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Solution 9

1. (a) Start with the expression

S =
1√
2

√1 + b̂ · ẑ− i
b̂× ẑ · σ√
1 + b̂ · ẑ

 = T1 + T2 , (1)

where T1, T2 are the two terms above and b̂ = B/B is a unit vector giving the local
direction of the magnetic field

B = (αx− βzx/2)x̂ + (−αy − βzy/2)ŷ + (B0 + β(2z2 − x2 − y2)/4)ẑ , (2)

with

B = B0 +
1

2
β(x2 + y2 + z2) =⇒ ∇B = βr = β(x x̂ + y ŷ + z ẑ). (3)

Next, using the definition
A = S(∇S†) , (4)

we can say that

A = (T1 + T2)(T3 + T4), T3 = ∇T1, T4 = ∇T †
2 . (5)

From (2) we see that (will use notation r = 0 instead of x = y = z = 0 below)

T2|r=0 = 0 due to b̂× ẑ · σ = byσx − bxσy, and by|r=0 = bx|r=0 = 0. (6)

It is easy to see that the numerator in T2 doesn’t cancel out in combination with T3

or T4, thus we have T2 ·T3|r=0 = T2 ·T4|r=0 = 0.

On the other hand,

T1 T3 =
1

2

√
1 + bz ∇

( √
1 + bz

)
=

1

4
∇bz =

1

4

(
∇Bz

B
−Bz

∇B

B2

)
, (7)

and using (3) where ∇B|r=0 = 0 and from (2) ∇Bz|r=0 = 0 we get T1 ·T3|r=0 = 0
as well. The only term left to evaluate in the definition of A (4) is

T1 T4 =
i

2

√
1 + bz ∇

(
byσx − bxσy√

1 + bz

)
=

i

2

[
−(byσx − bxσy)∇bz

2(1 + bz)
+ ∇(byσx − bxσy)

]
.

(8)
Using already obtained ∇bz|r=0 = 0, and similarly (from (2) and (3)) deriving
∇bx|r=0 = αx̂/B0 and ∇by|r=0 = −αŷ/B0, we arrive at the final result

A|r=0 = −i
α

2B0

(σyx̂ + σxŷ) . (9)
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(b) Considering the Hamiltonian

H = − h̄2

2M
(∇ + A) · (∇ + A)− µB σz , (10)

we have the A involved terms

2 A ·∇ + ∇ ·A + A2.

Using definitions (1) and (4) one can show that ∇ · A = (α2/2B2
0 − 3β/4B0)I

(I is an identity matrix), which gives ∇ · A = 0 for α =
√

3B0β/2. Anyway,
∇ ·A + A2 = −(3β/4B0)I , is a diagonal term that does not contribute to spin flip.
Thus, we can use the expression for A as in (9) to get

Hflip = − h̄2

2M
2 A ·∇ = i

h̄2α

2MB0

(σy
∂

∂x
+ σx

∂

∂y
) . (11)

2. Our goal is to calculate

Γ =
∫

d3k
V

(2π)3

2π

h̄
| < Ψk|Hflip|Ψi > |2, (12)

where Ψi, Ψk are the initial and the final states correspondingly.

Using results from last homework, we have

Ψi = Ψi(r) | ↓>=

(
λ

π

)3/4

e−λ r2/2

(
0

1

)
, Ei =

3

2

h̄2λ

M
+ µB0, (13)

where λ =
√

µβM/h̄, and the final states are

Ψk = Ψk(r) | ↑>=
eikr

√
V

(
1

0

)
, Ek =

h̄2k2

2M
− µB0. (14)

Using initial (spin-down) and final (spin-up) spin states we get

<↑ |σx| ↓> = (1 0)

(
0 1

1 0

) (
0

1

)
= 1, (15)

<↑ |σy| ↓> = (1 0)

(
0 − i

i 0

) (
0

1

)
= − i. (16)
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This leaves us with the expression

< Ψk|Hflip|Ψi > =
−ih̄2α

2MB0

(
λ

π

) 3
4 ∫

d3r
eikr

√
V

λ (−ix + y) e−λr2/2, (17)

where putting d3r = dxdydz and kr = kxx + kyy + kzz and we arrive at

< Ψk|Hflip|Ψi > =
−ih̄2α

MB0

(
π

λ

) 3
4

√
2

V
e−k2/2λ (kx + iky), (18)

or using spherical coordinates for k

| < Ψk|Hflip|Ψi > |2 =
2

V

(
h̄2α

MB0

)2 (
π

λ

) 3
2

e−k2/λ k2 sin2 θ, (19)

From here we see that the angular distribution of the particles emitted from the trap
does not depend on the angle ϕ, but on θ only.

Evaluating the integral ∫ 2π

0
dϕ
∫ π

0
sin3 θ dθ =

8π

3
we get

Γ =
2π

h̄

∫ V dΩ

(2π)3

[
k2

∣∣∣∣∣ dk

dEk

∣∣∣∣∣ | < Ψk|Hflip|Ψi > |2
]

k=k(Ei)

=
4

3

h̄α2
√

π

MB2
0

k3 e−k2/λ

λ3/2

(20)
Or introducing notations

h̄ωs = h̄

√
µβ

M
, h̄ωf = 2µB0,

h̄2k2

2M
= h̄ωf ,

and remembering that λ =
√

µβM/h̄, and α =
√

3B0β/2, we get

Γ = 8
√

2πωsωf e−2ωf /ωs , (21)

which in its turn gives

τ =
1

Γ
=

1

8
√

2πωsωf

e2ωf /ωs . (22)


