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Solution 9

1. (a) Start with the expression

1 - bx2z-
S:(\/1+b-i—iW):T1+T2, (1)
V2 V1+b 2

where T}, T5 are the two terms above and b=B /B is a unit vector giving the local
direction of the magnetic field

B = (aw — Bz/2)% + (—ay = B2y/2)y + (Bo + 522" —2* —y*) /)2, ()
with
B:BO+;ﬁ(x2+y2—l—22) = VB=pfr=0zx+yy+zz). 3

Next, using the definition
A =S(VSsh, 4)

we can say that
A=(Ty+T)(T3+Ty), T3=VT, T,=VTj. )
From (2) we see that (will use notation » = 0 instead of z = y = z = 0 below)
Ty|,_,=0 dueto bxz-o=>b0,—bo, and byl—o=byl—o=0. (6)

It is easy to see that the numerator in 75 doesn’t cancel out in combination with T's
or T4, thus we have TQ : T3|7~:0 = T2 . T4|r:0 =0.

On the other hand,

1 — 1 1 (VB, VB

and using (3) where V B|,_o = 0 and from (2) VB, |,—o = 0 we get T1 - T3|,—o = 0
as well. The only term left to evaluate in the definition of A (4) is

i byo, — byo i | (byoy —by0,)Vb
T, Ty = /140, OyOe = 020y \ _ 2| (0yOu = 0204) VD, bos — boo)|
A V( ¢1+b;> l Mith) TV Uy)l
(®)

Using already obtained Vb,|.—¢ = 0, and similarly (from (2) and (3)) deriving
Vb,|r—0 = a2 /By and Vb, |,y = —ay/B,, we arrive at the final result

)

«
Al,_g=—1 — T J) .
0= =i g, (vt + 0xd) ©)
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(b) Considering the Hamiltonian

h2
H=~(V+A)- (V+A)— uBo., (10)

we have the A involved terms
2A-V+V.-A+A%

Using definitions (1) and (4) one can show that V - A = (a?/2B2 — 33/4B)I
(I is an identity matrix), which gives V - A = 0 for « = /3By(3/2. Anyway,
V - A+ A? = —(33/4By)I, is a diagonal term that does not contribute to spin flip.
Thus, we can use the expression for A as in (9) to get

h* hla 3, 3,
Hypy=—"-—2A-V =1 — =) . 11
fir = "oM 9B, oz T 00y (1)
2. Our goal is to calculate
VvV  2r
F:/d3k T < U Hp |05 > 2 12
(271')3 h | < k| flp| > | ( )

where U,;, Wy are the initial and the final states correspondingly.

Using results from last homework, we have

AN e, (0 372\
.= . — — AT /2 ;] — —
U = Ui(r) | |> <7T> € <1>, Ei= g7 thbo, (13

where A = /M /h, and the final states are

e (1 n2k?
k k(r) | T> \/V <0>7 k IM HDo ( )
Using initial (spin-down) and final (spin-up) spin states we get
0 1\ /0
<ol = @ o] o) (]) =1 13

<] oyl 1> = (1 0) (2 _OZ> (2) = —i. (16)
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This leaves us with the expression

3
—iha (A)*
< \Ifk|Hﬂip|\I/i > = o () /dgT
s

eikr ) N 2/2
= A (ciry) A

VV

where putting d*r = dzdydz and kr = k,x + k,y + k.2 and we arrive at

2M By

—ih’a (m\T [2 2
Uy Hp |0, > = L R e : ]
< k| flzpl i > MBO <)\> % € (ka: + 'lk’y)a ( 8)

or using spherical coordinates for k

2

Uy | H oo W, 2 _ 2 h*a f%—lﬁ/Az-ze

| < Wy |Hppip| V5 > | = v \uB V) e k*sin? 6, (19)
0

From here we see that the angular distribution of the particles emitted from the trap
does not depend on the angle ¢, but on 6 only.

27 T
/ dgp/ Gin? 0 do = oF
Jo 0 3

Evaluating the integral

we get

o [V dQ) dk 4 hal /T k3 e F/

=" k? ’|<\Ilk|Hl,~|\I/,~>|2 = =
nJ (2m)3 l dEy Jiw w3 MBE N2
(20)
Or introducing notations
13 h2k?
hu)s =h M, hu)f = 2/,I/B(], W = h(AJf,

and remembering that A = \/uBM /h, and o = /3By3/2, we get

I' = 8/2mwswy e 2r/ws 21

which in its turn gives

e — YO (22)



