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Abstract—Limit cycle, or self oscillations can occur in a variety the absorbed radiation will either increase or decrease as the
of NEMS devices illuminated within an interference field. As the structure bends toward or away from the incoming radiation.
device moves within the field, the quantity of light absorbed This sets up a feedback loop that can lead either to static

and hence the resulting thermal stresses changes, resultingb di to bendi ibrati limit | illati
in a feedback loop that can lead to limit cycle oscillations. ending or to bending vibrations (limit cycle oscillations.)

Examples of devices that exhibit such behavior are discussed as 1N Micro systems, thermally driven osc.illa}tions.can occur

are experimental results demonstrating the onset of limit cycle when a beam or similar structure moves within an interference
oscillations as CW laser power is increased. A model describing pattern. Langdon and Dowe [7] demonstrated and analyzed
the motion and heating of the devices is derived and analyzed. 5 sqif resonant system consisting of an aluminized polyester
Conditions for the onset of limit cycle oscillations are computed beam illuminated by a He-Ne laser that passes through a

as are conditions for these oscillations to be either hysteretic or . '
nonhysteretic. An example simulation of a particular device is 90% mirror placed just ahead of the polyester beam. The

discussed and compared with experimental results. optical arrangement forms a Fabry-Perot interferometer and
Index Terms—Thermal stress, self-oscillation, limit cycle os- 25 the beam vibrates, changing the Interferometer gap, the
cillation, finite element method, laser drive. light absorbed by the beam changes, creating a feedback loop

between the motion of the beam and the absorbed light. When
the laser intensity is low the beam bends statically. As the laser
l. INTRODUCTION intensity increases, the beam begins to vibrate, i.e. to undergo
ESONANT micro and nano-structures have been prdmit cycle oscillations. Similar results and phenomena were
posed for a number of applications including sensinggported by Stokes et al. [8] who demonstrated self-excitation
signal processing and as reference oscillators [1], [2], [3], [4}f metal-coated, silicon dioxide beams.
In sensing applications such as mass detection or strain megchurenkov [9] analyzed a clamped-clamped beam driven
surement, the quantity of interest is transduced by frequerfe§th by externally modulated laser light and by interferomet-
change of the oscillator. In a communication system inform&C&”){ modulated Iight. Conditions for limit cycle oscillations
tion may be carried by either the frequency or phase. In @&nd optimal placement of the light source are analyzed. He
these applications drive of the oscillator, signal transductiopotes that parametric excitation due to modulated thermal
attainment of high quality factor and stability are challengegresses could be used both in externally modulated and in
to be met before product can be built. self-resonant systems. In parametric excitation modulation of
Self-resonant systems have potential to meet the abde spring stiffness at the right phase and frequency pumps
challenges. Drive occurs by self-oscillation, the quality factéhergy into the oscillator, leading to amplification of motion
can be improved through the use of parametric amplificatio®f, to unstable oscillations [5]. Churenkov points out that the
stability can be improved through the use of feedback a@timal equilibrium interferometer gap for this mechanism is
the same optical system used for drive can be used for sighBifted by A/8 compared to the case for excitation due to
transduction. thermal bending moment and that "self-oscillation cannot be
A self-resonant system is one that in the absence of exterrfcited spontaneously even if the self-excitation condition is
modulated forcing will vibrate at a steady amplitude, i.dulfilled.”

undergoes limit cycle oscillations. The canonical example isHane et al. [10], [11] demonstrated limit cycle oscillations
the van der Pol oscillator [5] in which an electrical circuitin @n aluminum coated, glass cantilevered beam. They demon-

containing a vacuum tube that at low current acts as SHated that the vibration amplitude varied from 0 to 300 nm
negative resistor but at high current acts as a positive resistith & period ofA/2 as the equilibrium air gap was varied.
spontaneously oscillates. Zook et al. [12] built a device using an integral photodiode
Thermally driven limit cycle oscillations can occur in mel© convert optical power into an electrostatic force to produce
chanical systems at all size scales. For example [6], whegl-oscillation in a clamped-clamped silicon microbeam. A
solar radiation is incident at an angle upon a space structuPE2Posed application of the device is strain sensing.
Electrostatically driven parametric resonance in MEMS
Manuscript DRAFT May 26, 2004. Revision submitted to IEEE / ASMESystems has been studied by Turner et al. [13], [14], Ruger
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drive can be used not only to amplify motion but to reduc
thermomechanical noise as well, greatly increasing sensitiv
of sensors built using parametric drive.

Zalalutdinov et al. recently produced CW laser driven limi
cycle oscillations in NEMS resonators in the shapes of dis
[18], domes [19], paddles [20] and wires [21]. Parametri
amplification [22], entrainment [23], and operation in air [20
have been demonstrated. These systems were modelled t
one degree of freedom oscillator coupled to a lumped me
thermal system. Up to this time, these models have not be
fully analyzed. Thus, in the following sections experiment: o i 106 200 S S5 660
observations of limit cycle oscillations in three different de Incident Laser Power (W)
vices will be presented followed by derivation and analysis u.
the model and comparison to experimental results from one
type of device. Fig. 1. Dome oscillator (measured frequency = 17.8 MHz, Q=10,000)

and Hopf bifurcation (onset of self-sustained, or limit cycle, oscillations).

Inset is an optical DIC image of the dome. Out-of-plane buckling causes the
interference rings seen.

Signal at First Harmonic (a.u.)

Il. EXPERIMENTAL OBSERVATIONS
A. Devices

The devices and fabrication methods used in this stu
are similar to those used in previous studies [18], [19], [24
With the exception of the dome oscillator, the devices we
made using commercially available silicon-on-insulator (SO
wafers. Lithography was done using direct write electron beg
methods. A chrome etch mask was evaporated onto the surf
of the SOI wafer after pattering with lithography. A reactive
ion etch (RIE) step removes the top silicon layer after whicl
the chrome was removed using oxygen plasma. The structu
were then released by timing a wet oxide etch in hydrofluor
acid to undercut the oxide from the device. o s0 1000 1500 2000 250 3000 3500

The devices used were disk, clamped-clamped beam, ¢ Incident Laser Power (u\W)
dome shaped having resonant frequencies up to 20 MHz (see
insets of figures 1, 2, 3). The 2Lm diameter, 250 nm
thick disk was made of single crystal silicon supported in theg. 2.  Hopf bifurcation in doubly clamped beam oscillator (measured
center by an oxide pillar. The wet oxide etch step producggquencyzﬂ MHz). Inset is an SEM image of an array of such resonators.
a conically shaped pillar whose lateral dimensions depend b Measured device was the longest beam.
etch time. The oxide thickness 1gim.

Release of residual stresses during fabrication caused %ed

Signal at First Harmonic (a.u.)

disk b hed 45 b 20 and 100 seen. We have measured modes having zero, one, and two
Isks to be arched upwards between 20 an nm at feyal diameters in the disk oscillators as well as higher order

periphery. , , modes in the dome oscillators.
We also fabricated beam oscillators for the purpose of

achieving higher frequencies. The device layer in this case

was 205 nm thick and the chrome etch mask (50 nm) was I8¢t Setup and Procedures

intact. An interferometric method was used to detect the motion
To create devices with a greater out-of-plane deflectioof the devices and has been described in earlier work [25]. A

dome oscillators were fabricated using a different procesntinuous wave (CW) HeNe laser beam is focused to about

First, 1.5pum of thermal oxide was grown on a [100] silicona 2um spot on the device. The layers of device, vacuum,

wafer. Next, a polycrystalline Si layer was grown usin@nd substrate set up a Fabry-Perot type interferometer whose

LPCVD (T' = 570°C) and annealed dt150°C for 60 minutes reflected signal depends on the thickness of the layers. As the

to develop compressive stress 800 MPa) in the film. Using device moves, the gap between device and substrate changes

photolithography, a hole was patterned and etched through #r thus modulates the reflected light. This modulated signal

poly layer using RIE with a resist mask. The device was thés measured using an AC-coupled photodetector and spectrum

released using a wet oxide etch to undercut the patterned halealyzer. All measurements were done under vaculOm’(

As the device layer was freed from the oxide, the compressiVerr).

stress caused it to buckle, resulting inlam high, 30um The data in figures 1, 2, 3 were taken by measuring

diameter dome. the amplitude of the spectral response at the frequency of
By driving these devices at low amplitude using either ascillation of the devices as a function of incident CW laser

piezo actuator or a modulated laser, a variety of modes caower using a spectrum analyzer. Changing the DC bias across



a Hopf-type bifurcation. We estimate that the peak-to-peak
amplitude of motion can be as high as half the wavelength of
the laser light (315 nm).

Figures 1-3 show the onset of limit cycle oscillations for
the different types of structures (domes, beams, and disks)
mentioned above. Note that with the detection system used

The amplitude overshoot seen in figures 1 and 3 may be due

Signal at First Harmonic (a.u.)

- .8; 32888 to temperature dependent reflectivity. Note also that as shown
y ——Q=18,000 in figure 4 the signal contains significant 2f and 3f components
g ol and hence what is measured is not the true amplitude. To
i : Q = 40,000 estimate the true amplitude consider the signal from the
y = y y photodetector while the device is in self-oscillation, as shown
500 1000 1500 2000 2500 3000

in figure 4. The departure from a sinusoidal waveform is
due to the)/2 periodic dependence of the reflected signal
on displacement [27]. We can obtain a rough estimate of
Fig. 3. Hopf bifurcation in two different disk-type oscillators. (f=3.8 MHz,the peak-to-peak amplitude of the limit cycle oscillations by
Q=7500 (tOp), f=3.2 MHz various Q values (bottom)). Inset is a SEM ima%ting to the measured Signa| a curve produced by mapp|ng

of the disk. The bottom section shows how the threshold for self-oscillation idal ti to th lculated displ t-reflect
depends on the quality factor. The arrow shows the point at which the gaiiusordal moton onto the calculated displacement-refiectance

Incident Laser Power (uW)

in figure 4 was taken. dependence. In figure 4, the amplitude of motion is found to
be 160 nm. Amplitudes have been found to be as high as 300
100 nm.
80 :E:ta Various degrees of hysteresis in the amplitude vs. laser

60 power plots of figures 1-3 are observed. For the case of the
disk oscillator, one device showed hysteresis while another did
not. The two differed in size and in the oxide etch time during

fabrication. These differences can cause the devices to have

different out-of-plane deflections. This will be shown in the
] theory section of this paper to have an effect on whether or
1 not hysteresis is expected. The laser power threshold for the
. onset of limit cycle oscillations was measured for different

quality factors in figure 3. The dependence of the laser power
threshold, Py,,5 on Q is approximatelyPro,s ~ 1/Q%%°
which differs from thel/Q dependence expected for linear
damping, see equation 19 below. It may be that the act of laser
Fig. 4. Signal from photodetector from point indicated by arrow in figure 3§1nneallng the device remo.ves surface contammants, depreasmg
The fit curve is the calculated signal obtained using sinusoidal motion wiHrface losses and changing the shape of the disk. This could
an amplitude of 80 nm moving through an interference pattern set up bychange the absorption of laser light by the device and hence
248 nm device and 1000 nm gap. change the calculated limit cycle threshold.
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an electro-optical modulator controlled the CW intensity of [1l. THEORETICAL MODEL
the laser. Quality factor measurements were taken by driVingAlthough the above described systems are structures and

the structures using a second laser (417 nm) whose intengiiy, o il have spatially varying fields, for modelling purposes

was modulated using the RF output from a spectrum analy%ﬁéy will be simplified as a one degree of freedom oscillator

and measuring the half-width of the resonant peak [19]. TlE%upIed to a lumped thermal mass. No external forcing is

CW laser powers were low compared to the power requiredégp"ed to the system
induce limit cycle oscillations. In one case, the quality factor Let = be the deflection of the structure at the location of

of a disK-type oscillator was changed from 10,000 to 40,000, illumination, and let = x /A, where\ is the wavelength
through in-situ laser annealing [26] to measure the threshldly, o aser light. As the structure deforms, the absorption of

power as a function of quality factor. Measurements of tr] ht will vary periodically with the gap. The absorption can

self-oscillation threshole were taken using laser powers t approximated by + sin? 27 (= — z). The values ofx and

were below those required to anneal the structure. ~ depend on the thickness of the structure, the gap and on the
optical properties of the material [27], [28]. The position of

C. Results the minimum of the absorption with respect to the structure’s

To produce limit cycle oscillations, we need only to increasequilibrium position is represented hy.

the intensity of the CW measurement laser. At a certain The structure is assumed to heat up due to absorbed laser

power threshold that depends on the device properties digtht and to cool according to Newton’s law of cooling, i.e.

the placement of the beam, the device jumps into motion ihe rate of heat loss is proportional to the temperature above



E S1 {100) Plrggeg';; 18], [31] arched beams due to uniform thermal expansion (i.e. no

v 279 through the thickness thermal gradient.) The electronic strain

I 79.1 GPa produced in semiconductors due to photogenerated carriers

ﬁ i;‘gov\‘;%”i [35], [36] can be used as a driving mechanism in microbeams

c 712 Jikg K [37], [38]. The electronic strain can be many times larger
dE?dT 13%-5 T&PZZﬁa/K and faster acting than thermal strain, potentially lowering the
dyaldT _79.111074 oPalk optical power required for self-oscillation.

The relative importance of the opto-thermal forcing mecha-
nisms depend on the device dimensions, coatings and material.
As an example finite element calculations were performed for
a 40 ym outer diameter, 6.7sm inner diameter disk made
from 0.24m thick, undoped Si, illuminated by B = 250pW

ambient. Nondimensionalizing time by the small amplitud&V |aser over éum diameter circle. Due to the release of
frequency,w, of the mechanical oscillations, the energy baf€Sidual stresses the disk arches upwards by 40 nm. Since
ance for the lumped thermal mass is given by the. mat'enal is undoped, there will be no electronic strain.
_ Estimating reflectance of 0.35 and absorption of 0.25 [28] the
_ 1 _ _Gesth (1) Photon force isF = (2 0.35 + 0.25)P/s = 8 x 10~ "*N,
pcVagswo PN peViog pwo wheres is the speed of light, resulting in a deflectidr ~
whereT is the temperature above ambieptis density,c is 033 X 10~°um. The same illumination will produc\T ~

. N " ) .
specific heat), s is the effective volume of heated material3’C and_Az ~ 3x107*um. Note that if the disk were ﬂ‘"}t' the
acsy is the effective surface area over which cooling occur€nly motion would come from the small through-the-thickness

TABLE |
ROOM TEMPERATURE PROPERTIES OBl (100)

J : - i i ~ -6
7 i$ the cooling coefficient and temperature gradient. In this caggz ~ 0.7 x 10 pm. _To

understand why the thermal bending is so small in this case,

Pbsorbed = P(a + ysin? 27 (2 — zo)) , (2) note that the characteristic time for heat conduction scales

) o _ast = h%/d, whered = k/pc is the thermal diffusivity. In
where P is the incident laser power. The above can be writtghits of m and s, d = 99um? /s for Si. The time for the
as . 5 through the thickness temperature to equilibrate is approxi-
T+BT=AP (0‘ +ysin” 2w (2 — ZO)) g () mately0.000645. The period of mechanical oscillation for the
L areh ) disk is approximatelyt ;.s, orders of magnitude longer than the
where A = —o——— and B = —Lr0. Expressing the laser ijme needed for through the thickness thermal equilibrium.

_pov(;/_er n M'W’I andT mh"C,E:l has units of"C/;If]W, anc_iB For the thermal strain driven mechanisms, the static deflec-
IS dimensionless. In the above, r_epresents the MaxiMuMyinn due to the optothermal force can be approximateD&s
temperature in the structure, which occurs at the point here D may be positive or negative and| is a decreasing

illumination by the laser. function of heating modulation frequency. In a disk oscillator,

The mechanical system is modelled as a nonlinear, ma§ﬁbported by a central pillar, if the disk is arched upwards
spring-dashpot, coupled to the thermal problem through;ay iy geflect down when heated, i.e) < 0. If the disk is

thermal forcing and temperature dependent spring stiffnea%hed downward it will deflect up when heated, 2> 0.
The temperature dependence of the stiffness has two SOUrgESte thatC' and D have units ofl j°C
The elastic properties soften with temperature, see Table I. In- '

plane thermal stresses may either soften or stiffen the struct rel.DUttIng the above together, the balance of linear momentum

For example, in a doubly clamped beam the relative stiﬁnﬁ% the oscillator may be written in non-dimensional time as
change is given bys® = =124~ AT, wherek is the spring )

stiffness,a is the coefficient of thermal expansioh, is the 3 f(z-,_DT) +(1+CT)(z—DT+B(z—DT)%) =0 (4)
length of the beam anldis the beam thickness [29]. In the disk

oscillator, as the temperature increases, radial tensile and hoop

compressive stresses are developed that increase the stiffié¥ye @ is the quality factor ands the cubic stiffness

of vibration modes involving predominantly radial bendingionlinearity parameter. Equations 3 and 4 form a coupled
and decrease the stiffness of modes invo|ving predominanwstem of differential equations describing the vibrations of

hoop bending [22], [30]. The stiffness change is represented ¢ NEMS oscillators under CW laser illumination. Note that
% = CT. C may be positive or negative. At high frequencieghe DT" term could also be considered as a force and placed on
the temperature modulation away from the point of laséfe RHS of eq. 4. The results shown in the following sections
heating diminishes, and thy€’| is a decreasing function of would be identical to within a very small difference.
frequency of heating modulation. To model an actual device, the parameters
Opto-thermal forcing can arise from several physicdl, D, A, B, (3, z and Q must be estimated. The
sources, [3], [32], [33], [34]. If there is a through the thicknesguality factor @ can be found by mechanically forcing
temperature gradient or if the structure is composed of twtlee device and measuring its resonance width. The other
layers of different materials, then there will be a thermglarameters can be determined by theory or by computational

bending moment. Fatah [33] discusses deflection of initialgimulation as outlined in the following sections.




A. Thermal Parameters original resonant frequency of the structure. The resulting non-

For a device that is essentially one-dimensional such as {ﬁ:gonant deflection and temperature amplitude are then used

beam type oscillator, the thermal parameters may be estima&%&ompUteD - TAAZc'
analytically. For a device such as a disk oscillator heated over
only a small region, analytical computation of the temperature
field is very complex. In such a case the parametérand A. Threshold for Hopf Bifurcation

B can be determined using two or three dimensional finite In this section we present an approximate analytical solution
element (FEM) simulation. First a static, unit heat flux i®f equations 3, 4 which is based on a few simplifying
applied over the portion of the model illuminated by thassumptions. We begin by assuming that 2, in eq.(3) is
laser and the steady state temperature field is computed. Bhéiciently small that we can replasén® 27(z — z) by the
thermal equation then reduces BI' = A - 1, and hence first two terms of its Taylor series:

Tpc = A/B, whereTp¢ is the temperature at the location of 16

laser illumination. Next a sinusoidal unit heat flux is applied  sin”2m(z — zp) & 47 (z — 2)* — §W4(Z —z0)* (5)

to the model. In this case the temperature equation reduces
to T + BT = A - lsin(wt), wherer is nondimensionalized K&t we assume that the parametérs D, 1/Q and § are

. . . .- small, and we scale them with a single small parametéve
time, andw is the frequency of heat flux modulation relative :
escale time ta- = wt and expandv = 1 + wye. These steps

to the natural frequency of vibration of the structure. Th%esult in the following form of the equations:
steady state so{ution to the abovdigr) = ﬁ sin(wr+ ) . '
§), ¢ = tan"" —w/B. Hence,Tyc, the amplitude of the 2y e— (:—eDT)+(14+€eCT)(z—eDT+eB(z—eDT)?) = 0
temperature field from the FEM solution, 7§ = \/%. Q

+w? (6)
The parametergl and B can then be found from the solution T+ BT = ky + k (22 )2 + k(2 — 2 )4 )
to the equations fof'pc and Tac. TR 0 3 0

IV. ANALYSIS OF MODEL

where primes represent differentiation with respect 70

) ] ) ] and where we have defined the quantities = APq,
B. Stiffness Change and Cubic Nonlinearity ko = Aw2 AP, ks = _13767T4AP%

To determineC, a sinusoidal unit heat flux is applied to a
geometrically nonlinear FEM model at or near the resonantNote that where = 0 these become:

frequency of the structure and the temperature and the stress 54 .= 8)
field are computed. After applying enough cycles to reach ) ) .
steady state the simulation is stopped at evei® period and T+ BT = k1 + k2(z — 20)” + k3 (2 — 20) 9)

an eigenmode analysis is performed to extract the resong\rllﬁting the solution of (8) as

frequency of the relevant mode. Since stiffness~ w3,

Ak/k = 2Awy/wo. By determining the amplitude of the z=a cosT+b sinT (10)
_ 2(Awo/wo)
frequency changehwo/wo Over one cycleC’ = === 4<. o ohtain a steady state solution to (9) in the form:

The cubic term in the stiffness may be determined by
applying a pressure load to the FEM model, performing aZ = p1 + p2sint + p3 cos T + p4sin 27 + ps cos 27
nonlinear FEM simulation and fitting the deflection as a +pe sin 37 + py cos 31 + pg sin4r + pg cosdr  (11)
function of force. If the amplitude can be measured precisely

the cubic term may also be determined by fitting the meg/_here thep; are known. Substituting (10) and (11) into (6),

X o . . .
sured frequency-amplitude curve to the frequency-ampIituf{ff'émgleC'FIng terrr:js O?t(E ),tglgonor;_eFrlc?lly ]rieducmg allwtrlg
relationship for a Duffing oscillator, see ref. [5]. erms in7, and setling the coelficients 6in 7 and cos7

to zero (for no secular terms) allows us to solve for the

coefficientsa andb in eq.(10). Switching to polar coordinates
C. Opto-thermal Forcing a=Rcos0 and b= Rsinf (12)

The opto—th_ermal forcing term is modelled in equation 4. e are able to obtain an equation on the limit cycle amplitude
DT. The forcing due to curvature and temperature grad|eﬁt

can be estimated from FEM simulation. Note thafifand = fo,rrire]:? ;‘n tﬁzz;eif;?/nbfgrv\:zzef;eg:izﬁz\;\germs ofZ. The
are constant in equation 4, then= DT. Since the NEMS '

oscillator is a structure, the deflection depends on the tem- ciR* + caR* +c3 =0 (13)
perature field, which differs for static and modulated heatingihere the coefficients. are given by the expressions:
Thus one needs to find the mechanically static response to a ¢ 9 y P '
dynamic temperature field. To do this in an FEM simulation, ¢; = B2Cks + Cks

the dens!ty can be_ reduced by a factor (for examplapéfand ¢y = 6B2Chsz2 + 6Cksz2 + 6B2Dkszg + 24Dksz
the specific heat increased by the same factor. This keeps the 9

thermal frequency the same while increasing the mechanical ) 5 5 )
frequency by 10. As before, the procedure now is to apply acs = 8B Dkszg +32Dkszy + 4B” Doz
modulated unit laser power to the FEM model at or near the +16Dks2o — 2B*/Q — 10B%/Q — 8/Q



0.4

Note that each term of the coefficients ¢ andc; depends

on exactly one of the paramete¢s, D, 1/Q, which have e numerical integration
been scaled to b&(e). Thus we may drop the scaling and 0a |
treatC, D, 1/Q in eq.(13) as having their original physical s
values independent af I perturbation theory

R o2

Eq.(13) can be solved faP:

B?2+1)(B?+4 'n ~
p_ 3B+ (B2 +4) ” 0 2
2m2AQVK I ™~
where o s —
0 500 1000 1500 2000 2500
P, uw
K = MR+ MR + ) (15) y *
zo=0.12 /
)\1 _ 74,”2 (32 + 1) C (16) + numerical integration 1
02 |
2/ 2 2 2/ R2 2 R
A2 = —247°(B* +1)25C — 247°(B* +4)20D + 3(B* +1)C . s ]
I A
( 1 7) perturbation theory
01 |
A3 =—4 (B*+4) Dz (87%%° —3) (18)
A Hopf bifurcation in which a limit cycle is born out of
R = 0 will occur at a value ofP which may be obtained 0, ps o5 ppos pes py—s
by substitutingR = 0 into eqs.(13)-(18): P, uW
P o 3 (B2 + 1) 19 Fig. 5. Subcritical Hopf (upper) versus supercritical Hopf (lower). Amplitude
Hopf — ( ) of limit cycle determined from perturbation theory and by numerical inte-

8m2ADQ 2z (3 —8m2 202 ! i ¢ ! .
Q2 ( 0 ) v gration of equations 3,4. Difference between results is due to Taylor series
To illustrate the results, a standard set of parame@proximation ofsin? 27(z — zp) term. S=stable, U=unstable. Subcritical

P . - IHopf involves 0,1 or 2 limit cycles, whereas the supercritical Hopf involves
values based on a prehmmary analysis of a dis ly 0 or 1 limit cycles. In the case of two limit cycles, one is unstable.

oscillator will be wused [23]. These parameters ar@he stable manifold of the unstable limit cycle separates motions which
A=0.018, B=0.488, C =0.000353, D = 0.000013, oo = are Ialt)trau:ted to the stat;le limit c;;cle fré)m tholse w?icp acrie attracted rt10bthe
_ _ _ _ : equilibrium position. In the case of a subcritical Hopf, the dynamics exhibits
0.06, v = 0.26, - 04, Q@ _.10000’ and zg = 0.06 With hysteresis (represented by vertical lines with arrows showing the direction
these values, equation (19) givE%,,¢ = 474uW. of jumps), while in the case of a supercritical Hopf no hysteresis occurs.
In the case of subcritical Hopf, as Churenkov [9] hints, in the region of 2

limit cycles self-oscillation cannot grow from equilibrium. A sufficiently large

initial value of |z|=(R) must be given to jump from the basin of attraction of

B. Super and Sub-Critical HOpf Bifurcations the equilibrium point into the basin of attraction of the stable limit cycle.

If we use the foregoing parameter values but allgwto

vary, eq.(14) gives: Note that the sign of | . __ is the sign of, which therefore
P = (—1.02112 2% — 6.07524 R? 2% — 0.76584 R? 2 determines the nature of the Hopf. For standard parameters,

eq.(22) becomes:
1+0.0388 29 — 1.01254 R* + 0.07694 R*)~! (20) a-(22)

_ 2 B
For z, = 0.01 this gives a subcritical Hopf, whereas for G = 0.03451 2" + 0.00435 2 — 0.000437065 (23)

zo = 0.12 this gives a supercritical Hopf, see Fig.5. which has the positive rootz, = 0.06596. Thus the
Hopf is supercritical forzy > 0.06596 and subcritical for
The sub- or super-critical nature of the Hopf will depend op < », < 0.06596.
the sign of the curvature (or second derivative) of the curve
(14) atk = 0: In general, the cut between sub- and super-critical Hopfs
d2P 9 (32 + 1) aQ occurs atzZ = 0. For general parameters, we may solve eq.(22)

-5 = for D, giving the following condition for a supercritical Hopf:
dR?IrR=0 1672 A (B2 +4) D2Q 22 (872202 — 3)> gving g P P

(21) (B2+1) C (1—87%%?)
where D> S72 (B2 + 1) 2 (24)
G = 87°B°Cz’ +81°Cx’+87°B* Dz Thus in general the nature of the Hopf will dependnC, B

+3272 D20 -~ B*C - C (22) andz. However, this equation shows that:if > 1/(v/87) =



0.112, the RHS of eq.(24) will be negative, and the Hopf will x10”°
always be supercritical.

Note that eq. 5, the Taylor series approximation of the
interference field gives the correct value @y, but
not of the limit cycle amplitude, see figure 5, since the

approximation is inaccurate for large valueszof zg. D

2

C. Number of Limit Cycles

The system of equations (3),(4) can exhibit 0,1 or 2 limit 0
cycles, depending on the value of the parameters. We have
already seen this in Fig.5. In this section we investigate
how the number of limit cycles depends on the value of the
parameterg’ and D. 0
0.1 .3
Cc x10

For the standard parameters, eq. (13) becomes

C’R4+(1.232D—0.0544C)R2 —0.0565D+5.364x10"7" =0 Fig. 6. Number of limit cycles displayed in th€-D parameter plane, for
standard parameters Bt= 6001 . Each region contains a schematic of the
) (25) limit cycles projected onto the-Z and z-T" phase planes. In region O there
For the standard values @ and D, solving eq. (25) for are no limit cycles and the origin is stable. In region 1 there is one stable

the single real positive root foR, yields R = 0.169, the limit cycle and the origin is unstable. In region 2 there are two limit cycles

. . . (the larger is stable and the smaller is unstable) and the origin is stable. The *
approximate amplitude of the limit cycle. corresponds to the location of the standard parameters. The solid curved line
is eg.(26), and the straight line is eq.(27). Numerical integration of egs.(4),(3)

For a real solutionR to (25), the discriminant 0, which with the approximation (5) agrees well with the solid curved line, eq.(26).
’ = Numerical integration of egs.(4),(3yithout the approximation (5) gives the

reqUires dashed curved line. Eq.(27) agrees with numerical integration results in both
cases.
5813930.0 D?+352252.6 C D+11326.8 C?—8.21418 C' > 0
(26) .

In addition to being real, the root&2 > 0. The cut comes Parameters for th4'5 model ard = .0025°C/uW, B =
when R = 0, which happens when 12, C = 5x107%/°C, D = —.95x107°/°C, 2o = —.075,

e and 5 = 0.4. Using equation 19Py.,y = 4490puW for

D =9.49 x 10 (27) @ = 7500. The numerical simulations show a subcritical

The curve (26) and the line (27) divide th&-D parameter pifurcation, in agreement with the expgrimental results in
plane into regions which contain 0,1 or 2 limit cycles for fixe(];‘gur_e 3 (top). However the value dfy,,; is larger than that
values of the other parameters, see Fig.6. obtained experimentally2600,W" for @ = 7500.) _
A similar analysis has not been performed for the polysil-
, ) . L , icon dome or for the single crystal beams. However, the
D. Simulation of Single Crystal Si Disk Oscillators procedure would be the same.

To demonstrate the application of the theory and procedures
to an actual device, limit cycle oscillations in4@um outer
diameter,6.7um inner diameter,240 nm thick disk on a
1000um thick SiO, substrate were simulated. The disk was Opto-thermally driven limit cycle oscillations can occur
not completely flat; it was arched upwards with a deflection @i NEMS and MEMS devices that are illuminated within
approximately40 nm at its edge. The interference absorptioman interference fringe field where the amount of light ab-
curve can be approximated hy = 0.05, v = 0.25, 2y = sorbed is a function of the deflection of the NEMS device.
—.09. Using the finite element method and the propertiéghe forces that drive the oscillation can be due to thermal
given in table 1, the thermal parameters are estimated to lmnding, thermal expansion of non-planar devices, thermal
A = 0.006°C/uW B = .29. The mechanical parametersstrain driven stiffness modulation, photon pressure and opto-
are estimated to b& = 3.1 x 107*/°C, D = —4.4 x electronic strain. These phenomena can be modelled using a
1075/°C, B = 0.4. The quality factor,Q =~ 5200. Using system of two coupled, non-linear differential equations 3 and
equation 19Pg ., = 280uW for @ = 10,000 and Py,,r = 4, containing 7 parameters that describe the system. Analysis
540 for Q = 5200. Numerical integration of the modelof the model equations provides an expression (eqn. 19) for
equations shows a supercritical bifurcation. Experiments shd¥,, ¢, the CW laser power needed for limit cycle oscillations
a supercritical bifurcation withPg,,; ~ 250uW for @ = to occur. The analysis also gives conditions for sub- and
10,000 and Pgops = 300 for @ = 5200. supercritical Hopf bifurcations, corresponding physically to

A similar analysis was performed for a disk withim cases where the limit cycle oscillations would or would not
outer diameter,0.8um inner diameter,250nm thick, ini- show hysteresis as the CW laser power is increased and
tially arched up by30nm on the periphery. The resultingdecreased.

V. SUMMARY AND CONCLUSIONS
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s [3]
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Fig. 7. Schematic absorption versus oscillator deflection (eqn. 2). Dot8]

denote equilibrium positionsz(= 0) for different zo values. ForD > 0
self-oscillation can occur whegy > 0, i.e. the slope of the absorption curve
is negative at the oscillator’s equilibrium position. Hor< 0 self-oscillation
can occur wherzg < 0, i.e. slope is positive at the equilibrium position.
Parametric pumping term{T") is most effective forC > 0 whenzg =~ 0. If

C < 0, thenCT term is most effective forg ~ 0.25.

The relationship between the parametérs (parametric
pumping term),D (deflection due to heating term) ang

(offset to interference absorption curve) is outlined in Figuré2]

7. Depending on the signs 6f and D these terms will be ef-

fective either in driving limit cycle oscillations or suppressing 3

(9]

(20]

(11]

them depending on the location of the interference absorption

minima and maxima with respect to the equilibrium positio
of the oscillator.

Ra

Predictions of the model equations agree well with exper-

iments, although due to the uncertainty in the many modép!

parameters it is difficult to predicPy,,s exactly. The value

of Propy and the nature of the bifurcation depends at leag]
linearly on all of the parameters, see eq. 19. These parameters

ang,

in turn depend on the elastic modulus, optical properties,
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