
impurity spin is decoupledfrom the spin of the conduction electrons.
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Exercise 8.7: Perturbation theory

In the lecture we calculated the transition probability Wyo.,+ to third order in the
coupling strength J for the Kondo Hamiltonian
X
H= " g

" X

* Jop S C;O#Cp" +S Cgo.cp#+ SZ(C:;O‘CP" CEO#Cp#)
0
HOT V: 22)
We found the result
Wyop = 26092 1, o) Opa (SY%(2M (") D+ S(S+ DS’
~Ns (2 )3 P1

In this exercise,we repeat the samestepsfor the remaining probabilities Wye: .4,
Wpoip, and Wpop .
We rst calculate Wy, Hereto we needthe scattering amplitude Tpoy,- tO
secondorder in perturbation theory, since
2 . 5.
Woasp = —Nimp ] Tposp-]~: (23)
The scattering amplitude Tpox,+ is @ matrix elemen of the T-matrix T,
Toospr = MPO#T ("p)ip i : (24)
The perturbation expansionfor the T-matrix reads
T(")=V+V("+i0 Hp) 'V+:::; (25)

wherethe unperturbed Hamiltonian Hy and the perturbation V are de ned in Eq.
(22). To rst orderin perturbation theory, T is just equalto V, and hencewe nd
that?®

Tpoxpr = MO#IT ("p)ip "I = JpgpS™: (26)

(@) Canyou draw a gure (\diagram") represeting the rst order perturbation
theory for Tpoyp ?

3Note that Tpos:p+ is an operator for the impurity spin. Therefore, the absolute value jTpoup- j2
in Eq. (23) should be interpreted as Tpog.p (Tposp» )Y.
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(b)

(©)

(d)
(e)

This

The secondorder correction to Ty, Now follows from substitution of the
Hamiltonian Hy and the interaction V into Eg. (25). Sincethe perturbation
contains four di erent terms, in principle there can be 16 cortributions. How-
ewer, sincewe know that the total spin must be consered, only four of those
arerelevant. Write thesedown and draw the correspnding diagrams(or vice
versal).

At the endof your calculation, substitute Jp,0 = J=Ng, whereNg is the number
of sites (or volume). Further, set", = "0 =" (= "g) in order to obtain the
scatteringamplitude T,o4.,» and the transition probability Wyo.,-, cf. EQ. (24).
Shaw that, to third orderin J, the transition probability Wy, reads

Z
dpy 2f ("p,) 1

=2 MY gts 14 2] 2 P
~Ns (2 )3 p p1

Now, canyou guesswhat Wyo.n4 and Wy« look like?

The total transition probability W, is now found by summingover all nal
spin statesjp® i and averagingover the initial spin state jp i with =" or
=#, i.e., Wpo, = (Wpopr + Wpogpr + Wpopy + Wposps)=2. Shaw that the
nal resultis
z dp, 2f (" 1
1+ 2J pl ( pl)

~Ns 2) " "m

Wagy = 2 CmpJd2S(S + 1)

concludesthe perturbation theory calculation of the transition probability

Wpop.

Exercise 8.8: Poor mans saling

The poor man's scaling can also be derived along the lines of Ex. 8.1. We consider
the anisotropic Kondo Hamiltonian,

X
Ho= "o (27)
X

+ J+ ST QoG + I S oG+ J:SH(CoCrr CosCos)

1
Ns pp O ’
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whereNg is the number of sitesin the system(the volume),andJ. = J . Asin Ex.
8.1, we write the wavefunction asthe sumofterms o, 1, and ,, where ; hasno
conductionelectronswith energieg"j> D D, o hasatleastaholeat anenergy

D<"< D+ D,and ;, hasatleastanelectronwith energyD D < " < D.
We also write the Hamiltonian H in blocks Hj, i;j = 0;1;2, asin Eq. (1) of Ex.
8.1.

(a) Arguethat, to rst orderin D, onecanput Hy, and H,g to zero?

(b) Explain what is the action of eat of the remainingblocks of the Kondo Hamil-
tonian (i.e., of Hoo, Ho]_, Hlo, Hll) H12, Hgl, and ng).

(c) Aswe have seenin Ex. 8.1, the wavefunction ; obeysa Sdiredingerequation
He 1=" 1, with e ective \Hamiltonian"

He = Huu+ Hi2(E  Hz) "Ha+ Hio(E  Hoo) *Hos (28)

Shaw that this is the sameasthe scalingequationwe usedin the lecture, based
on the T-matrix.

(d) The secondtwo terms in Eq. (28) give the changeto the Hamiltonian H
when the states with energiesD D < j'j < D are integrated out: one
just interprets He as the Hamiltonian of our system, with the new cuto
D D instead of D. Within the spaceof states with no excitations with
D D < j"j < D (i.e., for the statesdescriled by the wavefunction ;), we
canwrite the change H = H, H as

1 X
H = I J+;ppOS+ C:;O#Cp" + \] ’ppOS C)F;()‘Cp#
s 0
pp
+ JzppoS* (o Cyr CoouCos) ¥ Vopo(CoorCr + CroyCos)
+ Eg;

where V is a potential term correspnding to scattering from a nonmagnetic
impurity and Eg is a changein the ground state energy The term V was
not presen in the original Hamiltonian, but is introduced upon integrating

“Note that the de nition of o and , is ambiguous, becauseof the potential occurrence of
states with both aholeat D < " < D + D and an electron with energy D D<"<D.
However, this ambiguity doesnot play a role to lowestorderin D aslongasD  KkT.
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(d)

(e)

(f)

out the energiesD D < " < D, asyou can seebelov. In the lecture we
have calculated J,, and found

D .
D’
where (0) is the density of statesat the Fermi level, which we assumedo be
constart over the ertire range D < " < D. To arrive at Eq. (29), we used
that the energiesof all statesinvolved are much smaller than D (measured
from the ground state energyEg), sothat " Hg, " Hj,, and the single-
particle excitations energies"y could be neglectedwith respectto D. 1t is
important (and cornveniert) that in this approximation J, doesnot depend
on p and p° Shaw that the equivalert expressionfor J, = J reads

J ppo= 2 (0)J JZFD: (30)

Jzppo= 2 (0)3,J (29)

Derive the expressionfor V. In view of the appraximations made in the
calculation of J,, you can argue that we do not have to worry about V,
asit is of order kT D=D?2. This con rms our previous obsenation from the
perturbation analysis,that nonmagneticimpurity scattering doesnot lead to
divergencesand can thus safely be disregarded.

What is Eg? Isit small? We do not haveto worry about Eg, becauseve can
easilyincorporate it by meansof a rede nition of Hy. Addition of a constart
does not changethe dynamics or the scaling of the coupling parametersJ
and J,.

Can you explain, in view of the calculationsyou did above, why one cannot
scaleto valuesof D smallerthan kT?

Exercise 8.9: Saling and Abrikosov'sresults

In the Poor man's scalingapproad, the Kondo Hamiltonian (with bandwidth D) is
mapped to a new Hamiltonian of the sameform, but with a reducedbandwidth D
and a rescaledcoupling constart J. The dependenceof the coupling constart J on
the bandwidth D is descrited by the di erential equation

@_ 207

@ D
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The rescaledcoupling constart J” can be used for a calculation of the resistivity.
Hereto we usethe fact that, to lowest order in J, the impurity cortribution to the
resistivity is given by
_3J%S(S+ 1)
S e
Higherordertermsin perturbation theory give correctionsof relative sizeJ (0) In D=kKT
[or I (0) In D=KT for the rescaledHamiltonian].

(32)

(a) Argue that the resistanceat a temperature T may be obtained from Eq. (32)
by replacingJ by the scaledcouplingconstart J"at bandwidth D' kT. When
are higher order correctionsin J important?

(b) Solwe the scalingequation(31) to nd J asa function of D.

(c) Shawv that the recipe (a) for the resistanceyields precisely the result that
Abrik osor found after summation of the most divergen terms to all ordersin
perturbation theory,

_ 3 mJ2S(S+ 1) D
imp — 2e2~,,F 1 2] (0) In —kBT ;

whereJ and D are the coupling constart and the bandwidth in the original
(i.e., not rescaled)version of the problem.

(d) To lowest order in perturbation theory, one nds that the impurity cortri-
bution Cin, to the specic heat and the impurity cortribution iy, to the
magnetic susceptibility are given by

Cmp = ks 2S(S+ 1)(23 (0)%
(9 8)2S(S+ 1) .
imp = 3kg T (2 (0):

Using the samemethod asin (c), nd Cin, and inp in the scalingapproad.
Again, this is preciselywhat Abrikosos found!

(e) For ferromagneticcouplingJ < 0, we seethat jmp, Cimp, and imp approad
a nite valueif we usethe scalingapproad, whereasthe straightforward per-
turbation theory divergesto any order. Can you trust the results obtained
within the scalingapproah?
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(f) For antiferromagnetic couplingJ > 0, the impurity cortributions to the resis-
tance, speci ¢ heat, and magneticsusceptibility divergeat the Kondo temper-
ature kg Tx = De 2 ©_, What wert wrong?

Exercise 8.10: Magnetic suseptibility

The impurity cortribution to the magnetizationis de ned as
Mimp(H) = g (IS, + Sji  ISJig);

where S, is the impurity spin, S¢ is the total spin of all conduction electrons,hSSi o
is the averagespin of all conduction electronsin the absenceof the impurity, g is
the Bohr magneton,and g is the electron g-factor.

(@) Shaw that, to rst orderin the couplingconstart J, the impurity cortribution
to the magnetizationis
(9 8)°S(S+ 1H
3k T

Mimp (H) = 1 23 0):

(b) Calculate the magnetic susceptibility in, = dM=dH.

(c) The leading cortributions in higher ordersin J can be found from the scaling
picture, by replacing the coupling J in the lowest order perturbation theory
by an e ective coupling constart. What doesthis imply for your answersto
(@) and (b)?

Exercise 8.11: Higher ordersin perturbation theory

In lecture, we have said that the poor man's scaling approad is still perturbation
theory for small J. To seewhy, let us againlook at the scalingequations.

Recall that we wrote the Kondo Hamiltonian as Ho + V, and that, for this
notation, the T-matrix then obeysthe equation

1
n HO

T(")=V+V T("): (33)
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Then, using the projection operator P to project on statesthat have at leasta hole
with energy", < D+ D oranelectronwith energy", > D D, we found that
Eq. (33) could be rewritten as

1
m V + V+ VP, vV 1 P)——T

Ho Ho Ho
1 1

+ VP VP T: 34
n H0 " Ho ( )

T = V+VP

We then threw out the last term, and interpreted Eqg. (34) in sud a way, that it
lead to the de nition of a \new" perturbation ¥, with bandwidth D D, rather

than D, where

1 .
TN (35)

Let us now seewhat happensif we do not ignore the last term in Eq. (34).

V=1 P) V+VP

(a) UseEqg. (33) repeatedly to shav that, keepingthe last term, one nds thee
exactscalingequation

1 1 1
V+ VP VP V+::: (1 P): (36
H0 n H0 mn H0 ( ) ( )

V=(1 P) V+VP

(b) Now we can reinterpret ignoring the last term in Eq. (34) as ignoring the
higher order terms in Eg. (36). Can you draw a picture for a genericprocess
that cortributes to the third term in Eq. (36)?

(c) Estimate (but do not calculate) the magnitude of the third term relative to
the secondterm. Hence,what is the condition for the validity of the scaling
equationsthat we derived?

Exercise 8.12: Perturbation theory for strong coupling

We can get a qualitative estimate in the strong coupling limit J ! 1 from a
one-dimensionalattice versionof the Kondo Hamiltonian,
X X X
H= tn;ﬂ+l (C¥ Cn+1; + ¢+1; Cn; )+ J S C%/); ; 0CO; o:
n=0 . 0
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whereall t; are equalto t.
The site 0 canbe occupiedby 0, 1, or 2 electrons. If it is occupiedby oneelectron
only, the electron spin and the impurity spin may form a singlet or a triplet.

(&) What are the energiesof the four possiblecon gurations?

If kg T J only the singlet state will be allowed, sinceall other con gurations have
an excitation energyof order J. Hencethe impurity binds a conduction electron.
In the limit J ! 1 , the other conduction electronsare free to move at the sites
n = 1;2;:::, but cannot erter the site n = 0. This picture is similar in spirit to the
one we encourtered for the Andersonmodel in Ex. 8.1.

We subtract a constart (the energyof the singlet) from the Hamiltonian, sothat
the singlet energybecomeszero, and the energiesof the doublet and the triplet are
large and positive.

The e ects of a nite J shaws up through virtual excitations. For J  t, these
can be treated in a way similar to what we did in Ex. 8.1. One can write the
wavefunction asa sumof three componerts, = ¢+ :+ 5, where ( denotesthe
componert of wheresite 0 is occupiedby one electronwhich forms a spin singlet
with the impurity spin, ; denotesthe componert of wheresite 0 is occupiedby
zero or two electrons,so that the impurity spin is unscreenedand , denotesthe
componert of wheresite 0 is occupiedby one electron which forms a spin triplet
with the impurity spin.

(b) Write down projection operators Py, P;, and P, that project onto eat of those
componerts.

The Hamiltonian H canbe split up in parts H;; = P;HP;, suct that the Scredinger
Equation reads

Note that this is the sameequationasEq. (1) from Ex. 8.1.
(c) Arguethat Hyo = P,HPg = 0.

For energies’ J, onecan nd an e ective Screodingerequationfor o, similar
to Eq. (2),
|
1 Lo
Hoo+ Hor " Hun HlZWHﬂ Hio o=" o (37)
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(d) Derive Eq. (37).

We can nd a perturbation seriesfor Hyo by expansionof Eq. (37) in powersof t=J.
[Note that Hy; and H,, cortain a constart proportional to J that you calculated
under (a).]

(e) Shawv that there is no correction to Hgo to rst order in t=J, except for a
constart.

(f) To secondorder in t=J, the only correction is a modi cation of the hopping
integral tj . Argue that t;, getsmodi ed in a di erent way than all the other
tj . You do not have to shov a detailed calculation. Sincethe changein all t;
can be absorked in a rescaledhopping amplitude, we can sa that, to second
order in t=J, the hopping elemen t;, is modi ed, whereasthe others aren't.

(9) In the sameway, argue without calculations that virtual excitations of the
triplet state give a repulsive interaction betweenspins of opposite type at site
1 that is of order t#=J3,

The repulsiwve interaction at site 1 and the modi ed hopping integral betweensites1
and 2 appear as\leading irrelevant operators" atthe J = 1 xed point in Wilson's
renormalization group analysis. This exerciseexplains how these operators arise.
They are irrelevant, becausethey tend to get smaller asJ further approadhesl .
Newerthelessthey arecalled\leading irrelevant operators" becausehey arethe ones
that tend to zero slovest. As you have seenabove, you can understand Wilson's
statemernts from perturbation theory aroundthe J = 1 xed point.

Exercise 8.13: Sattering phaseshifts, relaxation time, and magnet@onductan@

This exercisebuilds on what you have donein exercise8.4 on the Friedel SumRule.
Here, we derive a relation betweenthe scattering phaseshifts and the relaxation
time that erters the formula for the conductivity

First, let usreturn to Eq. (16), which givesthe wavefunction for a ux of nonin-
teracting particles scatteredelastically by a spherically symmetric potertial at the
origin. The di erential scattering crosssectiondQ=d is the probability that after
scattering a particle will be directed into an elemen of solid angled. From Eq.
(16), we derive

dQ = jf ()j*d :
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The total scattering crosssection Q is the integral of dQ=d over the solid angle
d.

(a) UseEq. (19) to show that

b3
Q= — (2 + 1sin® |
1=0

Here we are concernedwith a short range scatterer, for which we only have to
consider 4. (All |, with I 1 canbe setequalto zero.)

(b) The scattering crosssectionQ is related to the relaxation time (k). Argue
that
1= = v¢ Cime;
whereCiy,, is the concettration of impurities.

(c) At zerotemperature, the conductivity is given as

2
= %[ “(Pe) + #(Pe);

wheren = p2=3 2-3is the density of electrons,and wherewe allowed di erent
relaxation times for electronswith spin up and spin down. Usethis to verify
that the magnetaconductance,i.e. asa function of the magnetic eld H, at
zerotemperature is given by

2
(H)= (0) 1+ H? &
where inp is the magneticsusceptibility dueto the presenceof a singleimpu-
rity, and (0) = (0)e€?vs p2=6 Gmp~°. Hereyou may usethat the scattering
phaseshift o at the Fermi level and in the absenceof a magnetic eld equals
=2. This result is Eq. (21) from the paper by Nozieres[P. Nozieres,J. Low
Temp. Phys., 17, 31 (1974)].
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Exercise 8.14: Variational approach

Someinsight in how the impurity spin is screenedby the conduction electronscan
be gained from a variational approad), see,e.g., K. Yosida, Phys. Rev. 147, 223
(1966). In this exercise we follow a simple versionof the variational argumer.
Considerthe Hamiltonian
X
H = "G

" X

o Jow STGoCy + S Qo Gyt S Gy Gatyy)
pp°
Ho+ V: (38)

for the Kondo Hamiltonian. We try to guessthe form of a wavefunction that will
minimize the energy For an antiferromagnetic coupling (positive J), we guessthat
the systemwants to be in a singlet state. Let us consideran odd number N of
conduction electrons. The simplestway to construct a singlet state is the state

) ) 1 ) ) ) )
j (p)i= p—é(cp;quS; "INt F G FS #ine1) (39)

wherethe state jFS;"i consistsof a lled Fermi seafor N + 1 conduction electrons,
with the impurity spin pointing ", and jFS; #i refersto a lled Fermi seafor N + 1
conduction electrons,with the impurity spin pointing #.

(a) Verify that the statej (p)i is a singlet state, i.e., that it hasspin zero.

(b) What is the energy gain for screeningthe impurity spin in this way, e.g.,
comparedto just having N conductionelectrons lling the Fermi sea?ls there
an energygain if the systemsizegoesto in nit y? You may replacecoupling
Jppo by a constant J=Ns, where N is the number of sites.

We can do better than Eq. (39) by consideringthe wavefunction
- - X - -
ji= (P (p)i:
p

Here the sum over p is restricted to wavewectorsp with "¢ D <", < "f.
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(€)

(d)

(€)

(f)

We'll now optimize the coe cients (p) to minimize the energyof the state
] 1. Minimization of the energyis equivalert to equating

Hj i = Ej i+ terms orthogonalto all j (p)i:

(You may want to read again the calculation of the ground state energy of
a BCS superconductor with one Cooper pair to seethis. The formal way
to nd this is to calculate the expectation value of the energyin the state
i:, I, and then to minimize this with respect to the (p) under the constraint

o (p)? = 1.) Shaw that the above condition leadsto the equation

3] X
2N

E (P)=(Ers "p) (P) (P%; (40)

pO

where Egs is the energyof the lled Fermi sea. We replaced,as before, Jp,0
by J=Ns.

Write Eg. (40) as

3] X
2Ns(Ees E  "p)

(p) = (PY;

pO

and sum both sidesover p to nd an equationfor E. Then replacethe sum-
mation over p by an integration, and approximate the density of statesby a
constart to show that the energygain E = E Egs "¢ of the singlet state
j iis

D .
exp(2=3J (0)) 1

What canyou say about the spatial extert of the screeningcloud in the wave-
function j i? Only give a rough estimate, not a detailed calculation.

You can considerthe wavefunctionj i asa \b ound state" betweenthe impu-
rity spin and the conduction electrons. Why? At what temperature doesthe
presenceof this bound state show up in physical obsenables?

The variational wavefunctionj i givesan energygain that is exponertially small,
just like the Kondo temperature kg Tx = exp( 1=2J (0)). Howewer, the coe cient
in the exponen for the variational wavefunction is wrong by a factor 4=3. That
is, the true energy gain (which is of the order of kg Tx ) is bigger. Sud things
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occur in generalfor a variational estimate of the ground state energy: A variational
wavefunction always provides an upper bound for the ground state energy; it is
newer givesa ground state energythat is too low. If onewants to, the variational
estimate can be improved by more sophisticatedvariational wavefunctions, but we
will not gointo sud detail here.

Exercise 8.15: Transprt througha Kondo impurity

We have seenthat the Kondo e ect leadsto an increaseof the low temperature
resistivity of metals with magnetic impurities. In this exercisewe'll considera
di erent geometry in which the Kondo e ect will give rise to a decreaseof the
resistance.

Consider a small metal particle coupledto two electrodes via tunneling point
conacts, seeFig. 1 for a sthematic drawing. If the temperature is low enough,only
one electron level "¢ in the metal particle (the level nearestto the Fermi energy)
will relevant for transport. In that casewe can descrike the systemby meansof the
following AndersonHamiltonian:

X X X
H = IIDc\l/p clp + "p(\Qyp CZp + "0('% CO + chcg#co#co
v h b: i X h i
+ Vi, € + Vi €y + Vol € + Vo6& € 1 (41)

p; p;

Here the operators with labels 1 and 2 refer to electron states in the two elec-
trodes,whereasthe operators with index O are creation and annihilation operators
for electronsin the level ", in the metal particle. The Hamiltonian cortains terms
represeting the kinetic and potential energiesof the electrons,the electron-electron
interaction for electronson the metal particle, and terms represeting tunneling
betweenthe metal particle and the electrodes. We'll assumethat the interaction
is repulsiwe, i.e., U is positive. Below we'll considerthe symmetric casein which
tunneling ratesto the electrades1 and 2 are equal,i.e., V1 = V,.

(a) Argue that transport through the metal nanoparticleis blocked in eat of the
following three cases:(i) "o ", (i) "o "F "ot U, or(iii) "o+ U "f
What is the number of electronsin the level "y in eah of thesecases?

Below, we considercase(ii) in more detalil.
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Figure 1. Scematic drawing of a metal particle (labeled 0) coupled to two electrodes
(labeled 1 and 2) through tunneling point contacts.

(b) Why do you expect the Kondo e ect to be relevant for case(ii)?

(c) In orderto solwe the problem of transport through the metal particle, we shift
to a basisof symmetric (+) and antisymmetric ( ) statesin the electrades,

1
Cp =P5 Gy G (42)

Rewrite the Hamiltonian (41) in terms of the operators (42) and shawv that
state in the nanopatrticle couplesto the symmetric combination (+) only.

For the symmetric (+) statesin the electrodes, we can de ne a phase shift
+. If a symmetric wave impinges on the impurity, the re ected wave is also a
symmetric wave, but with phaseshift 2 ,. SeeFig. 2 for a schematic drawing. The
antisymmetric statesin the electradesare not coupledto the metal particle: their
phaseshift = 0.

(d) Show that the transmissionprobability T of the metal particle can be written
T = sir?( ).

(e) What doesyour knowledgeabout scattering phaseshifts in the low tempera-
ture limit of the Kondo e ect teach you about the transmissionprobability of
this metal nanopatrticle for electronscomingin at the Fermi energy?And for
electronscomingin at energiesfar below or far above the Fermi energy?
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Figure 2: Schematic drawing of a \symmetric" state impinging on the metal particle (top

panel), together with the re ected symmetric wave (bottom panel). The re ected wave
has a phaseshift 2 .

(f) Can you estimate the Kondo temperature for this system?(In your estimate,
focuson the exponertial dependenceon systemparameters.)

(g) Sketch the conductanceof sud a metal particle asa function of gate voltage.
(Varying the voltage on a gate electrostatically coupledto the metal particle
givesrise to a uniform shift of the potential energyof all electronsin the par-
ticle. This leadsto a stepwise increaseor decreaseof the number of electrons
on the metal particle.)

This realization of the Kondo e ect has rst beenobsenedin \quantum dots", small
islandsin a two-dimensionalelectrongas,by Goldhaber-Gordonet al., Nature 391,
156 (1998). The samee ect has beenseenin transport through single molecules,
seel. Park et al., Nature 417, 722(2002).
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9 Superconductivit y

Exercise 9.1: Phonon-meliated electron-electron interaction

In this exercisewe review how the electron-phononinteraction,
X X
Hepn = W Cg+q; Co (byq +hy) (1)

p:q;

givesrise to an attraction betweenelectronscloseto the Fermi level. Here q is the
momertum of the phononand denotesits polarization.
The Hamiltonian of the total system(ions and electrons)consistsof three parts,

X X
He = 0Cheq; G 5 Hpn = ~lg; t%; by ;

p; q;

and the electron-phononHamiltonian He,,, introducedabove. We now focuson low
temperaturesT  Tp, Tp being the Debije temperature, where there will be only
very few thermally excited phononsin the system. We can write the wavefunction
asa sum of componerts j ;i with j phononsin the system(j = 0;1;2;:::). Then
the Hamiltonian H takesthe form

0 1
Hoo H01 0 L
HlO Hll H12 :::%l

0 Hz1 Ho

(a) Why isthere noterm Hg,? Indicate what termsin the Hamiltonian cortribute
to Hgqo, to Hog, and to H1o.

We are interestedin the part of the Hamiltonian that descrikes stateswith no
phonons. To zeroth order in the electron-phononcoupling that is just Hoo. There
are correctionsto higher order in perturbation theory, becauseof the presenceof
the terms Ho; and Hy that coupleto stateswith one phonon. How to deal with
sud o -diagonal perturbations is explainedin the following intermezzo.

Intermezzo: Consider a Hamiltonian of the form H = Hg+ H4, where is a small
parameter. Assumethat Hg has eigenstatesjni at eigervalue E,,. We now assumethat
H 1 has no diagonal elemerts, i.e. mjH 1jni = 0 for all n. Our goal is to transform to a
new basis,



such that H is diagonal. Here eS is a basis transformation, where S is an antihermitian
matrix (SY = S). Wewant to nd S in a perturbation expansionin

For = 0, H is already diagonal. Hencewe expect that S is of order . Then we can
write

H

H o+ [H;S]+ S[H;ST:S]+ O( )2

Ho+ Hi+ HoiSI+ [HySl+ JlHoiS)S]+ O( )% @

(b) Verify Eq. (2).

If we choose S such that [Hq;S] = Hq, then it is clear that H has no o -diagonal
elemerts to rst orderin

(c) Show that the condition [Ho; S] = H, implies that the matrix elemens of S in
the basisjni of eigenstatesof Hq are given by
_ i ITI]H 1jml
Shm = MjSjmi = E. E.
With this choice of S, we nd
H=Ho+ 5 (H1S SH1)+O( 9 ©

We now apply this result to the Hamiltonian H = He + Hpp + Hepn, Wherewe
considerthe electron-phononHamiltonian H¢, asthe perturbation. To seethat
this makes sense,notice that the states in the Hilbert spacecan be denoted as
jni = jfng gijff n, gi, and that Hy = He + Hpy, is diagonal in this Hilbert space,
with eigervalue E,, beingthe sumover all the occupiedelectronand phononenergies
"o and ~! 4. . The perturbation H; connectsstatesthat di er one phonon,and is
purely o -diagonal.

We are interested in a Hamiltonian for the electronsonly, in the absenceof
phonons. Problem hereis that the Hamiltonian H cortains elemers that coupleto
stateswith phonons. If that were not the case,we could just take Hqg, which has
the sameform asHe. To solwe this problem, we have to perform a slight changeof
basis,to a new Hamiltonian H, sothat the new Hamiltonian is diagonal. Then we
can just take the part that connectsstates without phonons! Hereto we use Eq.

IStrictly speaking this is not true: after the basistransformation, the electronic states cortain
a small phonon contribution. What we want to say, is that we are interestedin the part of H that
connectsstatesthat arisefrom the stateswithout phononsafter the basistransformation described
by eS.
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(3), and apply it to the electron-phononHamiltonian. Hereto, we alsowrite S in

terms of blocks that connectstateswith di erent numbers of phonons,
1
0 So1 O .

Sig O Sip il oL
S:%O S;1 0 :::§+O(W).

(d) Verify that S hasthis form.

In this way, we nd the e ective Hamiltonian for the electronsin the absenceof
phonons

1
H = Hoo+ 5(HoS10  SotH10):
no phonons 2
Now, we calculate ead of the terms separately First, we nd
X
Ho=  "pQ & :
P
The secondand third terms are
1 w2X X X .Gy Cho . oGpo 0
5H01310 = C§+q' . ° q'~o| ; 4
q; p poo P° pP%d "9
1 W2X X X +-Cpro . oCpo 0
5501H10 = 5 Cé T F +q'~, : (5)
q; p poo p p+q *q

(e) Verify Egs. (4) and (5).

Finally, adding Egs. (4) and (5), we nd for the phonon-mediatedelectron-
electroninteraction

2X X X ~lq
+ W C;y)+q; C;\QO q; 9Gp0 °Cp (" "2 (! )2:
a p poo P . h

Here we changedthe order of the creation and annihilation operators with respect
to Egs. (4) and (5). The anti-commutator of ¢ and ¢ that appears here can in
principle be absorked in the single-particle energiesand wavefunctions.
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a

Figure 1. Superconducting sphereof radius R placedin an applied magnetic eld H .

Exercise 9.2: Occurrence of intermediate state for a sugerconducting sphee

According to the Meissnere ect, the magnetic eld B inside a superconductoris
zero. Let us considerwhat this implies for a superconductingsphereof radius R in
an external (applied) magnetic eld H .

(@) Show that the appropriate boundary condition at the the superconductor-

(b)

vacuuminterfaceis B, = 0, whereB, is the componert of the magnetic eld
B perpendicularto the boundary.

Shaw that the solution of the Maxwell equationsoutside the superconducting
samplereads
Har

r3 ’

1
B =Ha+§R3r

where the origin for the coordinate vector r is taken at the certer of the
superconductingsphere.

(c) What is the maximal applied eld H, for which the magnetic eld at the

(d)

boundary of the superconductingspheredoesnot exceedthe critical eld H.?
It is at elds betweenthis eld and H. that the \in termediate state" is ob-
sened.

Is there an intermediate state for a superconducting cylinder in a magnetic
eld parallel to its axis? Why (not)?
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Exercise 9.3: Sizeof a Cooper pair

Argue that the size of a Cooper pair is of the order

Te
Tc F

where T is the Fermi temperature, ¢ the Fermi wavelength, and T. the critical
temperature for the superconductor.

Exercise 9.4: Wavefunctionat a xed numker of particles

The BCS wavefunction is a trial wavefunction of the form

Y
J Bcsi = (Up + VpCL/..Cyp#)jOiZ (6)
p

It doesnot have a xed number of particles.

(a) Show that the N -particle wavefunction j i can be obtained from the BCS
wavefunction by the following projection,
Z2 Y |
j i = de ™72 (up+ v,€ c.c 0
0
P

In other words, we can obtain a wavefunction at a xed number of particles
by \F olyrier transform" with respect to the phaseof the order parameter =
(V=)  ,UpVp. (Note that the wavefunctionj i is not normalized.)

(b) If the total number of p-vectorsinvolved in the product (6) is M, how many
terms will cortribute to j yi? The uctuations of the particle number are
small. Can you arguewhy?
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Exercise 9.5: Wavefunctionat a xed numkber of particles (2)

A dierent trick to project out the N-particle componert of the BCS trial wave-
function is descriked in the book by Rickayzen, Theory of sugerconductivity (Wiley,
New York, 1965). It starts by rewriting the BCS wavefunction as follows

X vy
j Besi! oexp u—pcy..cyp# jOi: (7)
p

(a) Verify Eq. (7).

(b) Shaw that the N -particle componert of the BCS wavefunction can be written

as |
X\ ©N=2
i Nil AV ok (8)
p p

Eq. (8) hasthe interpretation of a condensate The N -particle ground state is ob-
ined by building the systemfrom N=2 Cooper pairs in preciselythe samestate
o(Vp=Up)jp "; p #. In particular, the (N + 2)-particle ground state is obtained

from the N -particle ground state by addition of one more Cooper pair of the same

kind.?

Exercise 9.6: Bound statesin a potential

We found that the non-interacting ground state is unstable to the formation of
Cooper pairs for arbitrary small interaction constart V. The existenceof a lled
Fermi seais crucial for this result.

Shaw that, in three dimensions,there are no bound statesfor a su cien tly weak
attractiv e interaction if thereis no lled Fermi sea. (A bound state is a state with
negative energy)

2It would be tempting to make the analogy of the wavefunction (8) to a Bose condensate.
However, the Cooper pairs are not bosons,so one should be extremely careful by drawing sucd
analogies!
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Exercise 9.7: Ground state enelgy in BCS wavefunction

The expectation value of the ground state energyin the BCS wavefunction

J Bcsi = (Up + VpCL,..Cyp#)jOiZ
p
is given by |
X v X 2
Eo(V) =2 pVp — UpVp (9)
P p

where isthe systemvolumeand V= isthe strength of the attractiv e interaction
in the BCS Hamiltonian. We have written Ey(V) to indicate that this is the ground
state energyin the presenceof the attractiv e interaction. We will compareEq(V)
to the ground state energyE(0) without interaction term.

(a) Verify Eq. (9).
Substitution of

1
2 2 p T
v, =1 up—élu—, b = 2+§,
p
together with
v X
= — UpVp
p
ields
y X " 2
EO = p 1 i V:

(b) Now replacethe summation over the wavewectors p by an integration over

energyto arguethat
Z ~'p 2 :

0 24 2 V

(c) Perform the integration over energyto show that

Eo(V) Eo(0) _ 1
= 50 ?

if the interaction is weak, (0)V 1.
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Exercise 9.8: Energy gap| simple consideations

The BCS ground state wave function reads

Y
J Besl = (Up + VpCL,..Cyp#)jOiZ (10)
p

Consider an excitation where the state jpo;"i IS occupied, but j  po;#i is not.
Formally, this meansthat the factor

(upo + VIOo Cgo" Cy po#)

in Eq. (10) is replacedby the single creation operator cF‘QO

Shav by explicit calculation that the excitation energyfor this stateis if pg
is chosenat the Fermi level. What happensto the excitation energyif pg is not at
the Fermi level? How is this simple excitation related to the \Bogoliub ons" that we
encourtered in the mean- eld treatment of the BCS Hamiltonian?

Exercise 9.9: Excitation spectrum for spatially varying order parameter

We have calculatedthe excitation spectrum of a uniform BCS superconductorwhere
the order parameter was spatially independen. The result was

"0 q . .
p= Bt
We now considerthe casewhen hasa spatial dependence,
(r=j jer (11)

(&) Shaw that the form of the eigenfunctionsu(r) and v(r) of the Bogoliubov-de
GennesHamiltonian compatible with Eq. (11) is

u(r) = up® a0 y(r) = v, ar;
(b) With this, nd the excitation energies',.
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(c) Expand your answver for the ", to linear orderin g to nd

w="0+ 2 g+ od):

(d) For what value of g doesthe gap in the spectrum go to zero? How doesthis
value compareto the sizeof a Cooper pair? Doesyour answer make sense?

(e) Shaw that the quartities jv,j? and ju,j? do not depend on ¢ to rst orderin
qg.

(f) Calculate the ground state currert density
. 2~e X
j(r)= WIm Vp(N)r vy (r):
p
and shaw that it obeysthe Josephsorrelation

. ~en
= o

2m

where isthe phaseof the order parameter andn is the density of electrons.

(g) Basedon your answer to part (d), what is the maximum currernt that the
superconductingground state can support?

Note: The quanity vs = 2g=m is known as the super uid velocity. The crite-
rion when the gap in the excitation spectrum goesto zero can be rewritten as
Vs = 2 j=p=. It isimportant to realizethat the value of j | itself depends self-
consistetly on the super uid velocity vs.

Exercise 9.10: Gap closeto T,

Verify that, closeto T, the superconductinggap beharesas

(T) _ .. T
W—l.m 1 T_c :

91



Exercise 9.11: Mean- eld treatment of BCS Hamiltonian

In lecture, we have seenthat in a mean- eld approximation, the BCS Hamiltonian
of a cleansuperconductorcan be rewritten as
X X

H= (p "p+ MpCri)+ "5 5 o + props (12)
p p

where", = ( 2+ 2)'% and Y and are creation and annihilation operators for
the Bogoliubons,

— . y - .
pr = UpGyr VpClpyi = UpCl et VpQpu

One hasthe self-consistencycondition
X
=V hC puCori;

ip<~'p

whereV is the strength of the attractiv e interaction and ! p the Debije frequency
The rst term is a constart term, which represets the shift in the ground state
energy betweenthe BCS ground state and the non-interacting ground state. The
three terms appear when one derives the mean- eld Hamiltonian (12) from the
underlying Hamiltonian for interacting electrons.

(a) Verify that the operatorsobey Fermion anticommutation relations if jupj2 +
jVpj? = 1,i.e., that

fp;poog=0; fp;goog: pp® o

(b) The ground state energyis given by the rst term in Eq. (12). Shaw that it is
equalto the ground state energy

1
Eo) Eol =0)= 5 (0 7
that we found from the variational BCS wavefunction. (Here is the volume
of the systemand (0) is the electronic density of states per spin direction,
which you may assumeto be constart over the ertire range of energiesof
interest. You may alsoassumethat the interaction is weak,i.e., (O)V 1))
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Exercise 9.12: Are Cooper pairs Bosons?

Calculate the commutation relations of \Co oper pair creation and annihilation op-
erators"”

Are they the sameas Bosoncommnutation relations? Why (not)?

Exercise 9.13: Gaugetransformations

Shawv that onecanalways choosethe vector potential A sud, that the pair potertial
is real and positive. (You may assumethat IS nonzero everywhere in the
superconductor.)

Exercise 9.14: Josephsore ect

In the book \Sup erconductivity of Metals and Alloys" by P. G. de Gennesadi erent
and very insightful explanation of the Josephsore ect is found. We will look at this
explanationin this exercise.

Considertwo superconductors,labeled1 and 2, that are coupledvia a weak link
(a tunnel barrier). The Hamiltonian of the two superconductorscan be written as

H=H;+H+ Hr;

whereH; and H, are the Hamiltonians for the isolated superconductorsl and 2,
respectively, and Ht is a Hamiltonian that descrikestunneling from 1 to 2 and vice
versa. One may write Ht as

X X
Hr = Cp G 2Tppo+ Gro G 1 Tppo
pp O

Herethe ¢, j, ¢ , areannihilation and creation operatorsfor an electronin a state
with wavewvector p and spin  in superconductorj (j = 1;2). The matrix elemerts
Tppo depend on the barrier.
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An eigenstateof H; + H, will be built from a product of eigenstatesof H, and
H,. If the total number of electronsin the superconductorsl and 2 is 2N, sud a
product can be represeted as

= ~N o2 ;u (Hi+tHy) =E

where?2 is the number of electronsin superconductorl. The wavefunctions y 1
and ., descrile stateswith 2(N ) and 2 electronsin the superconductorsl
and 2, respectively.

If the superconductorsare isolated from the outside world, the total number of
electrons,2N is xed, but isnot. If isincreasedby 1, two electronsare created
in superconductor2, at the expenseof superconductor 1.

(a) Argue that
Ea E =2Er1 Er);

whereE is the energyof  and Eg; is the Fermi level in superconductor
(i =12).

First, we assumehat thereis no voltageapplied betweenthe superconductors. Then
Er1 = Ef,, and all E are equal. This degeneracyis removed by the inclusion of
the tunneling Hamiltonian H.

(b) Show that thereis no correctionto the energieE to rst orderin perturbation
theory.

To secondorder in perturbation theory, the inclusion of Hy givesrise to a matrix
elemen couplingthe states and ;. Denotingthis matrix elemen asJ,, second
order perturbation theory yields®

X X . 1
Jo = o TopoTioh + 1].:{) 1Cpo jil E E
p;pC%L;IG, i

hjcly ;1C|0 ;2j I’

wherejii is an intermediate state with 2 + 1 electronsin superconductorl and E
is the energyof . (We omitted the index , becausethis energyis the samefor
all )

3Secondorder perturbation theory also givesrise to a shift of E . However, this shift is the
samefor all , and therefore it doesnot remove the degeneracy
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(c) Usingthe symmetry relation T . po= T,

0o, Shaw that, if both superconduc-
tors 1 and 2 are in the ground state,

Hence,to secondorder in the tunneling Hamiltonian and within the spacespanned
by the dierent , onecanwrite the Hamiltonian H as

H =E +Jo( s+ 1)

This Hamiltonian hasthe sameform asthat of a particle hoppingon a one-dimensional
chain.

(d) What are the eigenstatesof this Hamiltonian?
(e) Using Fourier transform to , show that the correspnding energylevels are
H = E(K) «; E(k) = E + 2Jpcosk:
What is the physical interpretation of the \w avevector” k in this case?

(f) Supposethat we construct a wavepadket of the 's, with wavewvectorsin an
interval of width k aroundk. Argue that onecanchoose k sud that both k
and the uncertainty  in are small. Hence,both k and are well de ned.
(Hint: the typical is of order 107.)

(g) Sud a wavepadket moveswith group velocity

~d _ @(k) _ .
o & 2])p sink:

Shaw that this correspndsto a current passingfrom 1 to 2, with

| = (4eJp=~) sink:
This result says that, for two coupled superconductors, a current of magnitude

4eJo=— can ow at zerm voltage
Let us now apply a voltage between1 and 2. Then one has

E.a E =2eV
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(h) Argue that this energy di erence betweenE ,; and E correspnds to a
uniform applied electric eld of magnitude 2V on the chain. Hence, our
wavepadket movesaccordingto the force equation

d

9 k= 2ev
at €

(i) Explain that this constitutesthe AC Josephsore ect.

Exercise 9.15: Little-Parks e ect

A uniform supercurrert is described by a spatially varying order parameter
(n=j je

(@) In the presenceof sud a uniform supercurrert the critical temperature is
reduced. Calculate the relative reduction T.=T. and expressyour answer
in terms of jgj and the zero-temperature superconducting coherencelength
o= ~Ve= (0). Hint: useEx. 9.9.

(b) What is the suppressionof T, in the presenceof a spatially constart vector
potertial A (but with a spatially uniform order parameter )?

This result is important for the \Little-P arks e ect". Considera thin supercon-
ducting cylinder of radius R. If the thicknessd of the cylinder is much lessthan
the penetration depth , the magnetic ux  dueto a magnetic eld alongthe axis
of the cylinder is no longer quartized. (The cylinder doesnot support a su cien't
supercurrert to screenthe magnetic ux.)

(c) For sud a cylinder, show that T, is a periodic function of ,

Te 2 2
—= 055—= n — ;
Te R2 hc

wheren is the closestintegerto 2e =hc

(d) What happensif the radius of the cylinder becomessmaller than ? This
guestionwasinvestigatedexperimertally in the group of Liu (Penn State), see
Y. Liu et al., Science294, 2332(2001).
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Exercise 9.16: Nonlocal electromagneticresmpnse

In the presenceof a spatially constart order parameter andin the London Gauge
for the vector potential A (i.e., r A = 0 in the interior of the superconductorand
A normal to any surfaceof the superconductorat its boundaries),we found that at
zerotemperature the currert density is given by the London equation

ne’A(r)
mc

j(r)= (13)

In the derivation of Eq. (13) we assumedthat the vector potential A wasthe same
everywhere. This cannot be correct: the magnetic eld will be screenedat a pen-
etration depth , sothat A must, at least, vary on length scalesof order . In
this exercise,you will calculate the current density for a spatially varying vector
potertial A.

(&) Shaw that the order parameter doesnot changeto rst orderin A in the
London gauge.

In orderto nd the current density, we start from the zero-temperature currert
density
o 2e X _
j(r)= WIm Vp (N)r v, (r):
P
To zerothorderin the vector potertial A, the eigenfunctionsv, (r) of the Bogoliubov-
de Gennesequation are plane waves, v, (r) = v,€eP r,

(b) Show that, to rst orderin A, they acquirea correction v, (r) given by

e z dp®
2mec (2 ~)3Ap° o (p+pYer’

UsU o+ VpV U,V Vo u
(Pp° Ppo)vpo (p p° p p°)u

n 11} 0
+ po P

Vp(r) =

p p0 P

whereA 4 is a Fourier componert of the vector potertial A.
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(c) Thenshaw that the Fourier componert j , ofthe current density canbewritten
as

Z . >

ne? 2¢? dp jupV p - VpU p g

= — A, +
Ja mc 7 mZc (2 ~)3 "o " p

(P Ag)p:

Using the penetration depth 2 = mc?=4 ne? and changing variables from the
wavevector p to the single-particleenergy , this can be rewritten as

. Cc
Jq 4_K(q)ACI,
K (g — 1 d é(l K ) TR

1

p p -q

wherethe bradkets ht::i denote an angular averageover all directions of p at the
energy and K and ¢ are unit vectors pointing in the direction of k and q, respec-
tively.

All information onthe locality (or non-locality) of the electromagnetiaesponseof
a superconductoris cortained in the kernelK (g). For q! 0, onehasK (0) = 1= 2,
in agreemeh with our previousderivation of the London equation.

(d) Shaw that for small g,

1 2
K@=— 1 1—2(CI0)2+111 ;

where o= ~Vg=  is the BCS coherencdength.
For largeq 1= o, you can verify that K (g) becomesvery small,
13
K(Q = ——+:
4q o
With theseresults, we concludethat the spatial rangeof K (q) is of order 4. To
make this more precise,onemay Fourier transform the kernel K to obtain a current

formula in real space,
z

o 3c R[R A(r R)] .
for which one nds 7
2 1 d e (2R= o) coshx
R) = — B —
J(R) 1 X coshx
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In the so-called\Pippard appraximation”, one approximates this integral by sets
J(R) = e R=o,

We thus seethat the non-locality of the electromagneticresponseextendsover
length scalesup to . If the vector potential A is constart over sud length scales,
the London equationis valid. (This implies the condition o for validity of the
London equation.)

Exercise 9.17: Dirty superconductors

Sofar we have talked about a \clean" superconductor, without impurities. If the
superconductor is \dirt y", i.e., when it cortains many (non-magnetic) scattering
certers, sothat there is a meanfree path °, the results of the previousexercisehave
to bemodi ed. Aslongas’ o, the modi cations are small. The main e ect of a
small” o isto multiply the kernelJ(R) of Eq. (14) by exp( R="), i.e., to shorten
the range of non-locality to distancesof order . Hence,in a dirty superconductor,
the responseto an electromagnetic eld is local if ~ , Which is a much less
strict condition than the condition we found for clean superconductors.
Howe\er, the shorter range of the kernel J also implies a smaller currert j: In a
dirty superconductor

. ne*

1= 5 -
Derive this result from Eqg. (14) using J(R) = exp( R="). Writing the current
densily as

A(r):

0= 4

what is the e ective penetration depth in a dirty superconductor? How doesthis
compareto a cleansuperconductor?

A(r);

Exercise 9.18: Energy cost of a domain wall

In an applied magnetic eld H., both a (uniform) superconductor and a normal
metal have the same(Gibbs) free energy Sothe systemcan go either way. Or it
may go both ways. That is, one half of a superconductorwill go superconducting,
one half will remain normal. In that casethere will be a domain wall between
the normal and superconductingregions. In this exercisewe will calculate the free
energycost (or gain) of sud a domain wall.
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Consideran in nite superconductorwith an applied magnetic eld H. in the z-
direction. Forx! 1 the superconductorremainsnormal, and the magnetic eld
can penetrate the superconductor. For x I 1 the systemturns superconducting,
andthe magnetic eld is excludedby the Meissnere ect. We will assumeranslation
invariancein the y and z directions, sothat the order parameter (or the Landau-
Ginzburg wavefunction ) and the total magnetic eld h are functions of x only.

(@) Shaw that, with these assumptions, can be chosenreal and the Landau-
Ginzburg equationscan be written as

~2 4e?
v r e a2 0 (15)
_ E 2, _  C @,

jy = = ——; 16
Iy pmp 7 @ (16)
wherea, is the y-componert of the vector potertial. Wewill belooking for a solution
of the Langau Glnzburg equationswith - = Oand h = H,forx ! 1 , and
= , = ,h=0forx! 1. The parameters , , andthe wavefunction
are related to the (temperature dependert) penetration depth and the critical
eld H, ag

, _ mc&& 4e2H22_ _ 64 ¢

17162 me2 ¢ mt
The Landau-Ginzburg temperature-depgendert coherencelength , which governs
the scaleof spatial variations of is de ned as

2 _ ~ — ~*c :
2m 8e2H2Z 2
Sincethe external eld H. isimposed,the energycost per unit areaassaiated
with the domainwall hasto be calculatedasa di erence of Gibbs free energies.The
Gibbs free energydensity isdened asg=f hH.=4 , wheref is the free energy
density. Hence, 7
1
= dx f(x)
1

wheref 4 is the free energydensity of the bulk superconductingphase. The energy
cost is often written as

2 4.
H ™

heOHe ¢ .
S ’

_He.
8 1
41 am following the corvertion of de Gennesto setthe massm in the Landau-Ginzburg equation
equal to the electron massm. Tinkham replacesm by 2m.
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where hasthe dimensionof length. Positive correspndsto a free energy cost
for a domainwall: domain walls are unfavorable; negative points to an instability
of the uniform state, wherethe formation of domain walls is favorable.

(b) Shaw that the length can be expressedn terms of the magnetic eld h and
the Landau-Ginzburgwavefunction as

= dx 1 — — : a7

In orderto nd onehasto solwe the Landau-Ginzburg equations (15) with the
appropriate boundary conditions. In general,this problem s too di cult, and can
only be done numerically. Howe\er, it is possibleto nd a solution in two limiting
cases.

(c) If , the suppressionof the magnetic eld happenson the scale ,
while it takesa length of order for the superconductingorder parameter
to read its bulk value ; . Hencewe expectthat is positive, of order . For
a guartitativ e calculation, we solve the Landau-Ginzburg equation (15) with
h = a, = 0 and with the boundary condition = 0 at x = 0. Shav that one

then nds
_4 pé_
3 :
(d) In the opposite case , the order parameteradjusts quasi-instartaneously
to its local equilibrium value on the scale . Howewer, remainssmaller

than ; aslong as there is a magnetic eld. You can calculate from the
Landau-Ginzburgequation (15) that

263

mc?

Substituting  into the London/Maxwell equation (16), you canthen solwe for
a, and h. Derive the appropriate boundary conditions for a, at x = 0 and
show that onethus nds p_

_81 2),

= 3 _
What is the length scaleat which  readesits bulk value ; ? Is this what
you expect? Why (not)?
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Exercise 9.19: Upper critical eld H,

Let us considera superconductor in a magnetic eld. If we lower the magnetic
eld, there are two possiblescenarios: (i) the magnetic eld is excludedoncethe
eld dropsbelow a certain value or (i) rst a small part of the samplewill become
superconducting, while a magnetic eld remainspresen. To seewhat happens,we
rst investigate scenario(ii). If superconductivity only dewelopsin a small part of
the sample,we can usethe Landau-Ginzburg equation without the j j* term (the
linearized Landau-Ginzburg equation),

1 2eA °
+ = I — = 0.
2m C

Sincecurrerts are proportional to j j2, we may setr A = H, whereH isthe
applied magnetic eld.

(&) Shaw that the linearized Landau-Ginzburg equation hasa nontrivial solution
if H (  )mc=e-. (Note that is negative for a superconductorat T < T.)
This critical eld is called Hs and can be rewritten as

P~ hc
He = 2H = ——;
¢ °T 4 e (T)?

where H. is the thermodynamic critical eld and (T) is the temperature-

dependert coherencdength.

(b) With this information, arguewhenead of the scenariosabove apply, and what
the critical eld is in eat case.

Note: the scenariosabove do not take the boundariesof the superconductor into
accournt. Closeto the boundary of a superconductor, superconducting regionscan
nucleatealreadyfor magnetic elds above H.,. The upper critical eld for nucleation
of superconducting pockets closeto the surfaceof a superconductoris called H ..
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Exercise 9.20: Andreevre ection and the proximity e ect

In this exercisewe look at a thin cleannormal metal Im (thicknessw) deposited
on top of a superconductor, see gure.

N S

The quasiparticlestatescanbe found aseigenstatesof the Bogoliubov-de Gennes
Hamiltonian,

2

—r 2 (2 r) u _. u

() l v v
This calculation is a \toy" calculation in which we don't worry about the self-
consistencycondition for the order parameter: Weset ( r) =  for r in the super-
conductorand = 0 otherwise.

Instead of solving the Bogoliubov-de GennesHamiltonian for the full normal-
metal{superconductor hybrid structure, for energieg"j < it issucient to solwe
the Bogoliubov-de GennesHamiltonian in the normal metal only, with the appro-
priate boundary conditions at the normal-metal{superconductor interface. These
are the boundary conditions correspnding to \Andreev re ection™: Closeto the
interfaceat x = L, the wavefunctions must have the form, for " o

u(r) | dkyyrikez e|k;«‘x

v(r) jeikix O
e

u(r) | dkyyrikez € '_x: :

v(r) e tax

wherekg = [(2m=~?)("+ ) ki kZ]'* isthe x-componert of the wavewvector that
solvesthe Scredingerequationat energy + " andkff = [2m=-?)( "+ ) kI
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k2]%*2 is the x-componert of the wavewvector that solvesthe Scredinger equation at
energy "

Below we look at the eigenfunctionsof the Bogoliubov-de Gennesequation with
energy" ; and for a normal metal Im that is much wider than the Fermi
wavelength,peL 1.

(a) Show that the eigenfunctionsof the metal Im are

u(r) = gkyyrikzz u sin(kgx)
v(r) vsin(klx)
where
ity = ety
g kgL = e ikQLV;

and ju?j + jv3j = 1=(4 2L).

(b) Using (a), show that the eigervalues” of the Bogoliubov-de Gennesequation
are labeled by the wavewectorsk, and k, and an integern 0,andthat they
can be written as

— (2n + 1)~Vey .
nky;kz — AL )
wheremve, = [p2 p5  pi]*™ and pe is the Fermi momerium, pZ=2m =

We now derive an expressionfor the local density of states
1 X

5 dte "~h (r:;t) Y(r:0)i;

(;r)=

wherethe expectation value it ::i is taken in the ground state.

(c) Expressingthe electronoperators in terms of the Bogoliubov quasipatrticle
operators , shav that one can write
Z

X
("r)=2 dkydkz J.Un;kz;ky(r)j2 (" IIn;ky;kz):

n

(d) Derive an expressionfor (";r). Discussthe two regimes” ~vg=L and
~vg=L " separately
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(e) Derive an expressionfor the quartity

1 z
f(r)= 5 dte "S7h . (r;t) u(r;0)i;
which measuressup erconducting correlations” in the normal metal. In your
discussion,expressf asa function of the distance x® from the normal-metal{
superconductorinterfaceandfocusonthe energyregimes'  ~vg=L, ~vg=L
" ~vp=x%and ~vg=x2 "
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